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PREFACE 


In writing the present volume, I have attempted to fill a need 
for an introductory treatment of classical network analysis which 
would be thorough enough to give the reader more than just an 
elementary knowledge of circuit theory. I believe that the more 
immediate use for a deeper understanding of network principles 
lies in the field of communications. Wherever illustrative ex¬ 
amples are used, I have, therefore, placed the emphasis upon 
communication networks. 

The existing texts on communication principles deal with the 
theory and practical significance of special types of networks 
commonly used in radio or telephone circuits. Progressive re¬ 
search, however, demands a more thorough grasp of the funda¬ 
mental methods of attack on network problems in general. The 
sources where such information may be found are at present 
widely scattered throughout the literature on mathematics and 
mechanics, as well as in various advanced treatises on circuit 
theory. Besides being scattered, these sources are rather diflSlcult 
to read because they naturally presuppose a general understanding 
of the subject. The student who is beginning the study of net¬ 
work theory, therefore, finds it difficult to piece together a co¬ 
herent and consistent picture out of such material as this. 

In the text I have not limited myself to the consideration of 
such information which has a direct bearing upon practical forms. 
The most abstract ideas have received as much space as the more 
applicable ones. This point of view is as essential in elementary 
courses as it is in advanced study; and it applies to technical as 
well as purely scientific curricula. 

Regarding the presentation of the subject, I have deliberately 
chosen what seems offhand to be an illogical order. I have started 
with some general remarks regarding mathematical methods 
and analogies; and instead of proceeding with a logical presenta¬ 
tion of fundamental principles, I have spent two chapters on the 
application of network principles to the single mesh circuit. This 
is done for the purpose of acquainting the reader with the general 
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subject. Without this acquaintance he would be unable to 
appreciate the reasons for the procedure in the general case. 
Generalization is meaningless unless one has some idea of what is 
being generalized. Perhaps I should have spent more time on 
the discussion of special cases before starting with the methods of 
attack for the general case. I have assumed, however, that the 
reader would naturally supplement this “warming-up stage” 
with other material, either in the classroom or laboratory. The 
consideration of the general case I have attempted to put into as 
logical a form as possible. 

In the chapter on the evaluation of integration constants, I 
have given — besides the usual method — what I call the direct 
method. I do not believe that this method is generally known 
among engineers. The anal5d;ic form looks very formidable, but 
I hope that this will not disturb the reader too much. 

The chapter on the vector interpretation of the transient 
solution is given merely for the purpose of throwing additional light 
upon the natural behavior of the system. The vector method 
employed is well known in the study of linear transformations, but 
not generally known in network analysis. 

The subject of complex notation I have placed as prominently 
in the foreground as possible. Its importance cannot be over¬ 
emphasized in this kind of work because it obviates the necessity 
of operating with the clumsy sines and cosines and their explicit 
phase angles. These matters are particularly emphasized when 
Fourier series enter into the problem. Here the complex form is 
almost a necessity. 

The chapter on Heaviside’s and the superposition formulae, I 
have made very brief because these more special matters are ably 
treated by other authors. I have included them here, however, 
to point out their relation to the classical theory and to give the 
student a working knowledge of them. 

The last chapter on the Fourier representation of a periodic 
force function is included chiefly for the purpose of introducing 
the reader to the complex form and its uses. The presentation 
proceeds from the usual sine and cosine form, instead of from an 
independent derivation, because I assumed that this method of 
approach would be more easily understood by engineers. I have 
given a number of illustrations which show how much more con- 
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venient the complex form is in connection with network problems. 
The treatment of the microphone and condenser transmitter cir¬ 
cuits is added in order to illustrate how the complex form is used 
for the solution of circuits in which the parameters are periodic 
functions of time. 

It may be well to say a few words here regarding the use of 
so-called advanced methods of attack in a book which is intended 
primarily as an introductory treatment. Methods are frequently 
designated as advanced merely because they are not in current use. 
To the student, the entire field is new; the advanced methods are 
no exception. If they afford a better understanding of the situa¬ 
tion involved, then it is good pedagogy to introduce them into an 
elementary discussion. It is well for the teacher to bear in mind 
that methods which are very familiar to him are not necessarily 
the easiest for the student to grasp. 

In conclusion, I wish to state that I am chiefly indebted to 
Professor Arnold Sommerfeld, through whose teaching I gained 
my first real insight into the philosophy of oscillatory systems, and 
particularly in the use of complex methods as compared to the 
trigonometric representation. I am also most grateful to the 
Electrical Engineering Department of the Massachusetts Insti¬ 
tute of Technology, through whose cooperative attitude this 
work has been made possible. In particular, I wish to express 
my thanks to Professor E. L. Bowles and Messrs. E. A. Johnson 
and F. M. Gager for suggestions and criticisms regarding the 
arrangement of material. Acknowledgment is also due to my 
wife, Sallie, who typed all of the copy and otherwise helped prepare 
the manuscript. 

E. A. G. 

Cambridge, Mass. 

November 28 , 1930 . 
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INTRODUCTION 


Before going into the subject matter of our present topic, it 
will be well to get some idea of what our general problem is, and 
how it differs from that of electrical engineering in other fields, as 
well as of the manner in which the material will be presented. 
Basically, communication networks are no different from any 
other kind except that they frequently are more complicated 
than most circuits met with in power work. Not only this, but 
they usually involve a larger number of variable factors and 
conditions of excitation. The elementary methods of treating 
networks are able to cope with only the simplest cases, and much 
is left to guess work and experimentation that can be done by 
more thorough analysis. It rapidly becomes clear to the beginner 
that actual circuits used in the laboratory bear only a general 
resemblance to the idealized cases treated in his text book. This 
situation is bad enough at present, but is becoming more aggra¬ 
vated daily. Clearly it is time that we studied more powerful 
methods of attack, and introduced methods of analysis that 
enable a deeper insight into the fundamental relationships which 
govern the behavior of the kinds of systems we have to deal with. 

The student of electrical communications should early recog¬ 
nize the importance of methods of representation, of analysis and 
synthesis which will compress and unify a large number of other¬ 
wise separate ideas. Nothing is complicated in the sense that the 
individual steps involved in any thought process are difficult to 
grasp. The complication lies in the fact that the particular 
problem considered involves such a large number of individual 
steps which cannot be separately appreciated until a vision of the 
entire process is attained. The average mind cannot hold many 
ideas simultaneously. Yet it must do so in order to fuUy appre¬ 
ciate the significance of the entire problem. Not only must this 
one problem be grasped, but it must be cataloged and identified 
with respect to a larger class to which it belongs. 

The answer to this seemingly impossible state of affairs lies in 
more advanced methods of analysis. By this we mean methods 
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which will compress a series of elementary operations or thought 
processes into one operation. The medium by which we are 
able to do this is one which engineers have called upon for help as 
long as the profession has existed. We refer to the science of 
mathematics. Mathematics is nothing more than a kind of 
shorthand plus some rules for manipulating the symbols involved. 
Whole sentences and paragraphs are compressed into a single line 
by means of mathematical symbols. We often allude to this 
characteristic by the term of “ Mathematical Language.” The 
only difference between elementary mathematics and advanced 
mathematics is that the latter is still shorter than the former. In 
other words, advanced mathematical methods have a higher 
power of compressing ideas. This is exactly what we need to 
alleviate the dilemma that we are getting into in the case of com¬ 
munication networks. 

The present treatment of network theory is intended to be ele¬ 
mentary in the sense that it presupposes no particular knowledge 
of any portion of this field. In the presentation of the subject, 
however, we shall make use of more advanced methods wherever 
it seems advisable to do so. Advanced methods as such are no 
harder for the student to learn than so-called elementary ones. 
Any student of a new subject must master new ideas, and he may 
as well spend his time mastering something that will be of infinitely 
more use to him later on. 

One outstanding difference does exist between elementary and 
advanced analysis from the pedagogical standpoint, and that is 
that certain elementary mathematical rules and operations can be 
learned by pure memorizing, whereas advanced methods can be 
gotten only by good hard thinking. This thinking has to be done 
by the student — the text book cannot do that for him. 

In this book we shall endeavor to present methods by which 
certain situations may be attacked. No formulae will be given 
by means of which the answers to specific problems may be di¬ 
rectly obtained. These the student is expected to work out for 
himself as the occasion arises. Our object is simply to show what 
means are available for carrying out the logical analysis of a given 
network problem which will eventually lead to its solution. 

The word solution ” is one which we may as well define before 
going any farther. Many students have the idea that the solution 
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to a given network means the determination of the current or 
charge in some specific part of the network as a function of the 
parameters involved and the independent variable or variables — 
time, distance, etc. This is only one form that a solution might 
take. Frequently it is next to impossible, from practical con¬ 
siderations, to find such an explicit solution. Often it is not even 
necessary. In general, any information, which can be obtained 
by any manner whatsoever, that will aid in throwing light upon 
the mechanism or behavior of the system under consideration, 
contributes to a better understanding of the factors which govern 
the phenomenon and therefore constitutes a more or less complete 
solution. Solutions are hardly ever complete in the sense that 
they tell us all that can possibly be known about the circuit we 
are studying. The term complete solution ” is, of course, often 
used in mathematical terminology and has a definite meaning 
when applied to a specific operation. But in the sense of gaining 
a complete knowledge of the network, the complete solution is 
rarely found. 

In the following chapters various theorems and methods of 
analysis will be studied with this one objective in mind, namely that 
by means of these the student will be able to see the operation of 
the network from a new angle. This in fact is the main feature 
or object of the book — to present as many ways of looking at the 
general network problem as possible. For this reason much of 
the material may even seem dry and uninteresting to the reader 
who has not had the experience of this method before. Any new 
subject will seem uninteresting until suflficient material has been 
mastered in order to appreciate its value. This is especially true 
of advanced methods of analysis. At first the presentation seems 
far removed from the main interest of the problem which is being 
treated. Pedagogically this is unfortunate because it is liable to 
discourage the student before he gets to that point where he will 
be rewarded for his patience and effort. But if he will only 
persevere through this desert stage,'' he will be amply rewarded. 

These matters are particularly stressed in these opening para¬ 
graphs because this book is intended for engineers who have as a 
rule not been used to this sort of thing. The writer is an engineer 
himself, and speaks from personal experience. Engineers are not 
satisfied with a proof " unless they can visualize every individual 
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step and see the reason for doing the particular thing involved. 
This is a laudable characteristic, but it can be overworked. In 
this connection the writer is reminded of an anecdote which is 
ascribed to the French mathematician, Laplace. A student of 
his had been struggling with various theorems and proofs, but 
did not see why some of the steps were justified, and in general 
was in a fog as to just where all this was going to lead him. The 
professor tried hard to enlighten him, but rather found that he 
was entangling the poor fellow all the more. Finally he ended the 
interview by saying: Go on young man, go on, conviction will 
come to you later! Thus it is frequently impossible to see the 
drift of an argument until the whole presentation is complete, 
and it is unreasonable of the student to expect anything else. 

If the reader will bear these matters in mind while studying the 
following chapters, he will save himself much unnecessary un¬ 
easiness. If he will carry on even though temporarily confused, 
he will find that the whole will become clearer later on. It may 
very well be that much of the material is unnecessary for a super¬ 
ficial understanding of simple circuits. But the communication 
engineer cannot afford to be content with just this much. Net¬ 
work theory is his stronghold — or should be. It is therefore 
fitting and proper that he should be introduced to this subject in a 
manner which is entirely comparable in the matter of thoroughness 
and insight with the importance which it has in his chosen line of 
work. 
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CHAPTER I 

THE PHILOSOPHY OF LINEAR ELECTRICAL NETWORKS 


1. Fundamental Mechanical Analogies. The engineer, like 
the physicist, likes to be able to visualize the mechanism of his 
investigations. In fact he is so insistent upon this point that he is 
frequently willing to depart quite materially from the subject in 
hand and create artificial pictures for his mental satisfaction 
when direct visualization seems hopeless. Thus, for example, 
when he treats a problem involving numerous parameters, he 
frequently calls them dimensions and talks about a “ space ’’ 
for these dimensions ” to exist in. Having created this “ n- 
dimensional space,’’ he proceeds to call an dimensional thing 
in it an “ n-dimensional plane ” — etc. To the beginner this may 
seem to confuse things rather than to clarify them. But in doing 
the above, we are correlating our new ideas with those of geometry, 
with which we are usually more familiar, and thus we bring the 
new ideas closer to known ground. 

Another and perhaps still more valuable aid toward visualizing 
mechanisms — particularly in the case of network theory — is 
through the medium of analogies to mechanical systems. For 
example, in mechanics we have mass — any material object has 
mass. We know that the force acting upon an object equals its 
mass times the acceleration which results from the application 
of the force when no friction is present. Thus: 


F — ma. 

But if we call distance x, then velocity becomes v = 
dv S^x 

acceleration becomes^ “ that: 


dx 


( 1 ) 

and 


F = 



= m 


d^x 


1 


( 2 ) 
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Now in electricity we know that if we apply an electromotive 
force or a voltage ^ to a coil of wire having an inductance of L 
henries and negligible resistance, the equation of dynamic equi¬ 
librium becomes: 

E = Lf (3) 


where i is the current that flows in the coil. If we remember that 
an electric current is due to the flow of charge, then we recognize 

that i = ^ (q being the charge in practical coulombs for i in 

practical amperes). Hence: 


E = 


^ dP' 


(4) 


Thus we can already draw several analogies between the me¬ 
chanical and electrical systems. An e.m.f. or voltage is like a 
force; inductance is like mass; charge is like distance or dis¬ 
placement; current is like velocity. Symbolically we have: 


E 

L 

x-^ q 
V ^ i 


(5) 


There is nothing rigorous about this, and the above presenta¬ 
tion makes no claim as to rigor. It is foolish to talk about rigor 
when making or constructing analogies. They are made only to 
help the mind retain ideas, and fix ideas by the well-known method 
of correlation. 

Consider a spring having no internal friction, fastened at one 
end, and with no influence from gravity upon it. If we push the 
spring at the free end, it will push back just as much. If we do 
not exceed the elastic limit, the pushing force will be equal to a 
constant times the displacement, or the distance the end has been 
pushed. Symbolically: 

F = Kx. (6) 

We call K the elastance of the spring. It is also called other 
things, but we shall call it the elastance. Now let us suppose on 
the other hand that we have an electrical capacitance or a so-caUed 
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condenser before us and apply a potential difference to its termi¬ 
nals. To every e.m.f. applied there corresponds a certain amount 
of electrical charge which is forced into the condenser. The re¬ 
lation is a linear one. The higher the voltage, the larger the 
charge becomes. We have symbolically: 

= f (7) 

Comparing this situation with that of the spring, we see that since 
q and E ii follows that 1/C K. In order to bring 
this idea closer we write for the electrical case: 

S = ^ ( 8 ) 

and call S the elastance of the condenser. As a matter of fact, it 
is usually preferable to use S instead of C as will be seen later. 


Inductance 


Point of Application 
DrivingJ^orce 

Elastance Mass 

/ ^ ^ 

( M Friction 

^ ji:-Direction 


Fig. 1 




Elastance 

-y 


ib) 


^Resistance 


Finally we should consider frictional forces. This matter 
hardly needs emphasis. In mechanics we have: 

F=> (9) 

while in the electrical case: 

E = Ri. (10) 

Hence the coefficient of dynamic friction/is analogous to resistance 
R. Of course, the mechanical case is not always as simple as ex¬ 
pressed by (9) except for a limited range of velocity, but this need 
not disturb our analogy. 

Putting all this together we see that a mechanical system having 
mass, elastance, and friction, is like an electrical circuit having 
inductance, capacity (or elastance), and resistance. This is 
illustrated in Fig. 1 (o) and (6). 
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Let us follow this analogy stiU farther. Suppose the ball in the 
mechanical system runs in a groove so that it is constrained to 
move in the x-direction as indicated. The applied force will also 
be considered in the a;-direction. Then our condition for dynamic 
equilibrium would be: 

mj^ + fv+Kz = F. (11) 

This equation says that the sum of the counter-forces of inertia, 
friction, and elasticity must at every instant be counterbalanced 
by the impressed force. This equation may be written in either 
of the following forms in terms of displacement or velocity alone: 



(11a) 

mj^ + fv+ K Jvdt = F. 



For the electrical circuit we have the corresponding condition of 
dynamic equilibrium for an applied e.m.f. in the circuit: 

or: Lj^+Bi + sJ idt = E. (12b) 

The electrical equations state that the sum of electrical counter 
voltages around the circuit must equal the impressed voltage at 
every instant of time. 

In mechanics it is usual to write this equation of dynamic equilib¬ 
rium in terms of displacement x, as given by (11a). In electricity 
on the other hand, the equation (126) in terms of current is the 
common form. From fundamental considerations, and also for 
the sake of analogy, we should write our electric circuit equations 
in terms of charge (as in 12a) rather than current. It is not 
always convenient to do this for other reasons however, but it 
should be remembered that the charge equation is really the 
fundamental one. The electrical mesh-charge is analogous to the 
mechanical di^lacement in the a:-direction or the a:-co6rdinate- 
displacement. We begin to see already that not only are charge 
and displacement analogous, but the electrical mesh seems to be 
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the analog of the mechanical coordinate or dimension. We shall 
get a clearer picture of this later on. 

2. Mechanical Degrees of Freedom and their Network Analog. 
The systems just discussed are fully described by means of a single 
quantity or coordinate — distance in the a:-direction in the me¬ 
chanical case, and charge in the electrical case. We say that 
these systems have only one degree of freedom. The number of 
degrees of freedom of a mechanical system or of an electrical system 
is equal to the least number of variables it takes to specify the 
condition of the system. If we know rr as a function of time in the 
mechanical system, or g as a function of time in the electrical 
system, then we are able to answer any question about the par¬ 
ticular system we are interested in. For instance in the case of the 
electrical system we can determine the current at any time by 
simply differentiating the expression for charge with respect to 
time. Knowing the current, we can calculate the electromagnetic 
energy. From the charge we also know the electrostatic energy 
as a function of time. All these things are known at every instant 
of time by knowing just one thing to start with. The same is true 
of the mechanical system. This is what we mean by the system 
having one degree of freedom. Another way of looking at this is 
to say that the mechanical system has only one degree of freedom 
because it can move in one direction only, 
namely in the a;-direction. For the elec¬ 
trical system we can say in general that 
there is only one mesh and hence only one 
degree of freedom. 

Let us proceed to more complicated 
systems. Consider the mechanical sys¬ 
tem shown in Fig. 2. Here we have a 
ball resting on a plane surface, (a;^-plane) 
held by two springs. The ball may now move in two directions, 
X and y. More than that — a displacement in the ^-direction 
causes a pull in the ^-direction and vice versa. We say that the 
X- and ^/-directions are elastically coupled. It now takes two par¬ 
ameters or coordinates to specify the position of the ball at any 
instant. Hence we say that the system has two degrees of free¬ 
dom. The analogous electrical system is shown in Fig. 3. Here 
we have two meshes coupled by an elastance. The resistances are 
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the analogs of table-top friction in the z- and ^/-directions respec¬ 
tively. We must now have two mesh-charges or currents to 
specify this electrical system. These two correspond to the two 
^ ^ coordinates x and y in the mechan- 

I— 1 —ORRnnnO-i ical case. The electrical system of 

_Fig. 3 therefore possesses two de- 

cj ^ cTT” ^ Cj grees of freedom like the mechani¬ 
cal system of Fig. 2, and these two 
—elasticaUy coupled in both 
3 cases. Note that the two cases 

are not equivalent, but only ana¬ 
logous. The difference lies merely in a question of rigor which 
we are not going into here. We are merely trying to illustrate the 
fact that the network analog to a mechanical dimension or coordi¬ 
nate is a mesh. 


Thus a three-mesh network is analogous to a mechanical system 
having three dimensions or coordinates for its specification. 
These three meshes may be coupled in various ways by means of 
inductance, elastance, and resistance. Mechanically the motion 
in the three directions may be coupled in various ways by means 
of springs and constraints such as wires for the ball to slide on, 
etc. We shall not go into this latter point because it would take 


up too much time, and is rela¬ 
tively unimportant for our pres¬ 
ent purpose. These electrical 
and mechanical systems would be 
said to possess three degrees of 
freedom because it would take 
three things to completely specify 
the condition in which they are 
at any instant. 

Electrically we can easily see 
how the idea continues. Each 
additional mesh adds a coordinate 



Fig. 4 


or dimension in the mechanical 


sense. This may require a few remarks on the mechanical side. 
Here we can also have as many dimensions as we please. Take 
for example, the mechanical system shown in Fig. 4. Here we 
have three mass points held together by springs which are fastened 
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at the right and left. The balls themselves rest upon a plane 
surface. Since it takes two coordinates to specify the position of 
each ball, it will take six coordinates to specify the entire system 
at any time. In the figure these are designated by Xi, 0 : 2 ,.. . xq. 
We often say that this is a six-dimensional problem. It has six 
degrees of freedom. The network analog would be a six-mesh 
network requiring six mesh-charges or mesh-currents to completely 
specify it. 

The reader may follow out some of these ideas more fully for 
himself for the sake of practice. The above illustrates the prin¬ 
ciples involved. 

3. Analogous Energy Relations. Other analogies between 
mechanical and electrical systems may be derived from energy 
relations. In the mechanical case we know that the kinetic en¬ 
ergy of a mass point is given by: 

K,E. = I mvK (13) 

The electromagnetic energy stored in the inductance on the other 
hand is: 

M,E. = I UK (14) 

Thus kinetic and electromagnetic energies are analogous. We 
often speak of the kinetic energy of an electric circuit meaning its 
electromagnetic energy. 

In a similar way the potential energy stored in a compressed 
spring and that stored in a charged condenser are analogous. Tor 
these we have: 

Mech. P.E. = ^ Kx^ 1 . . 

Elect. RE. = J* 

Moreover for the mechanical system the time-rate of frictional 
energy loss is given by: 

Mech. Loss = /(—)' = (16) 

while for the electrical case we have: 

Elect. Loss = r(^ 

The student should note that these energy expressions (eqs. 13 to 
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17) are all quadratic. This is an important characteristic to 
which we shall return later. 

4. Kinds of Motion. We shall leave this discussion of analogies 
between mechanical and electrical systems for the time being to 
say a few things about motion in general. There are two principal 

X 



kinds of motion. One kind stays in the same direction all the 
time, although its rate of change may vary considerably. This 
kind is called monotonic and is illustrated in Fig. 5. The other 

X 



kind is oscillatory, which means that the direction of motion 
changes back and forth as shown in Fig. 6. Most things in na¬ 
ture are oscillatory — the variation of temperature, of light 
intensity, of the tides, etc. with time, for example, are oscillatory 
“ motions.” In the case of communication networks, oscillatory 
motion is by far the most important. 

It should be understood here that oscillatory motion is not neces- 
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sarily periodic. Periodic motion is a particular kind of oscillatory 
motion. In order for a given motion to be periodic it must be 
possible to find a definite interval of time (or whatever the inde¬ 
pendent variable is) such that for the succeeding interval of same 
duration the function exactly repeats itself. This kind of motion 
is also called cyclic because it repeats after an accurately definable 
cycle. Motions which are not strictly periodic but nearly so are 
referred to as quasi-periodic or almost-periodic. Very frequently 
quasi-periodic motions are treated as periodic with sufficient 
accuracy for engineering purposes. 

Periodic or cyclic motion can be further speciahzed. The partic¬ 
ular kind of periodic motion defined by the sine or cosine functions 
is very common in electrical work and is referred to as harmomc. 
Thus motion in general can be classified as follows: 

Monotonic Oscillatory 

Periodic or cyclic 
Harmonic 

Various combinations of the above. 

6. Mathematical Methods of Attack. We come now to some 
important mathematical considerations in regard to the funda¬ 
mental methods by which the solution to electrical networks is 
attacked. The essential point in this connection is to develop a 
thorough understanding of the so-called linear differential equa¬ 
tion with constant coefficients. 

Eqs. (11), (11a), (111)), (12a) and (126) are of this type. They 
are of the second order. Consider the following form of this 
equation: 

In our former illustration the /(<) was a constant. This equation 
is called inhomogeneous because the terms do not all involve the 
same variable. It would be homogeneous in x except for the 
right-hand side which is an arbitrary function of time. If we 
remove this/(0, the equation becomes homogeneous, thus: 

This is called the corresponding homogeneous equation to eq. (18). 
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Let us discuss the method of solving (18). This solution 
consists of a function of time which will satisfy the equation. 
This function is called an integral of (18). By an integral is 
meant that function of time which substituted for z in each term 
of (18) on the left-hand side, wiU make that side equal to /(i), so 
that the equation becomes an identity. 

The form of this integral will obviously depend upon the form of 
/(<). It wiU be an integral so chosen as to particularly fit the 
force-function/(i). This integral is therefore caUed the particular 
integral. We do not proceed to find it until /(i) is given. 

Now in network theory there is practically only one kind of 
function which always appears in the place of /(i!) ; and in our 
work we shaU consider only this one. It will be shown later how 
almost any other kind of function met with in network theory 
can be reduced to this one. This function is the exponential 
function: 

/(t) = (20) 

where A and m are any constants and e is the base of the natural 
system of logarithms, or the so-called Napierian base. We there¬ 
fore wish to find a function of time which will satisfy the equation: 

We shall now introduce a method of solution which is very prob¬ 
ably new to the reader, but one which is used almost exclusively by 
physicists and engineers. This method is nothing more than 
judicious guessing. The more elegant title by which this method 
is known is the heuristic method. What is meant is to guess at a 
function that seems most reasonable from inspection of the form of 
/(<). Since in our case this is an exponential function, the reason¬ 
able thing to assume is that the particular integral is also an ex¬ 
ponential function. In applying the heuristic method it is also 
reasonable to try the simplest assumption first. Hence we shall 
assume that the exponential function which satisfies (18a) has 
the same exponent as the right-hand side. We will merely write 
it with a different amplitude, thus: 


X = Bei^. 


( 21 ) 
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Substituting this into each, term of the left-hand side of (18o) we 
have: 

{am? -f bm + c)Be^ = Ae”'K (22) 

Apparently the heuristic method did not work, because the left- 
hand side of (22) does not look much like the right-hand side. 
But let us see if we cannot make it so. In fact, this is quite simple. 
The only restriction imposed upon B is that it shall be a constant. 
Now since a, 6, c, and m are constants by definition, we see that 
if we make: 

B = , j_ - (23) 

am? -\-om-rc 

then B will be a constant, and the eq. (22) will become an identity. 
We therefore have the desired solution by substituting the value 
of B given by (23) into (21), thus: 


am^ -f c' 


This is all there is to the heuristic method. It may not seem Hke a 
straight forward method at first, but from the standpoint of direct¬ 
ness and elegance, it cannot be beaten. Of course, if /(i) is more 
complicated it may not be possible to hit upon the correct assump¬ 
tion the first time. But with a httle practice and familiarity with 
the nature of various functions it will soon become apparent after a 
few trials what form the solution should take. As far as network 
problems are concerned, the reader need not worry about this 
point anyway, because it hardly ever occurs that/(<) is other than 
an exponential function. As a matter of fact, the exponential 
function can almost be called the natural function. Practically 
everything that occurs in nature varies as an exponential function 
in some way or another. It has been said — in a rather humorous 
way to be sure — that the only mathematics that a physicist need 
know is the exponential function. The writer might add that if 
the electrical engineer will only learn to know the characteristics 
and the behavior of the exponential function from all possible 
angles, he will have mastered nine-tenths of the mathematics 
that he needs for his purposes. 

Let us continue with the discussion of our inhomogeneous linear 
differential equation with constant coefficients. Eq. (18a) for 
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which we have just found the particular integral, is of the second 
order. The method however is exactly the same for any order. 
Suppose we have: 

d”-x . d*-H . . dx . . 

+ • • * + + ooa: = (26) 

We again assume (21) as the solution. Substituting into (25) we 
get: 

(a„m“ + + • • • + aim + ao)£e*** = Ale**' (26) 

from which it is apparent that: 

A 

_ f27') 

a„m® + a„_im”"i + • • • + aim + ao 

and again we have the solution. Hence it is equally simple to find 
the particular integral regardless of the order of the differential 
equation. 

As mentioned in a previous paragraph, this particular integral 
that we have just found depends for its character and form upon 
the kind of function that appears on the right-hand side of the 
differential equation. This function is usually called the force- 
function. The nature of the particular integral is intimately tied 
up with that of the force-function. In a way it imitates or reflects 
the behavior of that function in a manner which is tempered or 
influenced to some extent by the make-up of the left-hand side of 
the equation. It is through a recognition of these characteristics 
that the heuristic method of approach operates. The full signifi¬ 
cance of the method will however be appreciated after we couple 
these ideas with the physical considerations involved in the actual 
problem whose equilibrium condition is expressed by the given 
equation. This will be gone into more thoroughly in a succeeding 
paragraph. 

We are for the time being considering the solution to the linear 
differential equation given in (18) from the mathematical stand¬ 
point only. Following along these lines we stop to consider for a 
moment what relation the corresponding homogeneous eq. (19) 
might have to the general solution of (18). Suppose we found a 
function of time that was an integral of (19). This would be such 
a function which substituted into (19) would reduce it to an iden¬ 
tity. Hence it would reduce the left-hand side of (18) to zero. If 
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we added this integral of (19) to the particular integral of (18) 
found previously, then this sum would reduce the left-hand side of 

(18) to f{t) plus zero. This would still be an integral of (18). It 
would be a more general integral. Eq. (19) may possess several 
integrals, and their sum could be added to the particular integral 
of (18) to form a still more general solution of (18). 

The sum of the integrals of (19) is called the complementary 
function, and is part of the complete or general solution of (18). 
This complementary function will now be found by using the 
heuristic method again. Since the exponential function turned 
out to be an integral of (18a), we will try it again in the case of 

(19) . The difference now is that we have no idea of what to use 
in the exponent. Let us therefore assume any symbol at aU and 
see whether we can determine its value later. Hence we write 
for an integral to (19): 

a; = Xe#'. (28) 

Substituting this into (19) we get: 

(ap^ + bp + c) = 0. (29) 

If (28) is an integral of (19), then (29) must be an identity, i.e., 
the left-hand side of (29) must be zero. This might be done in 
several ways. One is to put X or e^‘ equal to zero. This would 
be perfectly correct from the mathematical standpoint. It would 
lead to: 

a; = 0 

as a solution of (19), which is quite obviously correct, but is also 
obviously useless. We call solutions like this trivial solutions. 
They are perfectly correct in all mathematical respects, but of no 
value. What we want is a non-trivial solution. Therefore there 
is just one possibihty left for us to do in order to make (29) an 
identity, and that is to demand that: 

+ c = 0. (30) 

If this fails then (28) cannot be an integral of (19). However, since 
a, h, and c are known constants, (30) can be satisfied by fixing the 
value of p properly, and this is allowable because p has not yet 
been fixed. As a matter of fact, we are quite happy to find out 
what p is. 
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Now (30) is simply a quadratic equation with p as the variable. 
We know that it has two roots, i.e., there are two values of p that 
will satisfy (30). We therefore see that we can write two integrals 
of the form of (28) which will satisfy (19). Hence their sum is the 
desired complementary function. It is: 

a; = Xie^‘ + (31) 


where pi and p 2 are the roots of (30), and Xi and Xj are any con¬ 
stants. Thus the complete solution of (18a) finally is: 


X = 


Ae”^ 

am?' + hm + c 


+ + X^e^^K 


(32) 


Let us discuss this solution a bit before going on with other 
matters. We have merely stated that Xi and Xa are any constants. 
The reader might ask how their values are finally determined. 
This is a rather long story and will be gone into in detail later. 
However, we may say here that mathematically at least they repre¬ 
sent the constants of integration. Eq. (18a) is of the second order. 
Hence it is logical that we should arrive at a solution involving 
two integration constants because any straight forward integra¬ 
tion process of solution would have involved two integrations. 
It was by means of our heuristic method that we arrived at the 
solution (32) more directly, but unless it contained the requisite 
number of mtegration constants, it could not have been correct. 
This is logical if we consider that the solution (32) represents a 
physical action of some kind and this must be unique unless the 
conditions allow more than one possible result. In terms of 
physical networks we know without proof that a given circuit 
with given excitation will always behave in the same manner. 

In order to complete this discussion we should show how the 
complementary function for the general case given by (25) is 
found. First of all the corresponding homogeneous equation to 
(25) is: 

d"x , d"-^x , . dx . _ 

+ 0 ^ 1 ^+- • - + 01 ^+ 00 * = 0 . ( 33 ) 


For its solution we assume: 


X - Xc^' 
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just as in the previous simpler case. Substituting into (33) we 
get: 

{o-nV” + + • • • + fflip + flo) = 0. (34) 

Again we argue that if we want non-trivial solutions we must 
demand that: 

+ • • • + diV + flo = 0. (35) 

This is an algebraic equation of the nth degree and hence possesses 
n roots. If we denote these by pi, p^, . . . p„, then the comple¬ 
mentary function for this case becomes: 

a: = Zief*' -b + • • ■ + X„ePff. (36) 

The complete solution to (25) is therefore (21) plus (36). This 
solution contains n integration constants Zi, . . . as it should 
because the given equation was of the nth order. 

The eq. (35), or (30) for the simpler case, is called the detenni- 
nantal equation because it determines the values of p in the 
complementary function. Its degree is always equal to the order 
of the given differential equation. 

6. The Physical Side of the Mathematical Method. Now let 
us approach this subject again from the physical angle, i.e., from 
the standpoint of what aU this 
means in terms of what happens in 
the network. This requires a fur¬ 
ther study of the equilibrium condi¬ 
tions in the network. We wUl go 
into this now, and use for our pur¬ 
pose the simple circuit shown in 
Fig. 7. 

This figure represents a resist¬ 
ance, an inductance, and a capaci¬ 
tance connected in series and so arranged by means of the switch 
S that an alternator, having a terminal voltage defined by e{t), 
may be thrown into the circuit. We will suppose that this switch 
is thrown from the given position to the dotted position at a time 
t = 0. We will assume further that the voltage function is fixed 
by the relation: 


s 



e(t) = 


( 37 ) 
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It wiU be shown later that this expression represents a harmonic 
function with an angular frequency of w radians per second or an 

actual frequency of cycles per second. This function e{t) is 

also referred to as the force actuating the circuit, as the driving 
force, or as the force-function. 

The equilibrium condition after t = 0 must express the fact 
that the counter voltages in the circuit equal the impressed 
voltage at all instants; or that the counter-forces or e.m.f.’s 
equal the impressed force for all values of time. This is Kirch- 
hoff’s e.m.f. law applied to instantaneous values. In symbolical 
language we have: 

Lj^ + Ri + ^Jidt = (38) 

This is an inhomogeneous linear differential equation with constant 
coefficients such as was given by (18a). Let us now see what the 
solution of this equation means physically. We know from the 
discussion in an earlier part of this chapter that the mechanical 
analogy to this circuit is given by a baU at the end of a spring as 
shown in Fig. 1(a). The force-fimction in this case is harmonic. 
The question that we are asking then is: How will the ball move if 
we apply a force to it that attempts to push it back and forth in 
a harmonic manner and at an angular frequency of w radians per 
second? The electrical circuit asks the same question relative 
to the motion of charge, since current is merely the rate at which 
electrical charge moves. If we were asked this question outright 
we would probably answer that we could not say off-hand just 
how the motion would start out, but that it was reasonable to 
suppose that eventually the ball would move back and forth very 
much like the driving force wanted it to, namely with harmonic 
motion, and at an angular frequency of co radians per second. 
Consequently it would be logical to assume that: 

i = leJ^K (39) 

This is the physical side of the heuristic method of solution. It is 
the common sense method. If we substitute (39) into (38), we 
have: 

(hjoi + 22 + /e’"' = ^0“* 
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from which it is quite evident that: 

E 


1 = 


R+j(^Lo> 

Hence the particular integral in this case is: 


X — 




(40) 


(40o) 


But this we recognize as an old friend. It is the steady-state cur¬ 
rent which flows in the circuit, and is equal to the voltage divided 
by the steady-state impedance in complex form. Thus the par¬ 
ticular integral turns out to be the steady-state performance of 
the network. 

This is what we should expect. The steady state is an expres¬ 
sion of how the network will eventually behave, and our heuristic 
method was guided intuitively by this eventual behavior. 

The question now arises: Does this steady-state performance 
start immediately upon closing the switch? Let us arrive at the 
answer to this question in the following way. At the instant the 
switch (S is thrown so that the generator is suddenly inserted into 
the circuit, the latter may not be at rest, but may still be oscillating 
from some previous shock. It may not necessarily be oscillating, 
but at least it will be behaving in a manner peculiar to itself — 
consistent with its own natural tendencies. At this instant the 
applied force suddenly demands that this natural behavior be 
stopped and a new regime put in its place. The writer likes to 
compare this situation with its human counterpart as follows: 

Suppose we had a company of soldiers in a military camp some¬ 
where who were under no supervision, and hence were having a 
good time doing just as they pleased about everything. Now 
suppose that suddenly a military commander were to appear upon 
the scene who had very definite ideas about how a company of 
soldiers should act, and that he put the camp under his control. 
Would the company immediately fall into step and act according 
to the commander’s wishes in every detail? Certainly not. 
Eventually they would — assuming perfect discipline of course. 
But for some time the camp would be in a more or less chaotic 
condition. The result at first would be due to the interaction of 
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two tendencies — one, the desire to obey orders as imposed by the 
commander, and the other an expression of the natural tendencies 
of the soldiers, their individual and group habits. There would 
be a transient period during which these natural tendencies were 
gradually overcome. The important point is that the initial 
stages would be modified by the natural mode of behavior. This 
natural mode is important in the determination of the transient 
behavior. 

These characteristics can be translated almost without modi¬ 
fication to the case of electrical circuit behavior. During the 
initial cycles following the switching operation, the behavior will 
be due to an interaction of the driving force, and the forces of 
natural expression. More accurately, the behavior during the 
transient period will be a linear superposition of the steady state 
and the natural behaviors of the circuit. 

Hence it will be necessary to determine the natural behavior. 
But this corresponds to the behavior under the condition of no 
impressed forces — or the so-called force-free behavior. It is 
not hard to see that for our case this must be given by the solution 
of the following equation: 

Lj^+ Ri+^Jidt = 0. (41) 

This is the corresponding homogeneous equation to (38). Its solu¬ 
tion is what we previously called the complementary function. 
We shall now call it the transient portion of the complete solu¬ 
tion, or briefly the transient solution. 

In applying the heuristic method to the homogeneous eq. (19), 
it could be characterized as hardly more than a pure guess method. 
There was no physical background to serve as a guide in forming 
our guess. The situation in connection with eq. (41) is now con¬ 
siderably different. This equation expresses physically the 
equilibrium condition of an actual circuit which is isolated from 
the influence of any form of excitation whatever. We know from 
experience that this system, like its mechanical analog — the ball 
on a spring —, is capable of performing certain motions when left 
alone after having been subjected to a shook which threw it out 
of its position of stationary equilibrium. The solution to (41) 
which we are seeking is therefore nothing else than this natural 
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mode of motion of the system, or, to be more exact, the natural 
mode of current variation in our electrical circuit of Fig. 7. 

Now we also know from experience that almost any kind of 
current variation that takes place in an electrical circuit may be 
represented by an exponential function of time. It may of 
course take several exponential terms to describe the exact be¬ 
havior in many cases, but essentially the motion is still said to be 
exponential. If we assume for instance that the solution to (41) 
is given by: 

i = (42) 

then we make no pretence of knowing anything as yet about either 
A or p. A is eventually going to fix the amplitude or the value 
of this current term at the initial instant i = 0. It will be shown 
in more detail later how the initial time phase of the current term 
is also contained in this amphtude A by virtue of its complex 
character. The constant p on the other hand has a more im¬ 
portant r61e to play. Suppose that it were a real number. Then 
the function (42) would either increase or decrease in magnitude 
with time depending upon whether p were positive or negative 
respectively. If p were purely imaginary, the right-hand side of 
(42) would represent the sum of a sine and a cosine term having 
angular frequencies equal to the magnitude of p. This would 
represent oscillatory motion of a constant amplitude. If, lastly, 
p were a complex number, then the function given by (42) would 
represent the product of two terms — one an exponentially in¬ 
creasing or decreasing term depending upon whether the real 
portion of p were positive or negative respectively, and the other 
a smn of a sine and cosine having a frequency (angular frequency) 
equal to the imaginary portion of p. The result would be an os¬ 
cillation which increases or decreases in amphtude with time. 
By means of several terms of this kind, any oscillatory variation 
of current can be represented. From these considerations there¬ 
fore there is hardly any doubt that (42), or perhaps a sum of 
such terms, will suflice to describe the natural behavior of net¬ 
works. Thus guided by reasoning, the heuristic method becomes 
the logical one by which to attack the solution to differential 
equations describing the behavior of ph5^ical systems. 

In writing (42) we are merely trying to fulfill the demands of 
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eq. (41). We must also remember that it is our privilege to 
adjust the values of A and p in any way we please in order to 
make (42) an integral of (41). With this in mind we substitute 
(42) into (41) and get: 

+ = (43) 

If (42) is to be an integral of (41), then this eq. (43) must be 
an identity, i.e., the left-hand side must be identically equal to 
zero for all values of time. Another way of looking at this situ¬ 
ation is to say that (43) is a condition equation. It says in effect 
that (42) will be an integral of (41) provided (43) can be satisfied. 

One obvious conclusion to which we arrive from inspecting this 
condition (43) is to say that A must be zero. This would certainly 
fulfill all the requirements. Thus we would arrive at f = 0 for 
the solution to (41). If we try this in (41) we see that it does turn 
out to be an integral in the sense that it reduces (41) to the identity 
0 s 0. What does this mean physically? It means that the 
rest condition is a natural condition for our circuit. It means 
that if the circuit is at rest, and is subjected to no external forces 
of excitation, then it will remain at rest forever. This is however 
not exactly what we wished to know. We really wanted to know 
how the circuit would act if left to itself in a condition of unrest, 
just as, for example, it would be after it had been disturbed by 
some force and then let go while still in action. The mechanical 
analogy would be to give the ball at the end of a spring a push and 
then let go of it. 

Hence we must inspect (43) again and see whether it is possible 
to satisfy this condition in another way except that of making 
A = 0. Thus we arrive at the conclusion that we must demand 
that: 

Lp + R+~^0. (44) 

This is a further condition equation. If (44) can be satisfied by 
means of a constant value of p, then (42) using this value of p 
becomes in fact an integral of (41). But (44) is equivalent to the 
following quadratic equation in p: 

P* + jP+;^=0. 


(44a) 
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By the fundamental law of algebra this equation can in general be 
satisfied by two different values of p. These are called the roots 
of (44a) or of (44). Each will give rise to an integral of the form of 
(42). If each of these integrals separately reduces the left-hand 
side of (41) to zero, then their sum will reduce it to zero plus zero. 
Hence it becomes clear that the complete transient solution is 
given by: 

i = Ay.eP'-* -1- Aie^ (45) 

where pi and p 2 are the roots of (44) or (44a), and A^ and A^ are 
arbitrary and different from zero. 

The roots of the determinantal equation (44) or (44a) have-now 
a physical significance. From what was said in a previous para¬ 
graph, they govern the character of the variation of current with 
time — whether it be monotonic, or oscillatory, or both at once, 
and in the oscillatory case fix the frequency of oscillation. These 
roots Pi and pi therefore express or control the character of the 
natural behavior of the circuit. They contain in effect the natural 
rates of growth or decay, as well as the natural frequencies of the 
system which they characterize. They are, therefore, variously 
known by such names as nattiral angular frequencies, natural 
angular velocities, complex angular velocities, nataral decre¬ 
ments and frequencies, natural modes, etc. Since these roots 
are sometimes purely real and sometimes complex, they describe 
either the decrement alone or the frequency and corresponding 
decrement together. The significance of these remarks will be 
more fully appreciated later after a better understanding of the 
whole matter is obtained. 

To summarize, we have found from these considerations that 
the physical network significance of the particular integral to our 
hnear inhomogeneous differential equation with constant co¬ 
efficients is the steady-state response of that network to the con¬ 
tinued application of an arbitrary driving force, the latter being 
the right-hand member of the equation, or what we previously 
called the force-function. We further recognized the correspond¬ 
ing homogeneous equation as an expression of dynamic equihbrium 
under force-free conditions, as evidenced by the absence of any 
force-function on the right-hand side. The complementary 
function, which is the mathematical name for the solution to this 
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homogeneous equation, is physically a description of the natural 
behavior of the network. In network theory we call it the tran¬ 
sient solution. The roots of the determinantal equation are the 
natural modes of decay and of oscillation. The complete solution 
is a linear superposition of the forced and the natural behavior, i.e., 
of the steady state and the transient solutions of the system. 
For our example of Fig. 7 this becomes: 

J^ajcat 

7. Integration Constants and their Relation to Initial Con¬ 
ditions. We come now to a very interesting phase of our present 
discussion, namely the subject of integration constants. In eq. 
(46) these are given by the constants Ai and in the transient 
solution. The steady-state solution is complete in itself and con¬ 
tains no arbitrary constants. This is always the case. It is the 
object of the following paragraphs to show why this should be so, 
and what the real utility of integration constants is. 

Students usually regard integration constants as a nuisance that 
has to be tolerated in network problems. From the standpoint of 
mechanical routine in performing the necessary motions involved 
in arriving at a numerical result, this is certainly correct. But 
from the physical standpoint, the function of integration constants 
is quite otherwise. 

Suppose we consider again our mechanical analogy of a ball at 
the end of a spring. We have a driving force which is oscillatory 
in character and capable of taking hold of the ball at any instant 
we please to designate. The ball may further be stiU in motion 
— presumably from some previous disturbance — at the instant 
our driving force takes hold. It would be absurd to suppose that 
the exact behavior of the ball at any instant subsequent to the 
taking-hold of the driving force would be identical regardless of 
whether the ball was moving or not, or how it was moving at the 
instant of engagement with the force, or of the direction and mag¬ 
nitude of the latter at the same instant. To visualize this point, 
suppose for example that at the instant of engagement, the ball 
and the force were both moving in the same direction. The result 
would be comparatively free from shock and the initial behavior 
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relatively undisturbed. If the ball and the force were traveling 
in opposite directions on the other hand, it is clear that there 
would be a considerable shock at the instant of engagement, and, 
although the eventual steady state would be the same in both 
cases, the transient period would be quite different. The differ¬ 
ence between the two cases lies only in the different conditions 
under which engagement of the force took place. These con¬ 
ditions are referred to as the initial conditions of the system and 
of the driving force or the source of excitation. 

Now suppose that we were required to write down some mathe¬ 
matical functions of time which were to describe the two resultant 
motions considered above. Assuming that we accomplished this, 
would the two expressions look alike? They would certainly 
have to differ somewhere. Now suppose that we have set up the 
differential equation for the dynamic equilibrium of the system we 
have just described. This equation, it will be remembered, ex¬ 
presses the equilibrium condition at every instant for any in¬ 
stantaneous value of the driving force or of the position or motion 
of the ball. Its complete solution must be ready to meet any 
situation at the instant of engagement. If this solution were 
complete in itself, i.e., if there were no unknown constants in it, 
then it would be a perfectly definite function of time. How 
could it represent the two different results written down above? 
How could it meet the infinite number of conditions which are 
possible to exist at the initial instant? The answer is that it 
could not meet these conditions, and hence would be absolutely 
useless. In fact it would be no solution at all. 

The reason for this is that no information as to initial conditions 
is contained in the differential equation, and hence it is unreason¬ 
able to expect that the solution to this equation should give a 
definite answer as to the result. It must necessarily be incomplete, 
but at the same time it must possess sufficient flexibility to shape 
itself according to the demands of the initial conditions. A 
formal mathematical solution — such as eq. (46) — is hke raw 
material. Solving a differential equation is like filling an order 
for raw material according to prescribed specifications. Before 
the material becomes useful in the way of a finished product, it 
must be hewn and molded into a particular shape as required by 
the peculiarities of the job. Unless the raw material possesses 
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the required flexibility to allow this molding and chopping, it is 
useless. In the same way a mathematical solution is subjected 
to a molding process which fits it to the particular job it has to 
perform. The formal solution must possess as many degrees of 
flexibility as the number of arbitrary initial or other conditions 
amount to. 

Degrees of flexibility in the formal solution are expressed by the 
presence of integration constants. These are a necessity. With¬ 
out them the solution could not be subjected to the particular 
requirements called for by a specific problem. The number of 
integration constants must always correspond exactly to the number 
of initial conditions that we wish to impose. 

This brings us to a very interesting correlation between degrees 
of freedom of the system, and the maximum number of initial 
conditions, and integration constants. We have seen that each 
mesh in an electrical network corresponds to a dimension or 
coordinate in the mechanical sense, and hence represents a degree 
of freedom. We shall see later that, for the physical linear net¬ 
work, each additional mesh or degree of freedom raises the order 
of the differential equation representing the dynamic equilibrium 
condition in terms of one of the mesh-currents, by a maximum of 
two. In the simple case discussed above, the network was com¬ 
posed of a single mesh. The differential equation was of the 
second order. We shall see that, for the physical linear network, 
the maximum order of the differential equation is twice the number 
of degrees of freedom. 

Now the number of integration constants always corresponds 
to the order of the differential equation. Our simple circuit 
above led to two integration constants. Suppose we consider 
that each additional mesh introduced at least one additional con¬ 
denser and one additional inductance. Then the order of the 
differential equation would be double the number of meshes, and 
this would also be the number of integration constants in the 
solution. Now for each mesh we are able to specify one initial 
charge and one initial current, i.e., we can specify a maximum of 
twice as many initial conditions as there are meshes. But this 
just corresponds to the number of integration constants. In the 
case of our simple mechanical analogy the solution contains two 
integration constants. This just gives it the required flexibility, 
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because at the initial instant or the instant at which the force 
engages the ball, the latter may have any particular position and 
velocity. These are the two arbitrary initial conditions. In our 
analogous electrical case for which eq. (46) is the general solution, 
we can specify that at the instant the switch S of Fig. 7 introduces 
the generator, the charge in the condenser and the current flowing in 
the inductance have any values at all. These are the initial condi¬ 
tions for this simple electrical circuit. Their number just corre¬ 
sponds to the number of integration constants in the solution (46). 

This agreement between the number of initial conditions and the 
number of integration constants is universal. We spoke before 
of the necessity of having just sufficient integration constants in 
our solution. The integration constants give the general solution 
its necessary flexibility provided the degree of flexibility, i.e., 
the number of integration constants, is just right. If there were a 
greater or less number of integration constants than available 
initial conditions — just one more or one less — then it would be 
impossible to arrive at a unique solution. A solution which is 
not unique would mean that the network would not always be¬ 
have in the same manner even though it were always excited under 
the same conditions. This would be nonsense from physical 
considerations; or rather it would be a deplorable situation. 
We could not be sure for instance that an electrically driven street 
car would always move in the same direction with a given speed 
for a given controller setting and specified mechanical conditions. 
This would mean a total collapse of the possibility of utilizing this 
means of propulsion. Similar situations would be met with in 
other fields. But fortunately nature does not behave that way. 
Solutions for physical phenomena are unique, and it is a harmonious 
characteristic of the science of mathematics that it always concurs 
with physical laws in providing solutions with just exactly the 
right number of integration constants for the production of a 
unique solution. This characteristic has often been pointed out 
as the inherent harmony between mathematics and physics. 
When we consider, however, that mathematics is nothing more 
than a physics in symbolic form, this harmony or intimate re¬ 
lationship no longer seems either accidental or phenomenal. It 
nevertheless is a wonderful example of the far-reaching complete¬ 
ness with which these two sciences are associated. 
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8, The Occurrence of Coincident Modes. There remains to 
discuss one more important point which incidentally further 
exemplifies this agreement between the mathematical and physical 
side of the network problem. We shall use our simple B, L, C, 
circuit of Fig. 7 again. It will be remembered that the determi- 
nantal equation for this case was given by: 

In the preceding paragraphs it was tacitly assumed that the roots 
of this equation were different from each other, i.e., 9 ^ pi. 

This, of course, is the general case. But it may occur that = pz, 
that is, the determinantal equation above may be in the form of a 
full square. Suppose this is the case. Then our transient solu¬ 
tion would no longer consist of two terms because these could be 
collected into one, thus: 

i = Aief‘ -h 

= (Ai + Ai)ef‘ = Aet‘ (47) 

where p is the common root pi = ps = p- Our complete solution 
now consists of the steady-state term as before, plus the transient 
solution (47). But how do we stand on the question of integration 
constants? We have apparently only one when we should have 
two, because we still have two arbitrary initial conditions to 
specify. It looks as though the harmony between mathematics 
and physics has suddenly ceased. But this is not the case. It 
may be remembered that throughout the foregoing discussion 
nothing was said about any restrictions on the amplitude A. We 
did not even specify that it must necessarily be a constant. The 
only real restriction that we impose upon this amplitude A is that 
it sball be so constituted that the complete solution will be capable 
of meeting the required conditions of the specific problem treated. 

For the particular case where the determinantal equation has 
equal roots, the ampHtude A turns out to be a function of time. 
This may be shown in a rigorous mathematical fashion. We will 
not go through this here because we are not interested in rigorous 
mathematics at the present time. It will suffice to go into this 
matter in a qualitative way only. In this way we can meet the 
situation in quite a satisfactory manner. 
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If A is a function of time, it may be represented by a Taylor 
series, just as any function of time may be expanded into such a 
series about a point for which the function is regular and con¬ 
tinuous. Thus we would have: 

A = Ai A2t -H Azt^ -(-•••. (48) 

For our purpose we need consider only as many terms as necessary 
in order to give A a value that will make the resulting complete 
solution in which it is used capable of meeting the required number 
of initial conditions. In our present case we need two arbitrary 
constants of integration. Hence we wiU retain the first two terms 
of (48) and discard the rest, i.e., we wiU let: 

A — Ai Ait. (49) 


Thus our complete solution for the case of coincident roots becomes 
instead of (46): 

. -- . . .^ + (Ai -h AMK (50) 


If we had used a rigorous mathematical method in place of the 
above qualitative reasoning, we would have arrived at the follow¬ 
ing condition equation for A: 

d^A 
df 


= 0 


(51) 


from which: 


and: 


-jT = constant = A^ 
at 

A = Ait constant 
=‘ A I A^ 


(52) 


which agrees with (49). In fact it can be rigorously demonstrated 
that if n of the roots of the determinantal equation coincide, then: 



(53) 


A^ 


where: 
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represents the transient term for these coincident roots. This 
gives; 

A ^ Ai + A4-\- ■ ■ • + A„t«-^ (54) 

so that the transient term becomes: 

{Ai + A4 + --- + A„V'-^)e^K (55) 

This term contains n constants of integration which again suffices 
for the unique satisfaction of initial conditions. Thus our har¬ 
monious relationship is re-estabhshed. 

It may seem to the reader that the heuristic method of attack 
spoken of in this chapter is nothing more than a guess and patch¬ 
work process guided more or less by intuition and reasoning based 
upon past experience and familiar mechanical analogies. This is 
exactly what it is. Most students do not seem very well satisfied 
with such a process of obtaining a solution. They rather prefer 
a so-called rigorous straight-forward integration process. But if 
they will take the trouble to look into the latter in connection with 
some of the matters discussed in this chapter they will find that 
the operations involved are a mere manipulation of mathematical 
symbols in accordance with prescribed rules. The entire process 
is as dry as a desert and as translucent as the proverbial clay. 
It lacks the spirit of initiative and adventure that attends the 
heuristic method. The latter is so much more intelligent because 
it requires so much more insight and understanding of the physical 
principles involved. It requires also a certain “ instinct ” or 
“ feeling ” which comes only with intimate acquaintance with 
various physical processes and the usual mathematical functions 
by which they may be described. In short the heuristic method 
is an inspirational method, and carries with it all the color and 
enthusiasm which comes from real mental activity. It forms 
the basis of the true research spirit. 

It is true that the real significance of this sort of mental re¬ 
search is hard for the student to develop. Its mainspring is 
composed of experience and initiative, both of which are stiU in 
the early stages of development. But it is just these very quahties 
which this present treatment proposes to develop. 

The reader should early recognize that the process of solving a 
given problem is nothing more than that of finding some function 
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which will conform with two major requirements: first, that it 
shall satisfy the demands of the differential equation expressing the 
equilibrium of the system involved; and second, that it shall be of 
sufficient flexibility to meet any further conditions such as initial 
conditions or any other special requirements of the problem. Any 
method of arriving at this function is legitimate, and the shorter 
process is always the preferable one. Furthermore, that process 
which not only gives the desired function but also affords a more 
or less complete physical understanding of the mechanism in¬ 
volved, will be the most useful 

PROBLEMS TO CHAPTER I 

1-1. A network consists of a resistance, a coil, and a condenser in parallel. 
How many degrees of freedom does this system possess? How many will it 
possess if the resistance is removed? If the resistance and the inductance 
are both removed? How many degrees of freedom would be involved if 
all three elements were connected in series to form a closed circuit? 

1-2. What is the analogous electrical circuit for a mechanical pendulum 
which is subjected to very small displacements? 

1-3. What is the electrical analogy of a balanced mechanical flywheel? 

1-4. Set up the dynamic equilibrium conditions for the mechanical and 
electrical systems of Prob. 1-3 for a constant driving force. Repeat for the 
force-free conditions. 

1-5. A rope is passed over a pulley and two different weights tied to the 
free ends. The system is acted upon by the force of gravity. Neglect the 
weight of the rope and the moment of inertia of the pulley as well as all friction. 
How many degrees of freedom does this system possess? Draw the analogous 
electrical circuit. Set up the condition of dynamic equilibrium for both the 
mechanical and electrical systems. Sketch the resultant “motions” as 
functions of time. 

1-6. Repeat Prob. 1-5 taking into account the friction of the system, 
assuming that the frictional force in the mechanical case is a linear function 
of the velocity. 

1-7. The lighter weight of Prob. 1-6 is tied to the floor by a coil spring of 
known elastance. How many degrees of freedom does the system now 
possess? Draw the analogous electrical system. Set up the conditions of 
dynamic equilibrium for both systems. Sketch the approximate behaviors 
of the systems after they have been subjected to a shock and then left alone. 

1-8. Repeat Prob. 1-7 taking into account the frictional forces, assuming 
them to be linear functions of the velocity in the mechanical system. 



CHAPTER II 


THE SINGLE MESH NETWORK WITH CONSTANT 
EXCITATION 

1. The R, L Circuit. The simplest kind of circuit to begin on 
that serves to illustrate some of the things we have been talking 
about is given in Fig. 8. It consists of a battery E, a switch S, 
a lumped resistance 72, and lumped inductance L in series. Our 
problem is to find what happens when the switch is closed. We 

shall call the instant the switch closes 
t == 0- The condition of dynamic equi¬ 
librium after ^ = 0 is expressed by the 
following differential equation: 

Lj^ + Ri = E. (56) 

The first term represents the counter 
e.m.f. of self-induction, the second the 
counter e.m.f. of resistance, and the right-hand side is the applied 
constant e.m.f. The equation expresses the fact that the sum of 
counter e.m.f’s. in the circuit equal the impressed force at every 
instant after the switch closes. Incidentally eq. (56) also holds 
for the instant = 0. 

In the following we shall designate the steady state and tran¬ 
sient portions of the complete solution by subscripts. Thus we 
shall write for the complete current solution: 

i ^ is it- (57) 

is is the particular integral of (56). Since E is a constant, it is 
logical to assume: 

is ^ I (58) 

where J is a constant. Substitution into (56) gives: 

0 + 721 = 




Fig. 8 


or: 
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so that: i = d • (59) 

This might have been written dowm by inspection, but we wished 
here to show that it was consistent with the diiferential equation 
(56). 

The transient portion it is the solution of the corresponding 
homogeneous equation: 

Lj^ + Ri = 0. (60) 

This may be integrated by separation of variables in the usual 
fashion, but we prefer to use the direct method. Since an ex¬ 
ponential always satisfies this type of equation we write: 

it = AetK (61) 

Substitution into (60) gives the condition equation: 

(Lp + R)AeP‘ = 0. (62) 

For the existence of a non-trivial solution we must satisfy the 
further condition: 

Lp + R = 0 (63) 

from which: 

(64) 

Equation (63) is the determinantal equation for this case, and its 
solution (64) gives the one natural mode of this system. We see 
that it is purely real. This means that the current variation will 
be monotonic. Furthermore this natural root (64) is negative. 
This means that the natural behavior of the system is a decay and 
will eventually reach a rest condition. This is consistent with 
physical considerations, because without a driving force the system 
must eventually come to rest on account of the frictional dissipa¬ 
tion of energy. In fact all networks involving positive resistances, 
inductances, and capacitances will give rise to natural roots or 
modes with negative real portions for the reason just mentioned. 
Our transient solution therefore becomes: 

it = Ae < 


(65) 
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The complete solution is the sum of (59) and (65), thus; 




B, . 


( 66 ) 


This solution contains one integration constant. This is as it 
should be since we have just one initial condition to speeif}^, namely 
the current in the circuit at < = 0. The circuit contains no con¬ 
denser, so that there is no initial charge to specify. 

Let us say for the time being that the current at the instant 
t = 0 has the value Substituting this for i in (66) and putting 
< = 0 we have: 


from which: 




E 

R 


+ A 



so that the final form for our solution becomes: 




+ ioe 




(67) 

( 68 ) 


In our case the switch S is open for t < 0. Hence there can 
be no current flowing before the switch closes. At the instant 


M 



Fig. 9 


t = 0 the battery starts to push electrical charge through the coil 
and resistance. This is like a force suddenly applied to a mass 
which slides upon a surface with friction as illustrated in Fig. 9. 
The equation of dynamic equilibrium analogous to (56) for this 
mechanical system is: 

+ = F 

where v is the velocity of motion, or the analog of current in the 
electrical case. Now we know from mechanics that the body M 
cannot assume a finite velocity instantaneously, assuming that it 
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was at rest before the force F was applied. A discontinuous 
velocity, i.e., a jump in velocity from zero to a finite value would 
mean an infinite acceleration at the initial instant, and this in 
turn would call for an infinite force. Hence if the velocity was 
zero before the force took hold, it will still be zero immediately 
after that instant. This is a fundamental fact, namely that in a 
system containing mass, the velocity of motion must at all times 
be continuous unless the disturbance is in the nature of an impact. 
This means that the curve of velocity plotted against time may 
nowhere have a vertical jump or discontinuity. It may have a 
kink, i.e., an abrupt change in slope or direction. In fact it will 
have such an abrupt change in slope wherever the impressed force 
is discontinuous, as for example, at the initial instant in the case 
considered above. 

Just so, the current in an electrical circuit containing induc¬ 
tance cannot be discontinuous because this would mean an infinite 
d/t 

which in turn would mean an infinite voltage of self-induction. 

The current curve plotted against time may on the other hand 
have a sudden change in slope, i.e., a discontinuous first derivative. 



It will have such an abrupt change in slope wherever the impressed 
e.m.f. suddenly changes. 

From this it will be clear that for our problem we have to put 
to = 0 in the final expression (68). However, it may very well 
be that a circuit will be so arranged that current can flow before 
the switching instant, in which case the current will be continuous 
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throughout this instant, and hence io will have a value. In that 
case (68) is the expression to use with the proper value substituted 
for fo. The reader may draw the proper circuit arrangement to 
illustrate this case for himself. 

For the solution of the case illustrated in Fig. 8 we therefore 
have: 



This curve is plotted in Fig. 10. The final steady state is the 
horizontal line E/R, which is the asymptote of the actual current i. 
The current never actually reaches this value but practically does 
so in a very short time. In fact after an elapse of time equivalent 
to: 

— = 1 (69) 

the current will have reached: 


— •100 = (1-0-100 = 63.2% 

of its final value. This length of time which is given by: 

t = T = I (69a) 

is commonly called the time constant of the circuit and is usually 
in the neighborhood of a small fraction of a second for ordinary 
circuits. For instance if the coil has an inductance of one milli¬ 
henry and a resistance of one ohm, the time constant T would be 
0.001 second. Hence in such a coil the current would reach 
63.2% of its final value in one-thousandth of a second. 

The function of the transient portion of the solution is obviously 
to smooth out the initial stages. The steady state alone demands 
that the current shall instantly jump to the value oi E/R. The 
physical characteristics of the circuit however, due to the inertia 
effect of the inductance, preclude the possibility of such a jump 
in the current. The transient steps in to smooth things over and 
tide the steady state before t = 0, which in our case is a rest con¬ 
dition, over into the steady state after t = 0. We will find that 
in the more complicated cases to be taken up later, this is univer- 
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sally true. The transient terms act as shock absorbers. They 
absorb the discrepancy between what the current is at the switch¬ 
ing instant, and what the steady state demands that it should 
be. 

Before leaving this case, it is interesting to see what would 
happen in the limiting case B—^0. If we substitute this value 
into eq. (68), it becomes indeterminate. This situation can be 

Rt 

alleviated by an expansion of e in its power series and dropping 
all powers of B above the second. Thus for very small resistances 
the following form would be approximately correct: 




1 + 


L 2L^ 


+ 


•) 


m 

L 


EB 

2L^ 


t^ + 


For the limit 0 we then have: 

(70) 

E 

T his is a straight line through the origin with a slope of ^ amperes 

per second. Looking back at Fig. 10, we see that the current for 
the case with resistance present starts out along this straight line 
but soon bends away from it and runs off asymptotic to the value 
E 

. Now that B is zero however the asymptote is removed to 
K 

infinity, and the curve does not bend but continues straight on 
up toward infinity. It must be remembered however that such 
a case cannot be realized physically, and that we are giving it 
here only for the sake of interest and the additional light it may 
throw upon the actual physical case originally discussed. 

2. The R, C Circuit. We now turn our attention to the circuit 
given in Fig. 11. This consists of an e.m.f. E, a switch S, a re¬ 
sistance B, and a condenser C in series. The equation expressing 
the condition of equilibrium between the impressed and the counter¬ 
voltages after S closes now takes the following form: 

Bi+^f idt==E. 


(71) 
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The novel feature about this equation is the appearance of the 
integral representing the accumulated charge in the condenser at 
any time. We do not have to solve an equation in order to recog¬ 
nize that the steady-state current in this case is zero. However, 
if we wish to see what our mathematical methods have to say 

about the matter, let us suppose that 
the steady-state current is any constant, 
thus: 

h = I. (72) 

Substituting into (71) we get: 

RI ^ ^ const. = E. (73) 

Every term in this equation is a constant 
except the second, which varies linearly with time. It is not hard 
to see that the only value of I which will satisfy eq. (73) for all 
values of time is: 

/ = 0 . 

We expected this of course since no steady current can flow through 
a condenser. 

Since there is no steady state, the transient portion will be the 
whole solution. For this we must solve the corresponding homo¬ 
geneous equation to (71), namely: 

Ri + ^ Ji dt — 0. (74) 

As usual for all circuit problems we expect that: 

it = AeP* (75) 

will be a solution. Substituting this value into (74) we get the 
condition equation: 

(R+±yeP‘ = 0 (76) 

from which the existence of a non-trivial solution demands that: 



c 


Fig. 11 


(76a) 
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This is the determinantal equation for this case, from which 
the natural mode is found by solving for p, thus: 

(77) 

The natural mode is purely real and negative, just as in the pre¬ 
ceding case. The transient solution — or complete solution in 
this case — therefore becomes: 

it = Ae~^. (78) 

Again we have only one integration constant. This is as it should 
be because there is only one initial condition to specify, namely the 
charge in the condenser at the time the switch closes which we 
again call t = 0. 

The initial current cannot be specified without some analysis 
or reasoning because the circuit has no inductance. This is like 
suddenly applying a constant force to a spring having internal 
friction but no mass. There is no inertia effect, and hence the 
velocity, or its electrical analog the current, can be discontinuous 
at the instant the force is apphed. In fact it must be in this case. 
The apphed force must be balanced by an equal and opposite force 
at the initial instant as well as at any other, and since the conden¬ 
ser cannot offer this opposing force unless it happens to have just 
the right charge, the required counter-e.m.f. must instantly appear 
across the resistance. This, of course, requires that the current 
jump instantly to the proper value. Incidentally it is quite im¬ 
possible for the charge in the condenser to change instantly be¬ 
cause this would require an infinite current at the initial instant, 
which, of course, would cause an infinite Ri drop. This is due to 
the fact that charge is the integral of current, and in order to accu¬ 
mulate a finite charge in no time, an infinite rate of flow is required. 

In order to evaluate the integration constant in (78), let us sup¬ 
pose that the condenser has a charge of go coulombs in it before the 
switch closes. However, we caimot use this fact directly for the 
evaluation of the integration constant in eq. (78) because the 
latter gives the currpnt as a function of time and not the charge. 
In order to determine what the initial current is we must go back 
to the original differential equation (71). If we consider this at 
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the time t = 0, then the value of the integral becomes the initial 
charge. Hence we have: 

R(i)i^o+^^ = E (79) 

from which: 

This information can now be used directly in eq. (78) to evaluate 
the constant A. It may be said in passing that whenever a diffi¬ 
culty arises that cannot be answered by inspection, the proper 
thing to do is to go back to the original differential equation. This 
contains all the information except initial conditions, and will 
usually be in a position to give the required answer. In the present 
case for instance we needed the initial current, but had the initial 
charge instead. By going back to eq. (71) we obtained the 
answer quite easily. 

Writing (78) for t = 0, we then have by (80): 

Thus the final solution to our problem becomes: 

We see that this solution will vanish for: 

q, = EC (83) 

which is the charge necessary to bring the condenser up to a voltage 
equal to that which is suddenly impressed. In Fig. 12 we show a 
plot of eq. (82) for a case where the initial charge is zero. The 
student may illustrate other cases for himself. 

The solution consists merely of a sudden rise to the value E/R, 
followed by an exponential decay. Circuits of this kind, where 
the current is allowed to jump instantaneously, are called 
impulsive. 

Sometimes the problem discusf^d here is varied somewhat re¬ 
garding the method of excitation. That is, the condenser is 
assumed to be initially charged. There is no impressed e.m.f. 
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The circuit is merely closed upon itself, thus discharging the 
condenser through the resistance. We have however already 
solved this discharge case, as well as an infinity of intermediate 
cases. Equation (82) gives the solution for any impressed voltage 
and initial charge. If we wish to have the discharge case, we need 
merely put E = 0 and give go the required initial value. 

It should be noted that the function of the transient in this case 
is also in the nature of a shock absorber. The steady-state con¬ 
i' 



dition is not adequately represented by the equation i = 0. It 
is however completely specified by g = EC where g is the charge 
in the condenser. The latter has a constant value in the steady 
state. The transient appears only when a discrepancy exists 
between this steady-state value and that which is actually present 
at the instant the switch closes. Again the action of the transient 
is to smoothly carry the system over from the existing condition 
to that demanded by the steady state. 

The usual definition for the time constant, as explained in the 
previous case, applies to this circuit. We have for this case: 
T — BC seconds. 

Before proceeding with the next case, let us summarize the 
outstanding features of the two simple cases discussed so far. 
The reader will probably appreciate already that the hardest part 
about determining network solutions is the evaluation of integra¬ 
tion constants in agreement with specified initial conditions. 
In order to save time in this process it is well to develop certain 
useful rules. Take the inductive circuit of Fig. 8 for example. 
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For this case we saw that the initial current was zero. This was 
due to the presence of the inductance. Hence we can say that an 
inductance acts like an open circuit for the first instant. In the 
capacitive case of Fig. 11, on the other hand, the initial current for 
zero initial charge was E/R. Hence we say that a condenser acts 
like a short circuit for the first instant. It should be further re¬ 
membered that these rules hold only for the case where the con¬ 
dition before the switching operation is a rest condition, by which 
we mean that no current flows and no charges are present before 
the switching operation takes place. If charges are present, or if 
the circuit is so arranged that current may be flowing before the 
switching operation considered, then these rules are, of course, 
invalid unless special provisions are made to take care of the exist¬ 
ing charge or current. The usual conditions, however, are rest 
conditions, so that the above rules very frequently may be applied 
in order to save time. 

3. The L, C Circuit The next case in order is that shown in 
Fig. 13. This consists of a series arrangement of an e.m.f. E, 

a switch 8, an inductance L, and a 
capacitance C. The equation which 
expresses the condition of dynamic 
equilibrium for this case is: 

We can see immediately that the 
steady-state current will be zero just 
as it was in the ease of the R, C cir¬ 
cuit. Hence the transient portion is the complete solution again. 
This is the solution of the force-free equation: 

It may seem queer that the actual equation of equilibrium with the 
force impressed is apparently not used to find the solution. This 
is not the case, however. We shall have to come back to eq. (84) 
in order to determine the integration constants. Thus the e.m.f. 
E will eventually have its effect upon the solution although it 
seems for the time being that it is being disregarded. 





Fig. 13 
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For the solution of (85) we make the usual assumption: 

i = Ae^. (86) 

Substitution gives the condition equation: 

= (87) 

Demanding a non-trivial solution requires that: 

^ = 0 ( 88 ) 

which is the determinantal equation for this case. It is equiva¬ 
lent to the following quadratic: 

P ^+:^=0 ( 88 a) 

which has the roots: 

±.7 

This is the first case for which we have obtained imaginary roots 
or natural modes. We recognize therefore that the solution is 
going to be oscillatory instead of monotonic as the previous cases 
were. The quantity go is called the undamped angular frequency. 
The reason for calling it undamped will become clear after we 
treat the same case with resistance considered. 

Since the determinantal equation is a quadratic, we have a 
pair of natural modes, differing however merely by an algebraic 
sign, as shown by eq. (89). Each of these roots will give rise to a 
solution of the form of (86). Hence the sum of two such terms 
represents the complete transient solution, and therefore the 
complete solution for this case. We have: 

i = Aiei^ -f (90) 

This time we have two integration constants, Ai and A 2 . We 
have however two initial conditions to specify, so that two integra¬ 
tion constants are necessary in order to provide a unique solution. 


= ±igo 


(89) 
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We will assume initial rest conditions this time, i.e., that the 
charge in the condenser and the current in the inductance are zero 
for t = 0. The latter must, of course, be true since the switch is 
open initially. The condenser could have a charge in it to start 
with, but we shall leave this case for the student to work out as 
an exercise. Thus our initial conditions become: 



The first of these is directly applicable to eq. (90). The second 
is not. In order to use this we must go back to the original 
equation (84) and consider it for the instant i = 0. This gives: 



which is applicable to (90) after we differentiate once with respect 
to time and then set t = 0. The result (92) might also have been 
obtained from the rule that the condenser acts like a short circuit 
for the first instant. 

Using the first eq. (91) and eq. (92) in connection with (90), 
we obtain: 

Ai -|- Ai = 0 

(93) 

The solution of this pair of equations gives: 

E 

2jLgo 

and: ^ 

" “2yL^o‘ 
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so that: 

t = y— sm g4- (95) 

There are several important things to note before proceeding 
with a graphical discussion of this result. First it should be 
recognized that, w'hereas the determinantal equation gave rise to 
two natural modes as given by eq. (89), the final result (95) con¬ 
tains only one frequency. This is due to the fact that the roots 
(89) are a conjugate pair. This is fundamental in network theory. 
When imaginary or complex roots occur, they always come in 
conjugate pairs, and then a pair of roots defines only one real fre¬ 
quency, just as in this simple case. Second it should be empha¬ 
sized that the pair of integration constants that go with the terms 
involving a pair of conjugate roots, are themselves a pair of con¬ 
jugates, as illustrated by eq. (94). This is also universally true 
of network theory. The reason for this second point may be seen 


i 



from eq. (90). The current on the left is certainly real. This 
means that the sum of the two right-hand terms must be real. 
But this can be so only when the two terms are a pair of conju¬ 
gates. Since the exponentials are conjugates on account of the 
conjugate exponents, it follows that Ai and At must be conjugates. 

Let us now discuss the solution (95). This result is plotted in 
Fig. 14. It is rather striking in that the current starts right in 
and oscillates with a constant amplitude at the an gular frequency 
of fifo radians per second. There is no introductory period. It 
certainly illustrates quite forcibly how eager an L, C circuit is to 
oscillate at its natural frequency. It would hardly be supposed 
that a unidirectional force could so easily be converted into any 
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desired harmonic oscillation. The fact that it can, however, is 
quite fundamental in communication work, especially in radio 
work. This principle forms the basis of the well-known spark 
oscillator of the early days of radio, as well as that of many later 
developments for the production of high frequency oscillations by 
means of shock excitation. It must be remembered, of course, 
that we have not yet considered the effect of resistance upon the 
resulting oscillation. We shall see that this effect is in the na¬ 
ture of a damping action such that the oscillations persist only 
for a few cycles unless the application of force is repeated. This 
will be amply illustrated later on. 

Incidentally if an actual physical circuit could be so influenced 
as to neutralize its resistance, then it would continue to oscillate 
with undiminished amplitude. This fact forms the basis of such 
oscillation generators as the arc and some vacuum tube circuits, 
which are essentially resistance neutralizing devices. It is, of 
course, not the object of this text to present these matters, but 
the important bearing which the theory of the simple L, C circuit 
has upon such matters should come to the student^s attention at 
this time. 

It is further illuminating to discuss the voltages appearing across 
the inductance and the capacitance as functions of time. The 
analytical expressions for these functions are easily obtained. 
The voltage induced in the inductance is: 


^ di 

(96) 

and that appearing across the condenser is: 


Cc = ^ J'i dt. 

(97) 

Substituting (95) into (96) and (97), we get: 


Ci = E cos g4 

and: 

(98) 

ec — —E cos gd + const. 

(99) 


The constant of integration appearing in the last equation is 
easily evaluated, if we consider that = 0, for t = 0. Thus we 
get: 

ec = E(1 - cos ^ 0 ^). (99a) 
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Fig. 15 shows plots of e; and against time. This figure is inter¬ 
esting for several reasons. The inductance voltage oscillates 
about zero with an amplitude equal to the battery voltage. The 
condenser voltage on the other hand oscillates about the value E 
with an amplitude equal to E, so that it goes from zero to twice E 
and back to zero. Note that the sum of e,- and is equal to the 
constant battery voltage E at every instant, as of course it should 
be. This is required by the dynamic equilibrium of forces of 
which our original differential equation (84) was an expression. 

The action of the condenser voltage has a physical meaning that 
is worth noting. If the oscillation process could ever settle down 


e 



some way, it would stop with the condenser charged to the battery 
voltage. In fact this is the object which the battery is trying to 
accomplish, but it never gets there because the condenser voltage 
overshoots its mark by the amount E, then decreases and again 
overshoots its mark by the same amount, etc. The process con¬ 
tinues forever due to the fact that there is no stabilizing influence 
present in the way of frictional forces. 

4. Vector Treatment for the L, C Circuit. There is another 
much more powerful way of treating this simple case that lends 
itself to a more varied class of applications. The relative im¬ 
portance of the simple oscillatory circuit justifies this additional 
discussion. This method is based upon a very convenient way of 
representing a harmonic function. Harmonic motion results 
when the extremity of a vector of constant amplitude, rotating 
with constant angular velocity, is projected upon a fixed avia , 
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The function represents such a vector of unit length rotating 
with an angular velocity of w radians per second in the Gaussian 
plane, commonly called the complex plane or the plane of complex 
numbers. This is illustrated in Fig. 16. Here we also show that 
the vertical projection is a sine function while the horizontal pro¬ 
jection is a cosine function. This 
is expressed by the trigonometrical 
relation: 

= cos ut -(- y sin at. 

Thus if we wish to represent a 
sine function analytically, we may 
do so by recognizing that: 

= sin U. 

Similarly the cosine function would 
be: 

16 = cos ut. 

The symbols 3m and (JL are operators which perform the operation 
of taking the imaginary and real portions respectively of what they 
operate upon. 

If we wish to represent a sine function, for instance, of any 
amplitude, we merely write: 

3m[Bei-^^] ( 100 ) 

where B is the desired amplitude. An additional point of excep¬ 
tional value, and one which is very little used in engineering 
literature, is the fact that eq. (100) not only represents a sine 
function of ut having any amplitude, but having any relative phase 
angle with respect to some reference as weU. This becomes a 
fact, if we consider B to be a complex number, i.e., a complex 
amplitude. If this is so, then we can write; 

B = B,+jB,= \B\ 

B 

where: tan<^=- 5 ^- 

Thus (100) really is: 

= 1B| sin {ut -f (t>). 


( 101 ) 



( 102 ) 
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This is an extremely useful artifice that the student will appreciate 
only after considerable fanailiarity with its use. Phase angles 
need never be written out in the usual cumbersome fashion. They 
are contained in the form (100) without appearing explicitly. 
Hence this form saves a lot of confusion and bother in handling 
problems involving arbitrary phase angles. 

To get back to our L, C circuit problem, we see that the current 
given by eq. (95) could be written as: 

i = (103) 

In fact eq. (103) could represent the oscillation in any phase 
position by merely suppljdng B with the proper angle. For in- 

3 TT 

stance suppose B has an angle of radians and a magnitude 
equal to 

Lgo 

Then (103) represents (95) advanced in phase by 135° as illustrated 
in Fig. 17. Here the imaginary axis is considered as the P. A. or 




projection axis. This is a most convenient way of representing 
an oscillatory function of arbitrary amplitude and phase. 

We are now ready to apply the heuristic method to the oscil¬ 
latory L, C circuit in a very general way. Instead of Fig. 13 we 
now consider the circuit arrangement given in Fig. 18. This 
differs from Fig. 13 merely in that a different switching arrange¬ 
ment is provided. When the switch is in the position 2, the 
circuit is closed upon itself, while with S in position 1, the voltage 
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source E is inserted. We shall assume that the switch S may be 
changed from position 1 to 2 or vice versa instantaneously. 

Our problem is now this: Suppose S is in position 2, and that 
the circuit is oscillating. At some time, which we designate as 
f = 0, the switch is changed to position 1. What is the new con¬ 
dition of oscillation in terms of the old? The heuristic method 
together with the vector method of representing an oscillating 
function will give the answer to this question very easily. 

It is clear from the solution (95) that the reaction of an L, C 
circuit to the application of a constant force is to oscillate at its 
natural frequency with an amplitude proportional to the applied 
force. If we subject an oscillating circuit to a sudden change of 
constant appHed force, it is logical to expect that after the shock 
the circuit will stiU oscillate harmonically at the same frequency. 
An L, C circuit can do nothing else under the influence of constant 
forces. The only thing that the sudden change in applied force 
can do is to change the amplitude of oscillation in magnitude and 
phase. Suppose therefore that the circuit of Fig. 18 is oscillating 
with the switch in position 2, and that the expression for current is 
given by: 

ib = (103a) 

At the instant f = 0 the switch is snapped to position 1. After 

t = 0 the current may be represented by: 

ia = (104) 

Our problem is to determine A in terms of B. This we do by 
applying certain conditions which must hold at the switching 
instant. Since the circuit is inductive, we know that the current 
cannot be discontinuous, i.e., we know that: 

(ia)i=0 — (fi)teO. (105) 

At the switching instant the impressed force suddenly changes. 

Since we do not wish to restrict this discussion in any way, let us 
denote the change in the impressed force by: 

AE 

where this change may be in either the positive or negative 
direction. 
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If the impressed force suddenly changes at ^ = 0, then the sum 
of counter-e.m.f^s. in the circuit must also suddenly change at 
the same time. This sudden change cannot take place in the con¬ 
denser because this would mean a discontinuity in the charge. 
Hence it must appear across the inductance. This is permis¬ 
sible because a discontinuous induced voltage in L merely requires 
di 

a discontinuity in and does not violate the condition (105). 

Hence we see that: 


The conditions (105) and (106) just suffice to determine A in terms 
of B. We need two conditions because these amplitudes are 
complex, and hence contain two parts, thus: 


A — Ai jAz 1 

B = Bi+jB2. J 


(107) 


Applying (105) to (103a) and (104), we see that: 

Jm[A] = 3m[B] 
or: 

Aa = Ba. (108) 

Applying (106), we get: 

ae 

^4n[Ajgo] ^fn[Bjgo\ = 

from which: 

Ai = Sx+^. (109) 

Multiplying (108) hy j and adding it to (109), we finally get: 

( 110 ) 

Thus we see that the amplitude after the disturbance equals the 
amplitude before the disturbance plus a real quantity which de¬ 
pends upon the magnitude and direction of the applied force. 

This result is illustrated in Fig. 19 which shows the vector repre¬ 
sentation at the left and the corresponding current vs. time picture 
at the right. The origin is arbitrarily taken to correspond to the 
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vector B in the reference position. The instant at which the 
applied force changes is designated as i = 0. The direction of 
the force is taken as positive, i.e., a positive e.in.f. is suddenly 
applied at t = 0. We note several interesting things. First, 
the amphtude is decreased in magnitude by the application of an 
e.m.f. Second, the phase is suddenly set back by the amount 0 . 
This result is due to two things: First, the choice of the switching 



instant; and second, the direction or algebraic sign of E. Obvi¬ 
ously, if the switching instant had been chosen earlier, when B 
was in the first quadrant, the amplitude A would have been larger 
than B. If on the other hand an e.m.f. had been suddenly re¬ 
moved instead of inserted, then A would also have been larger 
than B, and its phase would have been advanced instead of re¬ 
tarded. 

The reader will agree that this method of representation imme¬ 
diately gives us a complete survey of all possible cases that might 
arise in connection with the problem of the sudden application or 
removal of constant forces from an L, C circuit in the process of 
oscillation. By properly chosen switching instants the oscil¬ 
lation may either be built up or wiped out, and the phase may be 
advanced or retarded by any amount up to ir radians. 

A physical picture of this may be had, if we consider a mechani¬ 
cal pendulum. By judiciously applied and removed pushes the 
motion of the pendulum may be built up or down. We will let 
the reader exhaust the various possibilities of these ideas as practice 
problems. 
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6. The R, L, C Circuit. We proceed with the next problem in 
order, which is the same as that just treated except that we shall 
now consider the effect of ohmic resistance. This situation is il¬ 
lustrated in Fig. 20. We shall assume that the switch S is thrown 
from position 2 to 1 at i = 0. The positive direction of F co- 

J2 

4 


Fig. 20 

incides with the assumed positive direction of i. 
following differential equation must hold: 

The particular integral or steady state is obviously again zero. 
The transient is therefore the complete solution. The only effect 
that E has upon the solution is therefore to influence the ampli¬ 
tude of oscillation by affecting the evaluation of integration con¬ 
stants. 

We therefore proceed to find the transient solution, i.e., the 
solution of the corresponding force-free equation: 

Lj^ + m+^Jidt = 0. ( 112 ) 

The solution must be of the form: 

i = Aef*. (113) 

Substitution into (112) results in the condition equation: 

(ip + R+^Aet^^O 

and the existence of non-trivia! solutions demands: 


For ^ ^ 0 the 
( 111 ) 



(114) 
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which is equivalent to: 

+ (115) 

This is the determinantal equation for this case. We recognize: 



as the square of the undamped angular frequency which appeared 
in the previous case. The resistance causes the appearance of a 
hnear term in p. Let us introduce the factor: 

« = A (116) 


for reasons which will soon become clear. Then (115) may be 
written: 

p2 -f 2 ap + ffo" = 0. (115a) 


The solution of this quadratic will give us the natural modes of 
oscillation and decay of the circuit. Using the quadratic formula, 
we get: 

p = —a ± Vce^ — 


or: 

Pi = —a + — gio^ 

P2 = —a — VflS — 


(117) 


We cannot proceed with the solution in the usual fashion with¬ 
out introducing some remarks about these roots (117). The 
square root involves the difference of two positive numbers. If 
the first is larger than the second, then the square root is real. 
If the two are equal, then the square root vanishes. If the second 
is larger than the first, then the number under the radical is nega¬ 
tive, and the square root is a pure imaginary. The first of these 
conditions means two real values for p. The second means that 
the two values of p coincide in the real value — a. The third 
means that the p’s are a pair of conjugate complexes. Now we 
know that if the natural modes pi and p 2 are real, then the resulting 
current solution will be non-oscillatory, while if the p’s are a pair 
of conjugate complexes, the solution will be oscillatory. This is 
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so because e raised to a real power times t does not represent a 
harmonic function. The p’s must either be pure imaginaries or 
else have imaginary portions in order to provide a factor e raised 
to an imaginary power times t. The latter, of course, represents 
harmonic functions and hence an oscillatory response. 

Therefore it is clear that we must separate our result into three 
cases. Let us consider first the case I: 

oi > go- 

Then pi and p 2 are both negative reals. Our solution therefore 
becomes: 

i = (118) 

where ^ = Va^ — 

is used as an abbreviation. 

At i = 0 we have two initial conditions to specify, the charge 
in the condenser and the current in the inductance. For the sake 
of simplicity let us assume that these are both zero. The method 
of evaluating integration constants is the same whether we make 
this special assumption or not. The condition of zero charge at 
t = 0 cannot be utilized in (118) directly. Consequently we go 
back to the original differential equation and consider it for t = 0. 
At this instant the current term and the integral term vanish. 
If the initial current and charge had not been assumed zero, then 
these terms would have known constant values for i = 0 instead 
of being zero. Thus we get: 

_ E 
L 

This together with: 

(z)feo = 0 

may be used directly m (118) to evaluate Ai and A 2 . We get: 

0 = Ai A 2 

I = Ai(-a + ;8) + A2i-a - )3). 

The solution of these equations gives: 

E 


(120) 


(119) 

(119a) 
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SO that the solution (118) finally becomes; 


because: 


i 


Ee-‘“ 

Lp 


sinh 



sinh 


( 122 ) 


The plot of (122) is shown in Fig. 21. It consists merely of a pulse 
of current sufficient to charge the condenser up to the voltage E. 
After that a condition of static equilibrium exists. If the con¬ 
denser had had an initial charge Qo — EC, then there would have 
been no surge at all. The student should work out this case and 


i 



convince himself that the solution vanishes for an initial charge 
of this value. 

It is interesting to work out the time at which the maximum 
current occurs, as well as the value of the maximum. For this 
purpose we form from (122); 

di 

^ (fi cosh fit — a sinh fit) = 0 

from which: 

imax = |tanh-»^^^ 

and: 

, _ E /a + fi\'^- 

'^~Lgo\ go ) 

We consider next the case II: 


(123) 

(124) 


a = go. 
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For this case /3 = 0, and pi = p 2 = —a. We can obtain the 
solution for this case directly from the preceding by carrying the 
limit > 0. In eq. (122) we note that for small values of P: 

sinh —>■ 

so that in the limit we get: 

(125) 

Jb 

which is the solution for this case. A plot of this result is shown 
in Fig. 22. It looks very much like the curve of Fig. 21 for the 
preceding case. The initial slope is the same. This must be so 



because the initial slope times the inductance must equal the 
impressed voltage. The maximum now occurs for: 

~ ^ ^ (—ate~‘^ + e~^) = 0 

or: 

W=-- (126) 

oc 

The maximum current is given by: 

W=|^' = 0.184|. (127) 

The essential difference between this case and the preceding is that 
in the present case the current drops back to zero faster than in the 
former. This can be recognized by comparing the equations (122) 
and (125) for the two cases. Both consist of the product of two 
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functions of time — an exponential decreasing function, and an 
increasing function which is a hyperbolic sine on the one hand and 
simply t on the other. Since the hyperbolic sine increases faster 
with time than t alone, the whole function (125) will drop off sooner 
and faster than the function' (122). In the present case then the 
surge is over in less time. 

Consider now case HI: 

a < ffo. 

This is by far the most important, because it is the oscillatory case. 
For this one the natural modes become: 

p = —a ±i 

Here let us introduce the notation: 

g ^ 

SO that. (128) 

Pi = -a+ jg 
Pi= -a- jg. . 

We call g the damped angular frequency in contrast to go which is 
the undamped angular frequency. It is clear from the first equa¬ 
tion (128) that g is always less than go. In other words, the re¬ 
sistance effectively lowers the frequency at which the circuit 
oscillates. Usually a is small, compared to go, so that g is not 
much smaller than go. Such circuits for which a<^g, are called 
highly oscillatory. Their behavior is very nearly like that of the 
L, C circuit previously discussed. 

For this oscillatory case the solution will be: 

i = -1- (129) 


We could, of course, proceed to evaluate Ai and A 2 from initial 
conditions, similarly to the way in which this was done for case I 
above. But if we compare (129) with (118), we see that the two 
are the same except that we now have jg in place of j8. Hence we 
can obtain the solution for this case by replacing d by jg in eq. 
(122) which was the final result for case I. Thus we get: 


But: 


sinh jgt = j sin gt, 
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so that: 

w 

i ^ sin gt. (130) 

It is interesting to compare this result with that for the L, C case 

given by eq. (95). We can easily see that (130) will go over into 

(95) for R = 0, because for the limit: 

a-^0 i (131) 

9do. \ 

A plot of eq. (130) is shown in Fig. 23. Comparing this with 
Fig. 14 for the case without resistance, we see that the outstanding 



difference is that now the amplitude decreases as time increases 
instead of remaining constant. This decay is due to the factor 
in the expression (130). The function: 

E 


Lg 

acts as an envelope for the sine function. We say that the oscil¬ 
lation now decays exponentially. The rate of decay is regulated 
by the factor a. This factor is therefore called the damping 
constant or the decrement of the circuit. It is the reciprocal of 
the time constant T. The latter we remember is that time which 
it takes for the amplitude to diminish to 1/e of its initial value. 
Thus: 

a R ' 


(132) 
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Note that this time constant is just twice that for the simple R, 
L circuit given by eq. (69o). 

We see therefore that if we suddenly impress a constant e.mi. 
to mR,L,C circuit, we obtain an oscillatory surge which continues 
for an increasing length of time the smaller the resistance in the 
circuit becomes, and finally continues forever in the limit R-^0. 
For very large values of R, no oscillation takes place at all, as shown 
by case I above. This case is called the aperiodic case, and con¬ 
sists merely of a surge. The surge lasts longer the larger R be¬ 
comes. Case II forms the boundary between the aperiodic and 
the oscillatory cases. It is called the critically damped case. 
It still consists merely of a surge of current, but the average time 
the surge lasts is less than that of any aperiodic case. 

A fairly good physical picture of this whole situation may be had 
if we consider the ordinary pendulum as a mechanical analogy of 
the electrical oscillatory system. Suppose we suspend the pen¬ 
dulum in a tank filled with heavy molasses. If we pull the bob 
out and let it go it wfil slowly ooze back to its rest position and 
stay there. The friction in the molasses is too high to allow 
oscillation. This is the aperiodic case. As we thin out the mo¬ 
lasses the friction decreases. Hence the bob will come back to 
the vertical position faster. As we continue the thinning-out 
process, we wiU come to a point where the bob just fails to over¬ 
shoot the vertical position on its return. This will be the case of 
swiftest descent, and represents the critically damped case. If 
we thin the molasses still more the pendulum becomes oscillatory. 
Finally if we could remove all friction, the pendulum would swing 
forever. 

Getting back to our last case again, let us calculate and plot 
the expressions for the inductance, the resistance and the capaci¬ 
tance voltages. We have: 



Substituting (130) into this, we get: 

E 

e- —e~^{g cos gt — gt). 

Q 

Noting the first eq. (128), this may be converted into: 
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where: 


g. = E • — • e~“‘ • cos + 7 ) 
Q 

r - tan-( 2 ). 


(133) 


The resistance voltage or Ri drop is simply R times eq. (130). 
In terms of a this may be written: 


e,^2E‘--e-<^-smgL (134) 

The capacitance voltage is given by: 

ec=^fidt. (135) 

Substituting (130) into this expression and performing the inte¬ 
gration, we have: 

Cc = -E-j- • cos (gt — 7 ) + const. (136) 

The constant in (136) is evaluated from the condition that: = 0 
for < = 0, so that: 

const. = E • — cos y = E (137) 

and the final expression becomes: 

ec = £?|^1 - y • cos {gt - 7 )J. (138) 

The student should evaluate the integration indicated by (135) 
himself in order to appreciate the amount of manipulation in¬ 
volved. The integrand is composed of the product of the two 
functions and sin gt. A repeated application of the formula 
for integration by parts is necessary to carry this out. Later we 
shall give a fuller demonstration of the use of complex notation 
for the representation of harmonic fimctions, by means of which 
such operations as the one above become very simple. We prefer 
to have the reader follow this cumbersome method for the time 
being so that he will appreciate the complex method all the more 
by comparison. 

Incidentally, it is well to note a very simple relationship between 
the damped and undamped angular frequencies g and ga, the damp- 
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ing constant a, and the phase angle y. This relation is very useful 
generally, and particularly in the operations involved above for 
finding e,- and Cc. This relation is expressed by 
, _ the first equation (128) which we repeat here for 

-7=ta^: (g) 



convenience: 


Q 


V. 






Fig. 24 


This represents a right triangle as shown in Fig. 
24. a and g are the legs of this triangle, and go 
is the hypotenuse. Usually a is small compared 
to either g or go, which means a highly oscillatory circuit. Then 
g and go are very nearly alike, and the angle y is very small. 
For vanishing resistance, a = 0, and the damped and undamped 
frequencies coincide. This figure makes the relationships between 



these quantities stand out more clearly than the analytical ex¬ 
pressions do. 

Another aid in correlating the relationships between the current 
and the inductance, resistance, and capacitance voltages is a 
vector diagram. This is a representation of these quantities as 
vectors in the complex plane. The instantaneous values are 
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thought of as projections of these vectors upon some projection 
axis. We shall use the vertical or imaginary axis for this pur¬ 
pose. The vectors represent the respective quantities at the 
instant t = 0. Such a diagram is shown in Fig. 25. Instead of 
representing the condenser voltage directly, we have drawn in the 
vector ec — E, which is the variable portion of that voltage. 
The actual condenser voltage is this variable part plus the constant 
value E. The arrows at the tips of all the vectors indicate that 
they are about to move in that direction. This direction is not 
normal to the vectors, but inward. In other words the tips of the 
vectors follow a logarithmic spiral instead of a circle, and the 
directions go shown in Fig. 25 are tangent to the respective spirals 
at their origin. These directions are off the normal by the angle y. 
It will be noticed that the three voltage vectors are in equilibrium, 
i.e., their vector sum is zero. Thus: 

"h {sc ~ E) Cf — 0 

or: 

+ Cc + Cf = ^ (139) 


as it should be. 


This vector representation of exponentially decaying harmonic 
functions is extremely useful since it gives us a complete picture of 
the entire situation regarding relative magnitudes, phase positions, 
and voltage balance, as well as a good idea of the rate of decay of 
the vectors. It carries still farther the relation between a, g, and 
go, and the effect of damping upon the natural angular frequency. 
Without the presence of resistance, the linear velocity at which 


the tips of the vectors move is go 


—times the vector-length. 


and the direction in which they move is at right angles to the 
vector. For a given amount of damping, characterized by a, 
the velocity at which the tip of any vector moves is still the same 
go times the vector-length, but the direction is now off the normal 
by the angle y. This means that the linear velocity of a vector- 
tip must now be split into two components: One normal to the 
direction of the vector, and one opposite to the vector direction. 
The normal component is g, or the damped angular velocity, 
times the vector-length, whereas the opposing or inward com¬ 
ponent is a, or the exponential rate of decay or shrinkage, times 
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the vector-length. Since the net velocity of the vector tip (in 
cms. per sec.) has not changed due to the introduction of resist¬ 
ance, but still is go times the vector-length, the component pro¬ 
portional to g must be less than that proportional to go. The 
vector actually rotates more slowly due to the introduction of 
resistance, but in addition it now has a rate of shrinkage propor¬ 
tional to a such that the components a plus g vectorially give the 
same go, as indicated in the figure. 

A vector diagram is nothing more than a polar plot in the com¬ 
plex plane. The vectors themselves at any instant show the 
magnitudes as well as the relative phases of the respective quan¬ 
tities which they represent. The instantaneous values are given 
by the projections of these vectors upon an arbitrarily chosen 
reference line. In the above, the vertical axis serves this purpose. 
It is interesting to note that in this diagram of Fig. 25 the in¬ 
ductance-voltage leads the current by more than 90°, while the 
capacitance-voltage lags by more than 90°. This condition is 
quite different from that encountered in steady state alternating 
current performance. There these angles can never exceed 90°. 
In the case of natural oscillations such as these however, it is 
quite possible for a current to lag or lead an induced voltage by 
more than 90°. 

Since this vector representation facilitates the graphical under¬ 
standing of this problem, it ought to do the same for the analjdical 
work. This is a point which we wish to emphasize now. From 
Fig. 25 we could write for the current in our R, L, C circuit under 
the influence of a constant driving force: 


where: 

and: 

Then: 


i = 



m = -a+jg = go 


T di 



(140) 

(141) 

(142) 


( 143 ) 
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where: 


Ei = LgtJ 


l-v 4- - p I 

I7 + 5-E--I 


r +-• 


(144) 


This result checks the Fig. 25 exactly and hence also the expression 
(133) as the student may demonstrate for himself. For the 
condenser-voltage we now have; 


where: 


ec=^fMIe^] 

~ const. 

= [Ece>^ + const. 


Ec 



E 

LgCgo 




(145) 


(146) 


On account of = 0. for t = 0, the constant evaluates to: 


so that: 


-MEc] = E 


(e, -E) = MEce^^. 


(147) 


This result also checks the Fig. 25. The reader should note the 
ease with which this last integration was carried out as compared 
to the evaluation of (135) in obtaining (136). 

The complex representation of a harmonic function is a Mttle 
difficult to grasp, but it has so many advantages over the repre¬ 
sentation by means of sines and cosines with phase angles that it is 
certainly worth spending some time on. This will be appreciated 
still more when we take up alternating impressed forces. There 
the complex notation will be adopted altogether. Sines and co¬ 
sines will be used as sparingly as possible throughout this text. 
The student should practice the visualization of harmonic functions 
in terms of rotating vectors in the complex plane. In order to 
show how these are linked graphically, we give the Fig. 26 in which 
the complete polar time plot for Fig. 25 is given together with the 
corresponding rectangular representation. The student should 
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note in the rectangular plot that the instantaneous sum of Cj-, e,, 
and Cc is a constant and equal to E for all values of time. This is 
not so easy to see in the rectangular plot, while it is evident at a 
glance from the polar plot because there we see that the vectors 
Ei, Ef, and Ec add to zero. The rectangular plot of Cc is interesting 
and should be compared with the corresponding plot for the case 
without damping shown in Fig. 15. Due to the damping action 



we now see that the condenser voltage settles down to the con¬ 
stant value E as it eventually should. 

6 . The Vector Treatment for the R, L, C Circuit. It is quite 
simple to apply the vector method of representation to the R, L, 
C circuit, just as this was done for the L, C circuit, the result in 
that case being given by eq. (110) and illustrated by Fig. 19. 
This vector method is useful for determining the condition of 
oscillation in the circuit after the apphed force has suddenly 
changed, when the circuit is in the process of oscillation at the 
time the change occurs. We refer again to Fig. 20 for the switch¬ 
ing arrangement. 

Let the switch be in position 2 with the circuit in oscillation. 
The current may then be represented by: 

it = (148) 

where 5 is a complex amplitude and m is the complex angular 
velocity given by eq. (142). The only difference between this and 
the form for the current in the L, C case (eq. 103a) is that jgn is 
replaced by m. 

At a time which we designate by i = 0 for convenience, the 
switch is suddenly thrown to the position 1. Suppose this pro- 
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duces a change in the impressed force which may be represented 
by AE, thus leaving the magnitude and direction of this sudden 
change arbitrary. After t = 0 the oscillation has the same form 
and can be represented by: 

ia = (149) 

At the switching instant we have to satisfy two conditions. The 
continuity of current is expressed by: 

(f<j)i=o = (fj)feo (150) 


and the voltage balance requires that: 


\di/fao \d<//=o 


AE 

T" 


(151) 


Applying (150) to (148) and (149), gives: 

MA] = dJiB] 

or: 

A2 = B, (152) 


just as in the case of the L, C circuit. Applying (151), we get: 


gJiAm -Bm]^-^ 


so that: 


or: 


AE 


gm[(Ai + jAs - Bi- jBi) (-a + jgf)] = -j- 


AE 


(A^-B,)g-V(A^-B,)a=^‘ 
Noting (152), we have: 


A\ = Bi -\- 


AE 
Lg ' 


(153) 


Finally, multiplying (152) by j and adding it to (153), we get: 

(154) 




which is exactly the result (110) except that go is replaced by g. 

In order to illustrate this result, let us suppose that the R, L, 
C circuit of Fig. 20 is at rest and the switch is in position 2. The 
following switching operations are now carried out: 
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Time 


t < 0 
t = 0 


t> 


3 X 
9 

3jr 

9 


Switch-Position 

2 

1 

2 

2 


It is desired to know the complete solution after t = 0. We have 
to consider two switching operations, to each of which the relation 
(154) is applied with the proper significance of A, B, and AE. 
For the operation at t = 0, B = 0 because the circuit condition 
before t = 0 was a rest condition. AE is +E, i.e., the battery 
voltage is applied in the positive assumed direction. Hence: 


A = 


E 

Tg- 


Q 

For the interval 0 < i < — 

9 


therefore, the solution is: 


i — Am 



(155) 


For the switching operation at t 


3 T 

y 


B is not zero, but is equal 


to the complex expression within the brackets of eq. (155) for that 
value of t. Thus: 


But: 


so that: 


B = 


K 

Lg 


3 tnr 

e ^ * 


3 mr 3 aT 3 otr 

e f = e ® = —e e 


B = 


3 onr 


Ee~ 0 
Lg 


(156) 


At this instant the battery is suddenly removed from the circuit. 
This means that AE = —E. The application of (154) for this 
switching operation therefore gives: 
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Socir 

A _ Ee B E 

Lg Lg 

= __(l + ,--> (157) 

3 TT 

Hence the solution for the interval ^ > — is given by: 

]• ( 168 ) 

The results (155) and (158) are illustrated in Fig. 27. On the left 
of this figure is the vector representation or polar plot of the ro¬ 



tating and deca 3 dng vectors. On the right is the corresponding 
rectangular plot showing the damped harmonic functions in their 

3 TT 

usual form. The interval from i = 0 to i = — corresponds to 

E 

one and one-half cycles. At ^ = 0 the vector A = is created, 

and immediately starts to rotate and decay according to the 

3 TT 

natural mode of the circuit. At the instant t — —, this vector 

g 

has shrunk considerably and is in the negative horizontal position. 
The sudden removal of the battery introduces the negative real 
E 

vector of magnitude y-, the same size as that originally created, 
Lig 

3 TT 

so that the resultant vector just after t = — is larger than the 
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original one. This is the A of the second switching operation. 
It immediately rotates and decays at its normal rate. In the 
rectangular plot these occurrences are illustrated by means of 
harmonic functions and exponential envelopes. 

This method of attack on the R, L, C circuit may be used in 
various problems. If an applied voltage varies in an erratic 
manner, it may be broken up into steps sufficiently small to give 
the required accuracy. Each step may be treated in the above 
manner. Another application is the oscillatory circuit which is 
excited by means of repeated applications and removals of a sub¬ 
stantially constant e.m.f. It can be seen from the result shown 
in Fig. 27 that it is possible to produce sustained oscillations by 
repeatedly applying and removing a constant voltage. This 
fundamental principle takes many interesting forms in various 
schemes that have been proposed for the production of continu¬ 
ous oscillations. The latter term is, of course, not rigorously 
applied in this case because the oscillations so produced are not 
continuous, but consist of a succession of damped sinusoids. 
Although this kind of a wave form may be used for radio teleg¬ 
raphy, it is of no use in radio telephony. On the other hand, for 
the production of high frequencies to be used in induction furnaces, 
such methods, as the above are used, since wave form is not an 
essential requirement. 

PROBLEMS TO CHAPTER II 

2~1. A force-function defined by: 

f(t) =0 for i < 0 

f(t) == lOforO <2-10-^ 

fit) = 5 for 2-10-4 < t < 

fit) = 10 for 3-10-4 < t < 4*10-4 

fit) =0 for 4*10-4 

is impressed upon an R, L circuit with: 

L = 10-3 5. 

The initial conditions are given by: 

^ = 0 for t = 0. 

Determine and plot the complete current solution. Also plot the kinetic 
and loss energies as functions of time. 

2-2. The same force-function as in Prob. 2-1 is impressed upon an R, C 
circuit with: 

(7 = 4*10-^ 
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Determine and plot the complete current solution assunaing initial rest 
conditions. Plot also the condenser charge and the condenser voltage as 
well as the potential and loss functions. 

2-3. The same force-function as in Prob. 2-1 is impressed upon an I/, C 
circuit with: 

TT TT 

Assuming initial rest conditions, determine the current, charge, inductance- 
voltage, capacitance-voltage, kinetic energy, potential energy, and total 
energy, and plot these as functions of time. 

2-4. Repeat Prob. 2-3 including a resistance: 

TT 

In this case also determine the loss energy as a function of time. 

2-6. An L, C circuit with the same data as in Prob. 2-3 is initially at rest. 
At i = 0 an e.m.f. of 10 volts is suddenly impressed. At i = 2 • 10“^, half of 
the inductance is suddenly shorted out. Determine and plot the complete 
current solution. Repeat for the condition that half the inductance is sud¬ 
denly shorted out at i = 2.5 • 10““^ seconds. 



CHAPTER III 


THE SINGLE MESH CIRCUIT WITH HARMONIC 
EXCITATION 

1. Preamble Concerning Complex Notation. The student is no 
doubt somewhat familiar with the use of complex expressions for 
the representation of harmonic functions. We have made use of 
this device to some extent in the vector methods given in the last 
chapter. In alternating current work the use of complex quan¬ 
tities is more fully appreciated than in any other field. In fact 
the complex notation is almost indispensable in the treatment of 
networks with alternating e.m.f^s. It is therefore quite proper 
that we should spend a few pages here in order to fix ideas more 
thoroughly. 

Suppose we consider a harmonic generator having a frequency 
of / cycles per second and hence an angular frequency of a? = 2 tt/ 
radians per second. It is possible to represent the generated 
voltage of this machine by: 

e{t) = V sin (cat + x) (159) 

where V is the maximum value and % is an arbitrary phase angle 
which fixes the value of e at the start t = 0. Both sides of 
(159) are real functions of t. We may also represent the 
generated voltage of this machine by the analj^tic expression: 

e(t) = (160) 

where E is complex and e is the Napierian base. Here we should 
note something peculiar right away. The left-hand side of (160) 
is real whereas the right-hand side is complex. Evidently some¬ 
thing is omitted. This is the case. The right-hand side repre¬ 
sents a vector E which starts from some initial position ior t = 0 
and rotates with a constant angular velocity of co radians per 
second in the counter-clockwise direction. This is indicated in 
Fig. 28. If we observe the projection of this vector upon any 
stationary axis we note that this projection performs harmonic 
motion and therefore represents a harmonic function. It is the 

70 
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real projection of the right-hand side of (160) upon some refer¬ 
ence axis that is meant to be understood when this form is written 
in place of the eq. (159). It remains to show why it is justifiable 
to omit this operation of projection. 

Any axis may be used for purposes of projection. Let us choose 
the real or horizontal axis. Then (160) should be written; 

e{t) = (R« (160a) 

where (SU is an operator which takes the projection of the function 
following it, upon the real axis. Another way of expressing this 



is to say that (Rc is an operator which takes only the real portion 
of the function it operates upon. With this operation fixed let us 
determine E so that (160a) will become identical with (159). 
For this purpose suppose we let: 

E = \E\ 1^ (161) 

Then (160a) becomes: 

e{t) = (R* [ |.©| 

= (F| cos (cot + 

= |.E| sin ^cot -j- 2 ^- 
Comparing (159) and (162), we see that: 


( 162 ) 
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Hence: 


|F1 = 7 



(163) 

l<M 

1 

X 

II 

(164) 


This is illustrated by Fig. 29. The value of the voltage for f = 0 
is e(0), the projection of E upon the real axis. This figure repre¬ 
sents a sine function ad¬ 
vanced in phase by x radi¬ 
ans or a cosine function 
retarded in phase by f 
radians. Note also that 
this function (159) or its 
equivalent (160a) might be 
written: 

e{t) = V cos X sin ut 
+ F sin X cos wi (165) 

or: 

e(t) = |£'| sin 4' sin ut -j- \E\ cos f cos ut. (165o) 



Fig. 29 


Hence if the voltage were given by: 

e{t) = a siaut + h cos ut 

it would follow that: 

a = 7 cos X = \E\ sin 4' 

6 = 7 sin X = IF] cos ^ 

X . tan-(0 


(166) 


4' = tan~^( ^ 


(167) 


A comparison of the above relations shows that a harmonic 
function, having an arbitrary amplitude and phase, may be repre¬ 
sented anal 3 d;ically in any of the following ways: 

By means of a sine with a phase angle, 
by means of a cosine with a phase angle. 
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by means of a sine plus a cosine term, 
by means of the real portion of the product of a complex ampli¬ 
tude and an exponential function. 


Any one of these forms can be converted into any other. Also 
note that the last named method may be varied in that the rotating 
vector need not necessarily be projected upon the real axis, although 
we shall adopt this convention in all the following work. 

It may seem that the complex way of writing the harmonic 
function is more cumbersome than any other. This is not the 
case for the following reason. The usual operations which we 
have to perform in network analysis are: 


differentiation 

integration 

addition and subtraction. 


(168) 


Now we can easily see that any of these operations are commut¬ 
ative with respect to the operation of taking the real portion, 
when operating upon a complex function. By this we mean that 
if f(t) represents any complex function, and the operator 0 stands 
for any one of the above-named operations, then: 

0 • (5L • [/(Ol = • 0 - (169) 

For example: The real part of the derivative of /(<) is the deriva¬ 
tive of the real part, etc. 

On the basis of this reasoning we can draw the following con¬ 
clusions. The functions with which we deal in network theory 
have the form (160a). (Current would be written in the same 
complex form as voltage.) The operations that we are called 
upon to perform are those given in (168). Since these operations 
are commutative with respect to the (Ri-operator, we may drop 
the flU-sign in (160a) and use the simpler form (160) while manipu¬ 
lating the function according to the requirements of the differential 
equations involved. After the process of integration is over, we 
flgfl.in introduce the (lU-operator before interpreting the result. 
This omission of the (Rc-operator during the process of integration 
saves much time and space. It must not be forgotten, however, 
that the (JL-sign must be inserted before the final result can be 
interpreted in terms of instantaneous values. 
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By this method of procedure we have accomplished a remarkable 
saving in time and effort. Any harmonic function may be repre¬ 
sented by the single expression (160). The question of phase 
angles — which is an eternal nuisance when the form (159) is 
used — takes care of itself automatically. The phase angle of the 
function does not even appear in the form (160). It is hidden in 
the complex character of E, and therefore is out of the way during 
the process of integration when it is not needed anyway. Fur¬ 
thermore, the only function we have left is the exponential, which 
is so easy to differentiate or integrate. In the following we shall 
endeavor to illustrate these points. 

Before proceeding we wish to call attention to the following 
precaution. It should always be remembered in the use of ex¬ 
ponential forms that the legitimate operations do not include 
multiplication and division. These are not commutative with 
respect to the bL-operator. For example, the real portion of a 
product of two complex functions is not equal to the product of 
their real portions, i.e., if: 

a(i) +3 Hi) =/i(0 

and: 

c{t) +3 Hi) = Mi) 
are the two functions, then: 

®*[/i(i)] • (^4/2(0] = Hi) • Hi) 

whereas: 

(5te[/i(0 -Mi)] = Hi) • Hi) - Hi) ■ Hi)- 

Such instances do occur in network problems. For example, the 
power is expressed by the product of voltage and current. If 
these are given by: 

e(t) = SHEe^"^ 

and: 

Ht) = (Flc[7e^"^ 

then it is not true that: 

Instantaneous power = (SHEIe^^'^- 

The student should guard himself against making such mistakes 
as these. 
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The correct procedure to find the power is as follows, 
omit the (lU signs and write: 


and: 


e{t) = I + Ee-^'^) 


i(t) = I (7e^“‘ + 


We can 


where the bars indicate the conjugate value. Then the instan¬ 
taneous power is given by: 

e • i = I + El + El). 


The average power per cycle is given by the integral: 

h 

^ f\-idt = i(m + E7) 

Z ITj 0 


as the reader may verify by carrying out the integration. 

2. The R, L Circuit. We shall now consider again the simple 
circuit treated in Chapter II, § 1 , but this time with an impressed 
voltage which is alternating instead of direct. This is illustrated 
in Fig. 30. Here e(t) represents a harmonic voltage of constant 
frequency. The switching ar¬ 
rangement is the same as that 
used previously. In accordance 
with our above discussion, we 
may write: 

e(t) = (170) 

where w is the angular frequency, 30 

and the ffu-operation is tacitly 

understood. At a time t = 0 , the switch S is thrown from position 
2 to position 1. Then the differential equation expressing dynamic 
equilibrium between impressed and counter-forces for t ^ 0 , 
becomes: 

L^^ + Ri = EeH (171) 

at 



Let us find the particular integral or steady state first. Here it is 
logical to assume that: 




( 172 ) 
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where again the (5la-operation is tacitly assumed, and 7 is a con¬ 
stant complex amplitude which will automatically take care of 
the relative phase between the voltage and the current in the steady 
state. Substituting the assumption (172) into the circuit equation 
(171), we obtain: 

{Lju> + R)Iei-‘ = (173) 


which is the condition under which (172) will be an integral of 
(171). This condition is easily met by the relation: 


I = 


E 

R jLca 


(174) 


which determines the unknown complex amplitude in (172). 
Thus our steady-state current becomes: 


'I'S 



(175) 


The denominator of this expression is the complex impedance of 
the circuit to the frequency a>, thus: 


Z = R jLu I 

= \z\\i_ j 

SO that: 

|z| = VS^TXv 

and: 6 ~ tan” 



(176) 


(177) 


At the instant t = 0, e(t) may have any arbitrary phase, so that: 

E = \E\ (178) 


TT 

If ^ is zero, then e{t) is a cosine function. If ^ is — ^ > then e{t) 

is a sine function. For any intermediate value of e(t) represents 
either a sine or a cosine with a proper phase angle. It is not 
necessary for the present discussion to limit ourselves to any 
particular value of This may be done later to conform with 
some particular ease. By means of (176), (177), and (178), we 
may write the result (175) in the form; 




( 179 ) 
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or: 


or: 


ts = 


'^S — 


(Rc 9)J 


\E 

cos (cot 'I' — 6). 


Now since the voltage may be written in the form: 

e(t) = |S| cos (cot + 


(179a) 

(179b) 

(170a) 


it follows that the steady-state current is a harmonic function, 
whose amplitude is the magnitude of the quotient of voltage and 
impedance, lagging behind the voltage function by the angle of 
the impedance 6. The vector 
representation of this is given 
in Fig. 31, while the rectan¬ 
gular plot is shown in Fig. 32. 

The scales for voltage and 
current are arbitrary. The 
resultant phase angle for the 
current is: 

= (180) 

as may be seen from eq. 

(1796) or from the vector diagram of Fig. 31. Since 6 is here 
taken greater than (p comes out negative, which puts I below 
the reference axis in Fig. 31. In Fig. 32 we see that is is a cosine 

function retarded by the time - which checks the negativeness of (p. 

, Incidentally we see that the magnitude of the steady-state 
current from (1796) is simply: 




(181) 


If we imagine this equation divided through by \/2, then the vol¬ 
tage and current amplitudes wiU be root-mean-square instead of 
mayimuTn values. Hence if we are not interested in relative phase 
in the steady state, we need only take the magnitude of the quo¬ 
tient of voltage and impedance. The current will be r.m.s., if 
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the voltage is r.m.s. In general the current lags behind the voltage 
by the impedance angle. In the present case 0 is a positive angle 
as given by (177). Hence the current actually lags. In general 
the impedance angle may also be negative. A current which lags 
by a negative angle actually leads by a positive angle. We shall 
come to this case in the next section. 

Having found the steady-state solution to our problem, we con¬ 
tinue with the determination of the transient portion of the com¬ 



plete solution. This is the solution of the force-free equilibrium 
condition corresponding to eq. (171). This is obviously; 

(J'l 

Lg+i2f = 0. (182) 

But this is, of course, the same as the force-free equation which 
we considered while obtaining the solution for the R, L circuit 
with constant excitation in Chapter II, § 1. Hence the transient 
solution does not differ in form with various kinds of impressed 
forces. The transient solution for this case is given by eq. (65) 
of the last chapter. We repeat it here for convenience; 

a 

it = (183) 

where: 

L 

is the natural mode of the circuit, and A is the integration constant. 
Notice that although (183) is the transient solution for the R, L 
circuit for any kind of an impressed force, the value of the inte- 



THE R, L CIRCUIT 


79 


gration constant A is different for different kinds of e.m.f’s. We 
proceed to evaluate A for this case. 

The complete solution is now: 

JRt 

i = (JU[7ef"'] -i- Ae ^ (184) 

where I is given by (174). Suppose the one initial condition is 
given in the form: 

i = fo for t = 0. (185) 

Substituting this into (184), gives: 


t'o A 

or: 


A — fo 

(186) 

Hence the general solution for this case becomes: 

jfU 

i = (Re[7ef"'] + {fo — <5U[I]}e 

(187) 

If we write: 

I = Ix+jh 

(188) 

then: 

Rt 

i = (3l<£[7et“‘] + (fo — 7i)e ^ 

(189) 

or: 

Rt 

i = |7| cos {(lit -j- 0) "1- (fo — 7i)e 

(189a) 

Particularly for fo = 0 we get: 

Rt 

i = (R«[7ef“*] —1x6 

(190) 


Note that Ji is the instantaneous value of the steady state at 
t = 0. Hence we see from eq. (189) that the transient term will be 
absent if U = Ii, i.e., if the current flowing in the circuit at the 
switching instant equals that demanded by the steady state at 
that instant. The transient appears whenever there is an initial 
discrepancy, and the magnitude of the transient equals this dis¬ 
crepancy. In eq. (190) the available current in the circuit at 
t = 0 is assumed zero. Even then it is possible for the transient 
to be absent, namely then when Ii = 0. Whether or not this is 
so depends upon the phase of the voltage at < = 0. The situa¬ 
tion shown in Fig. 31 is far from this condition. But if the voltage 
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TT 

phase ^ had been less hy + -^ — 6 radians, i.e., if it had been 

TT 

B — then I would have been a vector straight down, and its 

Ji 

real portion would have been zero. Consequently (190) would 
contain no transient. 

We can determine that voltage phase which wiU make the 
transient vanish in the general case. The condition is that: 

to = II- 

Using eq. (174), this is; 

or by (177) and (178): 

io = 
or: 

io = j^l cos - e). (191) 

Solving for \j/, we have: 

^|^ = e + cos-i^fo|||). (192) 

Particularly for to = 0 we get for the voltage phase which will 

make the transient vanish: 

^ = (192a) 

which agrees with the above reasoning. 

When the transient vanishes, the resulting current is the steady 
state from the beginning. There is no period of adjustment — 
commonly called the transient period — because there is no dis¬ 
crepancy to adjust. 

The complete picture corresponding to the situation for which 
Figs. 31 and 32 are drawn is shown in Pig. 33 for the condition 

io = 0. 

The usual case in practice is that: 


( 193 ) 
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i.e., the inductive reactance is large compared to the ohmic re¬ 
sistance of the circuit. For this case: 


d 




TV 

2 


so that the steady-state current lags the voltage by practically 
2 radians or 90°. If the initial current in the circuit is zero, then 
the condition for the non-appearance of a transient is from (192a): 

(194) 


Hence in this case, if we throw the switch at the instant the 
voltage is passing through either its positive or negative maximum. 



then the final steady-state current will set in immediately. This 
is so because the steady-state current is passing through zero at 
this instant anyway. 

Before we leave this case we wish to show how the steady state 
would be obtained, if we used trigonometric functions for e, and i 
instead of the complex function. Then eq. (171) would be written: 

L g = \E\ cos (wt + . (171a) 

In order to solve we assume: 

if = |I| cos (at + <t>) (172a) 

which should be an integral of (171a). Substituting this assump¬ 
tion into (171a), we get: 

[—Lw sin {o)t + <l>) + R cos (at •+■ (j>)] |7| = |F| cos (at -f- f). (173a) 
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From this equation we must now determine |/| and <j> in terms of 
\E\ and Note how much more involved this is than the cor¬ 
responding complex relation (173). The reason for this is two¬ 
fold. First, (173a) involves sines and cosines, whereas (173) 
involves the same exponential factor throughout which may 
simply be cancelled out. Second, (173a) involves phase angles 
and ^ explicitly, which further complicates matters, whereas in 
(173) the phase angles are concealed, and cause no trouble what¬ 
soever. In order to proceed with (173a) we must expand the sines 
and cosines and collect terms as follows: 

[—La)(sin wt cos <j> + cos (at sin 4>) + R{cos cat cos 0 — sin <at sin 0)]|7| 
= \E\ (cos <at cos 0 — sin (at sin 0) 
or: 

[— {L(a COS 0 -f 22 sin 0) sin cat -t- {—L(a sin 0 + 22 cos 0) cos coI]|2| 
= \E\ cos 0 cos cat — |F?1 sin 0 sin cat. 


Since this is to hold for all values of t, the coefficients of the sin cat 
and cos cot on either side must be equal. Hence: 


{L(o cos 0 + 22 sin 0)|2| = |F| sin 0 1 
(—Lea sin 0 -f- 22 cos 0)|2| = \E\ cos 0. J 


(1736) 


Squaring both sides of these equations and adding, we obtain: 


from which finally: 


(LV + 222)|I|2 = \E\^ 

w = 7=B=. 


Now, if we multiply the first eq. (1736) by cos 0, the second by 
sin 0 and subtract, we get: 

\I\L(a = \E\ sin (0 - 0). (173c) 

If we multiply the first by sin 0 and the second by cos 0 and add, 
we have: 

|2|2e = |JSi| cos (0 - 0). 

Finally dividing (173c) by (173c0, we get: 

^ = tan 0 = tan (0 — 0) 


(173(2) 
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SO that: 
or: 


6 = ^ 
(f> = ^ — d 


which is our result (180). 

We have done this merely to show how much more cumbersome 
the trigonometric functions are to handle. It should be remem¬ 
bered that this illustration was made on a very simple problem. 
For the case of complicated networks it would be next to impossible 
to arrive at a solution. At all events the labor involved would be 
so great that all other points of interest would be submerged. 
The complex notation is there¬ 
fore the only logical one to use 
in treating network problems. 

3. The R, C Circuit. We 
shall now treat the problem 
illustrated by Fig. 34. The 
situation is similar to the one 
just treated except that a con¬ 
denser C takes the place of the 
inductance. e{t) again represents a harmonic voltage and is given 
by eq. (170). The switch S is thrown from position 2 to 1 at t = 0. 
The differential equation expressing the dynamic equilibrium con¬ 
dition for i > 0 is then: 

Ri + ^Jidt = Eei‘^ (195) 

where the (fU-sign is, of course, dropped for the time being. 

The particular integral or steady-state response must be a 
harmonic function of angular frequency co. Hence we write for 
this integral: 

is = 7e^ (196) 

and substitute this assumption into (195). There results the 
condition equation: 





( 197 ) 
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which is easily satisfied by making: 

E 


I = 


R + ~ 

Jto: 

Hence the steady-state current is given by; 


= (JU 


B + ~ 


If we again define: 
and: 

so that: 

and: 


E = \E\ 

Z.R-±.lZ\\t 


|Z| - v/«‘ + cl< 


= — tan’ 


'(i2(7w) 


then our result (198) may be written: 

\E\ 


4 = (Re[ 


or: 


\E\ 


is - ^ cos (ut + rp - e). 


(197a) 

(198) 

(199) 

( 200 ) 

(201) 

(198a) 


\p is the phase angle of the impressed voltage. Hence we see from 
(198a) that the steady-state current lags behind the voltage by the 
impedance angle 6 just as it did in the previous R, L case. But 
now 6 is a negative angle as may be seen from the second equation 
(201). This means that the current actually leads the voltage by 
the angle; 


If the resistance were zero, this angle would be ^ radians or 90°. 
Hence in a pure capacitive circuit the current would lead the volt- 
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age by 90°. The effect of the resistance is two-fold. It decreases 
the magnitude of the current somewhat, and makes the lead angle 
less than 90°. 

It is interesting to note that the d.c. case is contained in this 
result. We obtain it by making w = 0. From (200) or (201) 
we see that this makes the impedance infinite, and hence the 
steady-state current will vanish as it should. 

The steady-state result (198) or its equivalent (198a) is illustrated 
in the Fig. 35. On the left is the vector representation in the 



complex plane, and on the right is the time plot. The net phase 
angle for the current is seen from (198a) to be: 


or: 


(j) = \J/ — d 

(l> = Ip cot~^(IiOu). 


( 202 ) 


The complete solution requires the addition of the force-free 
behavior to the steady state Just found. This is given by the 
solution to the corresponding homogeneous equation which is: 

Ri+^Jidt^O. (203) 


But this is, of course, the same as eq. (74), which we already treated 
in the case of constant excitation. Its solution is given by eq. 
(78), which we repeat here for convenience: 

_ ^ 

ii = Ae 


( 204 ) 
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where — the natural mode for this system. The complete 

solution for this case therefore becomes the sum of (198) and 
(204), thus: 

_ 

+ Ae (205) 


If we use the alternative form (198a) for the steady state, this 
becomes: 


i = 6U 




R + 


jCo,} 


i 


E 

Z 


_ t_ 

cos (wt + — 6) + Ae 


This may be put in still simpler form if we note that: 



(205a) 


and write the current phase <j> in place of ^ — 0, thus: 

_ t_ 

i = |/| cos (cot + <!>)+Ae (2055) 

The next step is to evaluate the integration constant A. Here 
we note that we are again treating an impulsive case, i.e., a circuit 
having no inductance. Hence the initial current is not specified. 
We have instead to specify the charge in the condenser at < = 0, 
thus: 


For f = 0 
condenser 



(206) 


This condition cannot be substituted directly into the complete 
solution (205). We must first determine the initial current. 
This we do by going back to the original differential equation 
(195), and considering it for t = 0. This gives us: 

R(i)i=o ^ (207) 


from which: 


to 


( 208 ) 
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This may be substituted into any of the final forms (205), (205a) 
or (2055) for the evaluation of A. Using eq. (205) with a slight 
modification, we have: 


so that: 



(209) 


It is interesting to study the structure of this transient current 
amplitude. The first term represents the instantaneous value of 
the impressed voltage at the switching instant divided by the 
resistance of the circuit. This is the component of current which 
is immediately established m an ij, C circuit when any voltage is 
impressed; it neglects the presence of the condenser. The last 
term represents the transient amplitude due to the discharge of 
the condenser. For positive Qo it opposes the first term as in¬ 
dicated. The second term is due to the discrepancy between the 
steady-state current just before and just after the switching instant. 
It may be positive or negative depending upon the voltage phase 
at t = 0. The interesting point about eq. (209) is the fact that 
the resultant amplitude A is simply a linear superposition of these 
individual effects, i.e., each effect acts as though the others were 
not present. We call this characteristic of the circuit linear. 
Any network which is made up of constant circuit parameters, 
i.e., resistances, inductances, and capacitances, behaves linearly 
in that the net effect of two forces acting in conjunction is equal 
to the sum of the individual effects. We shall call attention to 
this important network characteristic again. 

Before substituting A of eq. (209) back into the complete solu¬ 
tion, we wish to throw it into a more compact form. We did not 
do this sooner because we wished to call attention to the super¬ 
position property above. Eq. (209) may be written: 


A 


— (Rfi 


r m- 

L RZ 



Qo 

RC’ 


Recalling eq. (200) this becomes: 


^~^ljRCt>>zj RC 
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or using (199) and (202) also, we have: 


A = 


E 

Z 



RCo) 


Qo 

RC 


which is equivalent to: 

, _ ]J| sin <^> — Qoca 
^ ~ RCw 


(209a) 


If we substitute this into (2055), we have the complete solution in 
final form: 

i = i7| cos (cot + 4>) + (210) 


It is interesting to study this result with the object of deter¬ 
mining the conditions under which the transient will be absent. 
Evidently this will be the case if: 

|I| sin </) = Qow. (211) 

If is fixed, Qo must have a definite value in order to suppress the 
transient. If Qo is fixed, <l> must be properly determmed, which 
requires a proper choice of the switching instant. To illustrate 
this, suppose the switch is thrown at the instant the generator 
voltage is passing through its positive maximum. Then: 

= 0 

and: 

Consequently Qo must be: 


If the capacitive reactance is large compared to the resistance, then 


1 = — |,and: 


Qo = —= 

O) 


is \E\C 


00 


which is the charge necessary to balance the impressed voltage 
at the initial instant. 
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If the switch is thrown at the instant the voltage is zero and 
increasing positively, then: 



and: 

*=-(!+*} 

Consequently Qo must be: 

-1/1 cos g 


For a highly capacitive circuit this is approximately: 

0 


which checks with what we should expect. 

Suppose finally that Qo is given, say Qi, and it is desired to de¬ 
termine that switching instant which will suppress the transient. 
Then we have from (211): 


or: 


sin 0 = sin (i/ — 9) = ^ 




6 H- sin“^ 



For a highly capacitive case: 


|J| ^ \E\Coi 


so that this becomes: 


f ^ sin" 



IT 

2 ' 


This equation has real solutions only when: 


Qi 

EC 


^ 1 


so that the transient cannot be suppressed by the proper choice 
of a switching instant unless the charge in the condenser is such 
that the above inequality is satisfied. 

Incidentally a few words should be said about the algebraic 
sign of the condenser charge. Since the integral in the original 
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differential equation (195) represents the condenser charge, the 
latter must be defined as positive when it gives rise to a positive 
counter-voltage, i.e., a voltage acting opposite to the assumed 
positive direction of the current as indicated by the arrow in Fig. 
34. This arrow also indicates the positive direction for the im¬ 
pressed voltage. 

There is another form in which we may put the solution to this 
problem as given by eq. (210), which throws additional light upon 
the situation. We evaluate the integration constant A directly 
from (2056) by considering this equation for i = 0, thus: 

t'o ~ |F[ cos ^ A (212) 

where lo is given by (208). But; 

|J| cos 4> = Ii 

is the steady-state current at < = 0, so that: 

A = — li 

and the final form for the solution is: 

_ t_ 

i = |7| cos {ost "i" ^) "b (fo — 7i)c (210(i) 

instead of (210). We wish now to compare this result with that 
for the R, L circuit given by eq. (189a). If we do this, we see that 
the R, C case is essentially like that for the R, L circuit. \I\ is 
the magnitude of the steady-state current in both eases. is 
the current phase with respect to the reference coordinate, ia is 
the initial current in both cases, and io — Ii is the initial discrep¬ 
ancy which determines the transient amplitude. The latter will 
vanish whenever this initial discrepancy vanishes. The relations 
for I, 4i, and u are, of course, different in the two cases. Also the 
expressions for the natural modes of decay are different for the 
two cases. But from the standpoint of form, or outward appear¬ 
ance, the two are exactly alike. They consist of a harmonic 
steady state with an exponential decay superposed. Inwardly 
the essential difference between the cases is that the R, C circuit 
is impulsive, while the R, L one is not. This means that the io 
for the R, L case wiU be zero if the circuit is initially at rest, whereas 
io for the R, C circuit will not be zero for initial rest conditions 
(Qo = 0) unless the instantaneous voltage is initially zero. 
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A plot of the complete solution (210) for the general case, or its 
equivalent (210a), is shown in Fig. 36 for an arbitrary assumed 
value of fo. A comparison of this figure with Fig. 33 for the R, L 
case wiU reveal what we have been saying above, namely that the 
two cases are alike in form except that the R, C case is impulsive 
as evidenced by the discontinuity in the current at i = 0. 

It is interesting to determine the condenser voltage for this case. 
This may be done in various ways. One is to integrate the current 
expression with respect to time. A simpler way is to obtain it 
from the original differential eq. (195) directly. The integral 



term is the condenser voltage. Hence, if we solve for this term, 
we have: 

ec = — Ri. (213) 

Substituting (210) into this expression and simplifying, we get; 

ec = ^sin (mt + <f>) + 

We see that the steady-state term has a magnitude equal to the 
current magnitude times the capacitive reactance, and that it 

lags the current by ^ radians or 90°. The transient amplitude 

represents the discrepancy between the available condenser volt¬ 
age at i = 0 and that demanded by the steady state. Again the 
transient is a shock absorber for this discrepancy. If the dis¬ 
crepancy is zero, i.e., if: 

|7| sin ^ = Qou 
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then the condenser voltage shows no transient. Note that this 
is the condition (211) for the suppression of the transient in the 
current. Hence, if the transient is suppressed in the current, it is 
also suppressed in the condenser voltage. 

Finally Fig. 37 illustrates the condenser voltage as a function of 
time according to eq. (213a). This plot corresponds to that in 



Fig. 36 for the current. Note that the condenser voltage is con¬ 
tinuous throughout the switching instant. Its first derivative is 
discontinuous at this point which reflects the corresponding current 
discontinuity. The student should further study Fig. 37 to satisfy 
himself that it is the integral of Fig. 36, as, of course, it must be. 

4. The R, L, C Circuit. We come now to the most interesting 
case of the single mesh network. All three kinds of elements or 
parameters are present, and the impressed force is harmonic. The 
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chief interest lies in the variety of possible combinations of circuit 
and initial conditions which this system displays. The figure 38 
gives the circuit and switch¬ 
ing arrangement similar to 
that used before. 

The equation of d3mamic 
equilibrium for this ease is: e (f) 


0 


R 

-AAAAAAW- 



Fig. 38 


rfi' 1 r ' -''' 

Lj^ + Ri+^ idt = Ee^-‘ 

(214) 

where, as usual, the (JL-opera- 
tor is dropped on the right-hand side. The assumption for the 
steady-state current takes the same form as in all network problems 
with harmonic impressed forces, namely: 

i = (215) 


where the (Jl«-operator is also dropped for the sake of convenience. 
Substitution into (214) gives: 


from which: 



(216) 


Equation (215) together with (216) represent the steady-state 
solution. The complex denominator in (216) is the steady-state 
impedance. The imaginary portion is usually called the reactance, 
and is often split into two portions: the inductive and the capaci¬ 
tive reactances. It is quite evident that they have opposite 
algebraic signs. This is due to the fact that the inductance term 
involves a derivative while the capacitance term involves an 
integral. The former introduces a j while the latter introduces a 
l/j or - j. 

This difference in sign in the reactance part of the impedance is 
what gives rise to the resonance phenomenon in this circuit. 
Namely, at that frequency for which the reactance vanishes, the 
impedance is a minimum, and hence the steady-state current a 
maximum. Later we shall discover a more significant meaning 
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for this so-called resonance phenomenon whereby we will be able 
to recognize its general importance in connection with the be¬ 
havior of physical systems. 

For convenience we define; 


and as before; 


Z = R+jX 


|Z| = 

Z = 1Z| 1^ 



E = 1F| 1^ 


Then the steady-state current may be written; 

i,-®. [!«;-'] 

E 

h = 1^ COS ^ ~ 9). 


or: 


(217) 

(218) 

(219) 

( 220 ) 
(220a) 


If we further define, similarly to what we have done previ(.)usly; 


/ = |I| li 



<j> = \f/ — 8 


( 221 ) 


then the steady state may also be written; 

is = \I\ cos (wi -f <l>). (220h) 

In the R, L case we saw that the steady-state current lagged 
behind the impressed voltage. In the R, C case it led the voltage. 
Now it may lead or lag because 8 (the lag angle) may be positive 
or negative according to whether the net reactance X is positive or 
negative respectively. 

If; 
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X will be positive, and the steady-state current will lag. We then 
say that the circuit is preponderantly inductive. If on the other 
hand; 


Lu> < 




then X will be negative, 0 will be negative, and the current will 
lead. We say that such a circuit is preponderantly capacitive. 
In the resonant case: 


Lw = 


1 

Cw 


X and 6 are, of course, zero, and the circuit acts like a resistance 
alone so far as the steady state is concerned. 

We pass now to the determination of the transient portion of the 
complete solution. The force-free equilibrium condition is: 


This is, of course, identical with the force-free equilibrium con¬ 
dition for the case of the R, L, C circuit with constant excitation 
treated in Chapter II. Hence its solution is identical with that 
found there. For convenience we wiU repeat the essential steps 
here. The assumed solution of (222) is as usual for the natural 
behavior of a network: 


i, = Ae^K (223) 

Substitution into (222) leads to the condition: 

(Lp + R+-^Aef‘ = 0 

which, for the existence of non-trivial solutions, leads to the further 
condition: 


= 0 (224) 

which is the determinantal equation for the system. Its roots are 
the natural modes. If we define: 
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a = 

?o = 

g = 


R 

2L 

1 


Vlc 


= damping constant 
= undamped angular velocity 


~ damped angular velocity 


then the roots of (224) are given by: 

Pi = - a +jg'l 
Pi = - a-jgS 

provided: 


go > ct. 


(225) 


(226) 

(227) 


The condition (227) is necessary in order that the square root ex¬ 
pression for g be real so that the roots (226) will be a pair of con¬ 
jugate complexes. It will be remembered that this is the oscil¬ 
latory case. The aperiodic and critically damped cases, defined 
by go < a and go = a respectively, will not be taken up here. 
They are very similar in nature to the R, L and R, C cases just 
discussed. The student may work these out for himself as prac¬ 
tice problems. The case of most interest and importance is 
the oscillatory one. It is the one which occurs most frequently in 
communication work. 

Thus we proceed with the information that the assumption 
(223) will be valid and useful provided either of the roots (226) 
are used for p. Hence we see that the complete transient solu¬ 
tion is given by: 

it = AieP^i + AiCPA (228) 

It remains now to add this transient portion to the steady state in 
order to form the complete solution, and then proceed to evaluate 
the integration constants Ai and Ai from specified initial con¬ 
ditions. Before doing this, however, we wish to call attention to a 
simplification which can be made at this point. We recall that in 
this same case with constant excitation, Ai and Ai turned out to 
be a pair of conjugate complex numbers. We pointed out there 
that a pair of constants which are associated with exponentials 
involving a pair of conjugate modes, always were conjugate com¬ 
plexes themselves. Hence (228) may be written: 


it = 2 (JUjiliePi*] 
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whdch involves only one constant and one natural mode. Since 
there is only one of each, let us drop the subscripts and simply 
write: 

it = (SU[Be^^] (228a) 

where the single mode is: 

p = — a + jg (226a) 

and 5 is a new constant. 

Thus the complete solution becomes the sum of (220) and (228a), 
which is: 

i = (iU(Jet"‘ + BePt) (229) 

where I is given by (216). This is a very compact way of writing 
the complete solution. 

For the evaluation of B let us suppose that we have the follow¬ 
ing initial conditions specified: 

For ^ = 0 1 

condenser charge = Qo [ (230) 

current = io. J 

It should be noted that two initial conditions may be specified, 
because the constant B is complex and therefore really splits into 
two constants, thus: 

B = Bi -|- ySo. (231) 

The initial charge cannot be substituted into (229) since this is an 
equation in terms of current. However, (229) may be differen¬ 
tiated without any trouble. Hence, if we knew what the initial 
time derivative of the current were, then we could use this in (229). 
This initial time derivative is easily found by going back to the 
original differential equation (214) and considering it for t = 0. 
With the information given by (230) this becomes: 

L ^ + Ri,+^= sum. (232) 

This equation may now be solved for the initial derivative of the 

current. 

Letting: 


E = El jEi 


( 233 ) 
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we have; 



/ di\ _Bx _ Rio _ Qo 
\dt )t=o L L LC 

(234) 

Using this and the last relation (230) in (229), we have: 



io = (S{e.{I E) 

(235) 

and: 


(236) 

If we let: 

7 = 71+ 

(237) 

we get: 

to 

11 

o 

1 

(238) 

and: 



B, 

_ , a - <w ,■ a , ^ 

(239) 


The last equations (238) and (239) together with (229) represent 
the complete solution to this problem under any assumed initial 
conditions. In order to simplify the discussion of this result, we 
will assume that the system is initially at rest so that: 

U = = 0. (240) 

Furthermore we shall assume that the circuit is highly oscillatory, 
i.e., that: 

? = go. (241) 

Then the relations (238) and (239) for the real and imaginary 
portions of B become: 

- lx (238a) 

and: 

(239a) 

These conditions are those which are most commonly found in 
communication work. 

We are now going to discuss the above general result under 
various special conditions which may be summarized as follows: 
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I. Voltage phase ^ = 0. 

(a) CO = fif. 

(b) 

(c) C0»gf. 

(d) 03 <g. 

II. Voltage phase ^ 


(a) (a = g. 

(h) u^g. 

(c) co»^. 

(d) CO < fif. 

There are, of course, innumerable other intermediate cases, but 
the above summary will give the reader a good idea of the variety 
of results obtainable with this simple circuit. 

We consider first case la: 


Here we have: 


^ = 0 03 = g. 


E 


E, = E 1=.-^= I, /2 = 0 


so that: 


5, 


E 
' B 


B, = 


E. 

Lg- 


Hence the complete solution (229) becomes: 


or: 


. ^ rE E -B J\ 


E E 

f ^ (1 — 6"“') cos C0< + yy; 6"“* sin Cot. (242) 


Lo3 


Notice that the second term in this expression represents the 
result of impressing a constant voltage E upon mR, L, C circuit. 
It is a damped sinusoid, with an amplitude equal to the voltage 
divided by the inductive reactance. We could write it as the 
voltage divided by the capacitive reactance just as well since 
this is the resonance case. The first term has a much larger 
amplitude and consists of a cosine function inside of an exponential 
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envelope. Since we have assumed the circuit to be highly oscilla¬ 
tory, the second term in (242) is negligible compared to the first 
so that we can write: 

E 

z = ^ (1 — e~°*) cos (at. (242a) 

A plot of this result is shown in Fig. 39. It is simply an exponential 
build-up to the asymptotic value E/R. 



We come now to case Ih: 

= 0 CO s fif. 


This is the so-called near-resonance case. So far as the evaluation 
of the integration constant is concerned, we arrive at the same 
result as in case la above, namely: 


- 


E 

R 


52 = - 


M. 

Lg- 


Again we will neglect B 2 compared to Bi, and write the final result 
as: 


z — (5Ic 




(243) 


The difference between this and the previous case is that now we 
cannot factor out the exponential because ca 9 ^ g. Taking the 
real portion of the above we have: 

E 

^ (cos (d — cos gt). 


(243a) 
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In order to interpret this result let us neglect the damping factor 
temporarily. Then by means of trigonometry we have: 

E 

f ^ (cos (lit — cos gt) 

= 2^. sin . sin (244) 

This is the product of two harmonic functions. The first has a 
very long period, while the second has an angular frequency very 



nearly equal to either oi or q. Hence the first factor acts as an 
envelope for the second. This is plotted in Fig. 40. Note that 
the amplitude of the envelope is twice the steady-state amplitude. 



Due to the damping factor, the second term in (243a) eventually 
goes to zero so that the beats shown in Fig. 40 cease. The actual 
performance of the circuit is shown in Fig. 40a. If we compare 
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this -with Fig. 39 for to = g, we see that now the circuit builds up 
too fast and overshoots its steady-state amplitude, reaching almost 
twice normal value at the maximum of the first beat. On the 
return from this value it overshoots the steady-state value again, 
and reaches a minimum value which will be determined by the 
amount of damping up to that point. This beating about the 
steady-state value continues until the second term in (243a) is 
damped out. 

Note that the beat frequency is determined by the difference 
between the natural and the impressed frequencies. As these 
two approach each other, the beat period lengthens more and more 
until the behavior of Fig. 40a finally goes over into that of Fig. 


The next case in order is Ic: 

^ = 0 w 

i.e., the impressed frequency is high compared to the natural 
frequency of the circuit. This case is seldom met in practice, but 
we shall treat it here nevertheless. First let us see what the above 
condition means in more familiar terms. If: 


then obviously: 
so that: 

or: 


w ^ 9'o 

= ;^ 




C<0- 


Thus we see that if the impressed frequency is large compared to 
the natural frequency of the circuit, it means that the inductive 
reactance is large compared to the capacitive reactance. The 
circuit acts very much as though it were altogether inductive, 
since the resistance plays only a minor r61e by comparison. Hence 
we have: 

El = E 1=-^ li = 0 

jLu Lb} 

The voltage vector is purely real. The current vector is sub- 



THE R, L, C CIRCUIT 


103 


stantially negative imaginary, i.e., ^ is — ^. Using these relations 
in equations (238a) and (239a) we get: 


Bi = 0 and B 2 = 


E as E 
Los g Lg 


= 0 . 


Hence the transient is suppressed altogether. The complete 
solution is given by the steady state alone: 

i = |7| cos ~ ~ ^ (245) 


Fig. 41 shows the voltage and current for this case. The result is 
as though the circuit contained nothing but an inductance. This 



is so because the inductance is so important compared to the rest 
of the parameters under the above assumed conditions. 

We now turn to case Id: 

yj/ = 0 os ••t^g. 

By means of the same reasoning as above, we see that this is 
equivalent to: 


i.e., the capacitive reactance is now the predominant factor. Let 
us see what follows in this case. We have: 

Ei = E I = EjCas Ii^O h^ECos. 

Again the current vector is substantially purely imaginary, but 
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TT TT 

leading the voltage by „ this time, i.e., ^ = k • Substituting these 
results into equations (238a) and (239a) we get: 

= 0 B2 = - 

9 Lg 

But: 

Lg LLug CO 

so that: 

Ba = - ECw(- + - ECoi • ^ 

\g uj— CO 

because ^»co. This is a surprising result. It is equivalent to: 

B = - I (246) 
0 ) 


i.e., the transient current vector is opposite in phase to the steady- 
state current vector, but much larger in magnitude. The ratio 
is g/(j} which may be ten times or more in many cases. This means 
that the transient disturbance will be ex¬ 
ceptionally large and may last for an ap¬ 
preciably long time unless the damping is 
high. The vector diagram for i = 0 is 
given by Fig. 42. The voltage vector is in 
the reference position on account of ^ = 0. 
The steady-state current vector leads by 

The transient cur- 


0) 

I 

u 

' P.A. 

B 

E 


practically ^ radians. 


Tig. 42 


rent vector is opposite and much longer. 
As time increases from zero all vectors rotate in the positive direc¬ 
tion. E and I rotate at co radians per second, and B rotates at g 
radians per second, which is much faster — as much faster as B is 
longer than I, so that it may make ten revolutions or more to one 
revolution of I or E. As it rotates it decays due to a so that 
eventually it will disappear altogether. Nevertheless there will be 
times when B and I act in conjunction to form large projections 
upon the horizontal axis, and thus give rise to a large net instanta¬ 
neous current. In effect we have a slow steady-state oscillation of 
small amplitude with a high frequency damped oscillation of very 
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large amplitude superposed. Analytically the result is obtained 
by substituting (246) into (229), thus: 

i = 

i = — jECco^sin o>t — ^6““* sin gf^. (247) 

A plot of this result is shown in Fig. 43. The high-frequency oscil¬ 
lations at the start almost obliterate the presence of the steady 



state altogether. The latter gradually emerges out of the initial 
chaos and eventually becomes recognizable. 

This result is rather surprising, especially after considering the 
highly inductive case Ic, where the result was rather unexciting 
because it was substantially like that for an inductance alone. 
The reader really expects at first that case Id wiU turn out to be 
very much like that for a condenser alone. The reason for the 
appearance of such a violent transient in the latter case may be 
seen from the following reasoning. In both cases Ic and Id the 
switch is thrown at the instant the voltage passes through its 
maximum. If we recall the problem of suddenly applying a 
constant voltage to an R, L, C circuit, treated in Chapter II, we see 
that this sudden application of voltage at the first instant creates a 
vector of magnitude: „ 
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which immediately starts to rotate and decay according to the 
natural mode of the circuit, thus producing a damped sinusoid of 
the above amplitude and natural frequency. This accounts for 
the second term in eq. (239a) for B 2 - In order to give the first 
term a physical meaning, we must get a better idea of the vector 
representation of a harmonic function. In order to do this, con¬ 
sider for a moment the term: 


with: 


B = Bi -|- jBp 


The initial magnitude of this function is: 

(fL[B] = Bi. 

The initial rate of change is: 

MjgB] = - gBi. 


Fig. 44 


This may be realized from the vector diagram of Fig. 44. Instead 
of having B rotate at g radians per second, we may replace this by 
the two component vectors Bi and B 2 rotating 
9 £ with the same angular velocity. The Bi vector 

■pr '^3 then represents a cosine function, whereas the 

^ / I vector alone represents a sine function. At the 

/ I initial instant, the magnitude of the entire func- 

/ I ^ tion is given by its cosine part alone because the 

—L-— sine part is initially zero. The rate of change, 

^ however, is initially determined by the sine part 

Fig 44 alone because the cosine part has no initial rate of 

change. Thus Bi governs the initial magnitude 
of the entire function, while B 2 — or more accurately B^^g — gov¬ 
erns its initial rate of change. 

With this in mind let us reconsider the equations (238a) and 
(239a), which express the transient current amplitude in terms of 
the steady state. Eq. (238a) is obviously an equation expressing 
the condition of continuity of current magnitude. This magni¬ 
tude before t = 0 is zero. Hence it must be zero just after f = 0. 
The initial transient magnitude must therefore be equal and 
opposite to the initial steady-state magnitude. The second 
eq. (239a) expresses a voltage balance at the initial instant. Since 
the current and charge are both initially zero, the only place that 
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a voltage can appear is at the inductance. Hence the equation of 
voltage balance becomes an equation of the balance of initial rates 
of change of current. The steady-state rate is J 2 W for the reason 
explained above. The sudden introduction of a vector of magni¬ 
tude EijLg rotating at g radians per second produces another 
initial component of current rate of change equal to Ei/L. The 
transient must balance both of these so that B^q must be equal and 
opposite to them. This gives rise to the eq. (239a). 

Now in the highly inductive case Ic the steady-state rate Ii<a 
cancels the rate Ei/L because they represent equal vectors in 
opposite directions. In the highly capacitive case Id this can¬ 
cellation does not take place. In fact the rate /aw is negligible 
compared to Ei/L. This requires the introduction of a transient 
component vector substantially equal to EilLg, and hence very 
much larger than the steady-state current vector. The student 
should illustrate these points more fully for himself by the help of 
vector diagrams. 

The above discussion illustrates a very fundamental point, 
namely that the evaluation of the integration constant — which is 
the determination of the transient current amplitude — is nothing 
more than an adjustment of the complete solution so as to meet 
the conditions of current and voltage balance at the initial instant. 
At all subsequent instants this balance is taken care of automatic¬ 
ally by the form of the solution. In every case except the im¬ 
pulsive case, the voltage balance becomes a balance of initial rates 
of change. 

We have yet to consider the Cases II, a, b, c, d. These are the 
same as the corresponding cases I except that the switch is thrown 
at the instant the voltage is passing through zero and increasing 
positively. Consider case Ha: 


Here: 

E=-j\E\ 





0 } = g. 


El = 0 


I = 


E 

R 


Hence by (238a) and (239a): 

Bi = 0 




(248) 
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SO that the complete solution becomes; 

\E\ 

i = -^ (R![— (249) 

or: 

i = ^(1 — e~“') sin oii. (249a) 

This result is practically the same as the corresponding case la, the 
solution for which is given by eq. (242a) and plotted in Fig. 39. 
For case II6 we have: 

f - 0 > = g. 

The result will be the same as before except that the step from 
(249) to (249a) cannot be made. We have instead: 

\E\ 

i — ~ sin gt]. (250) 

This is essentially the same as case 16 given by eq. (243a) and illus¬ 
trated in Fig. 40a. 

Next in order is case lie: 

^ O) » p. 

Hence we have; 

E.-JIEI a = 0 /.A 

so that eqs. (238a) and (239a) give: 

B, - g B, - 0. (261) 

The complete solution for this case is therefore by eq. (229): 

\E\ 

This is a high-frequency steady state superposed upon a low-fre¬ 
quency decaying transient of equal initial amplitude, as illustrated 
by Fig. 45. The decaying transient acts as an axis for the steady 
state to oscillate about. The first maxim u m of the current is 



THE R, L, C CIRCUIT 


109 


almost twice normal. Notice the considerable difference between 
this case and the corresponding case Ic illustrated by Fig. 41. The 
difference is due merely to the different choice of the switching 


instant, i.e., the voltage phase 
A* . 



Fig. 45 


Finally we consider the case lid: 

lA = - ^ w < gr. 


For this condition it follows that: 

E = - j\E\ Fi = 0 I = jECw h = \E\C<o h = 0 


so that the transient amplitudes become by eqs. (238ct) and (239a): 

Bi= - \E\Co) B 2 = 0. (253) 

Hence the complete solution (229) is: 


B, = 0. 

(253) 

— e~‘^ ■ e**] 

(254) 

- cos gt). 

(254ff) 


This is a high-frequency decaying transient superposed upon a 
low-frequency steady state of equal initial amplitude as illustrated 
by Fig. 46. This case is in a way the reciprocal of the preceding 
one shown in Fig. 45 in that the steady state now acts as an axis 
for the decaying transient to oscillate about. The first current 
maximum is again almost double the final steady state. It is 
interesting to note the considerable difference between this case 
and the corresponding case Id illustrated in Fig. 43. There the 
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result was also a decaying transient oscillating about the steady 
state as an axis, but the initial amplitude of this transient was 
many times that of the steady state. In the present case it is just 
equal to the steady state amplitude. The difference is merely due 
to the difference in the switching instants or the voltage phases. 

In taking up the preceding eight special cases we intended to 
give the reader a survey of the variety of results that can 
be obtained with this really simple R, L, C circuit under various 
conditions of excitation and relative magnitudes of the circuit 
parameters and the impressed frequency. We have by no means 



exhausted the situation in this respect. Besides the existence of 
innumerable intermediate cases between the above, we have not 
even touched upon anything but initial rest conditions. The 
available current and condenser charge at i = 0 may be chosen 
in ways to either aggravate or diminish the transient in any of the 
above cases. This study must be made using the eqs. (238) and 
(239) for the transient current vector instead of (238a) and (239a). 
Obviously this presents a host of additional typical cases. Further¬ 
more we have not yet investigated the behavior of the inductance 
or capacitance voltages in any of the cases. 

We prefer, however, not to go any further into these matters 
here in the text. They may make a fruitful field wherefrom to 
make up practice problems for further study. We have shown the 
reader the fundamental methods whereby almost any question 
concerning this simple circuit may be answered. We wiU not 
spoil his practice field by working out everything for hi m . 
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6. Further Considerations of the Steady State. Before intro¬ 
ducing the subject of this section we should like to summarize 
what we have covered so far. In the opening chapter we gave the 
reader an idea of the factors which characterize an electrical net¬ 
work, and of the means whereby a solution to a given situation 
might be obtained. We spoke of mechanical analogies as aids in 
visualizing the network performance. The differential equation 
was introduced as a physical expression of the dynamic equilibrium 
of impressed and counter-forces. The complete solution, in the 
form of a superposition of two major parts, was interpreted 
physically so that the process of obtaining it would appear in the 
light of a logical succession of steps rather than an arbitrary 
application of formulae and rules. The heuristic method of 
approach was introduced as the logical way of attacking the 
solution to any problem that has a physical background. In¬ 
tegration constants and special circuit conditions were correlated 
and presented in the light of a process of mutual agreement be¬ 
tween arbitrary freedom in the formal solution and a like number 
of physical specifications. And, among the points of outstanding 
importance, the complex representation of a harmonic function 
was introduced. 

In the succeeding chapters, up to the present point, these intro¬ 
ductory ideas were discussed in some detail with the single mesh 
network as a vehicle for illustration. In the paragraphs below 
we are concerned with matters which further aid in correlating 
some of the ideas already touched upon. 

In a great deal of our work with electrical networks we are not so 
vitally interested in knowing just what the instantaneous value of 
current is at every instant following some switching operation, 
with given circuit conditions at the initial instant, as was discussed 
above in connection with various simple circuit arrangements. 
Only in relatively few instances does the so-called transient be¬ 
havior become important, as for example in the case of relay- 
operation and the like. In such cases the behavior is based upon 
the transient almost entirely. Time delay devices also are fre¬ 
quently based upon transient behavior. But these problems occur 
relatively seldom as compared to problems which concern them¬ 
selves with the steady-state behavior alone. 

Take, for example, some link in a radio communication system 
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like the tuned-circuit receiver. Here we wish to know how this 
system behaves continuously under the influence of a steady- 
apphed driving force. It is true, of course, that the magnitude of 
the driving force in most cases does not remain constant as wc 
have been assuming in the above illustrations. In the case of 
reception of electrical impulses due to speech or musical sounds 
neither the amplitude nor the frequency of the impressed forces 
remain constant for any length of time. In fact they are 
changing continuously. By a steady state, on the other hand, 
is meant a process which continues in the same way forever. 
Strictly speaking, a mathematical steady state is one which has 
behaved and will continue to behave forever in the same way that 
it is at the time it is being considered. Under this definition 
nothing in nature is a steady state. It is quite obvious then that 
the engineer must re-define the term steady state in such a way 
as to obtain a more useful concept. 

The term steady state in engineering is always used relatively. 
Whether or not a given process is considered as a steady state 
depends upon the nature of the system in which it is taking place. 
We spoke in some of the foregoing illustrations about what wc 
called the time-constant of a circuit. This time-constant was 
defined as the reciprocal of the damping factor, which is usually 
denoted by a. It is that length of time which will make the 
exponential term equal to e~'- or 0.368. Since this exponential 
term governs the magnitude of the corresponding transient term, 
it follows that the time constant is a measure of the length of time 
that the transient will bo important in affecting the charaeier of 
the net result. After a time which is large compared to the Hmc- 
constant, the remaining current or voltage will vary substantially 
in accordance with the steady state alone. 

Practically then we do not have to wait forever in order to 
obtain what is substantially a steady-state performance. In fact 
for most communication networks the time-constants are extremely 
small, so that a process that has continued only for a small fraction 
of a second may already be considered as a steady state. In 
general, if the process has continued for a time which is large 
compared to the time-constants involved, then it may be considered 
as a steady state. This is the engineer’s definition of steady state. 
As pointed out above, it is entirely relative. More than that, 
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it is almost a matter of taste as to what we might consider as 
“long compared to the time-constant.” This is a matter about 
which no rules can be given. It depends upon too many factors, 
such as the use to which the particular result is to be put, the 
accuracy desired, etc. It is akin to the factor of safety used in 
construction work, and can be estimated only in connection with a 
specific problem, based upon previous experience. 

The student need not Avorry particularly over this point at 
present. It will suffice to say that in the light of the above dis¬ 
cussion such phenomena as speech and musical sounds are fre¬ 
quently considered as a smooth succession of steady states in 
communication work. This is certainly a far cry from the mathe¬ 
matical definition of steady state given above. The only justi¬ 
fication for proceeding upon this basis is that the results obtained 
on this assumption are usually sufficiently substantiated by ex¬ 
periment, which is in the end the engineer’s final court of appeal. 
In order to temper the exaggeration somewhat we frequently refer 
to such phenomena as quasi-steady states. By this we in effect 
admit that we are treating a situation as a steady state, whereas 
we really know better, but continue in spite of this knowledge 
because a rigorous treatment is so involved as to be out of the 
question. We shall say more about the rigorous treatment in 
some of the following chapters. 

The considerations just made lead us to recognize more in the 
steady-state solution than we have heretofore pointed out. So far 
we have considered the steady-state solution merely as a mathe¬ 
matical function of time. Now we see that in communication 
work we must consider it as a function of frequency as well, for 
not only must we know how our network reacts to one frequency, 
but we must know how it wiU react to any frequency within 
the region which is being covered in our particular case. We say 
that we must consider the solution for a continuous band of 
frequencies within which the vital frequencies lie. 

With these points in mind, let us return again to the steady-state 
solution of our R, L, C circuit: 



is = <R 


(265) 
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Even this is more specific than necessary. It is understood that 
the steady-state current is harmonic and has an angular frequency 
of CO radians per second. Hence our chief interest lies in knowing 
the magnitude of the oscillation, or more particularly, the root- 
mean-square amplitude. If we let E and I designate root-mean- 
square amplitudes, then: 



with: 


(256) 


Thus we see that this root-mean-square current amplitude depends 
upon CO, and hence upon frequency. But notice that this func¬ 
tional dependence upon co is confined to the impedance Z alone. 
This impedance contains all the information regarding the de¬ 
pendence of I upon CO so long as E remains fixed, which for the 
time being we shall assume. We caU Z not merely an impedance, 
but an impedance function. This property of Z is placed in 
evidence mathematically by writing Z(co) instead of merely Z. 
If we know its behavior regarding co, then that for I follows easily. 

Let us leave this for a moment to consider what bearing the 
natural modes of the network might have upon the matter under 
discussion. Taking the same R, L, C case, let us recall the de- 
terminantal equation of the circuit: 

Dip) = Lp + R+~= 0 (257) 


where the S 3 Tnbol D{p) is introduced to stand for the left-hand side 
of this equation when considered as a function of p. We notice 
at once that the functions Dip) and Z(co) bear a close resemblance. 
The outward reason for this resemblance is due to the fact that the 
assumed steady state and transient solutions: 


and: 


leM 


respectively, differ (besides in amplitude) only by the appearance 
of p in the place of ju. This in fact is the only difference between 
Z(co) and D(p). 
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The roots of the determinantal eq. (257) we have called the 
natural modes. They are those values of p for which D(p) will 
vanish. We have seen, and shall see more thoroughly later, that 
when they are complex, they always come in conjugate pairs. 
We also know that one pair together defines only one decrement 
and one angular frequency, the latter being the imaginary portion 
common to the pair of conjugate modes. 

Returning to the steady-state expression (256) again, suppose 
we had a generator with a complex frequency, i.e., one whose 
voltage were given by: 

e(t) = 

where the complex frequency — a + jg was a root of (257) or a 
natural mode of the circuit. This, of course, represents a damped 
voltage. This complex frequency would make Z{ca) vanish just 
as it makes D{p) vanish. Assuming that a steady state could be 
obtained, it would be infinite. Practically, this is out of the 
question, of course, because such an impressed voltage as the 
above would vanish with time, and hence the current would 
vanish also. But we can carry out our supposition anyway if we 
imagine that the initial amplitude is large enough to start with. 
Then the steady-state current I will tend toward infinity so long 
as the voltage does not give out. This is due to the fact that the 
impressed frequency in this hypothetical case coincides exactly 
with one of the natural complex frequencies or modes. This 
would be real resonance — super-resonance. 

If mstead of this hypothetical case, we consider the usual case 
but with 0 } = g, i.e., the impressed angular velocity equal to the 
natural angular velocity, then Z(co) does not vanish, but it becomes 
pretty small, in fact equal to R alone in the present case. This is 
the usual condition which we refer to as resonance. Resonance 
from now on should convey a more significant meaning to us than 
merely the fact that the impedance function has reached a mini¬ 
mum. It means coincidence between the impressed angular 
velocity and one of the natural angular velocities — or the imagi¬ 
nary portion of one of the natural modes of the system. This 
immediately gives us a clearer picture of both the resonance 
phenomenon and the natural modes. The system is being driven 
in agreement with — or almost in agreement with — one of its 



116 SINGLE MESH CIRCUIT WITH HARMONIC EXCITATION 


natural tendencies. The resulting amplitude is exceptionally 
large. We will see later that more complicated networks possess a 
larger number of natural modes, and hence we see that these 
systems must possess a correspondingly larger number of resonant 
frequencies and resonant responses in their meshes. 

We return again to the R, L, C circuit and the eqs. (256) in order 
to discuss these in more detail. In radio reception as well as in 
other branches of communication work it becomes necessary to 
study the response of a circuit as a function of frequency, i.e., to 
study the relations (256) as functions of w. If we were to plot 
the magnitude of the current given by the first of these equations 
against a, the result would look like the curve of Fig. 47. At the 


I/I 



resonance point u = go the response is exceptionally good. To 
either side of this point the curve drops off. If we are interested 
in the so-called selectivity of the circuit, then we must have some 
idea of the rapidity with which the curve drops off to either side of 
the resonant point. In fact this characteristic is a direct measure 
of the selectivity. In a general way we can see from the analytic 
form of Z{w) in this case that the selectivity will be better the 
smaller the resistance becomes, because this increases the maximum 
very materially. Let us see, however, whether we can give this 
matter a more definite mathematical form. We have: 



(256a) 
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If we rationalize this, we get: 



This expression is rather unwieldy to handle. It may be simpli¬ 
fied very materially in the following way. Consider the function: 

/(«)=La>-^. (259) 

If we can bring this into a more compact form, then (258) will be 
easier to handle, /(w) is the net reactance of the circuit. It be¬ 
comes zero at the point oi = but is regular and continuous 
there. Hence /(co) can be expanded into a Taylor’s series about 
the point co =: go in the usual way, thus: 

/(w) = Kgo) + - go) + ^ f'(go) • (w - go)^ + • • •. (260) 

If we are interested in the value of /(co) in the vicinity of go, then 
we may drop terms above the first in (co — go) with sufficient ac¬ 
curacy. We will find that this suffices for our particular case. 
Now we see that: 

Kgo) = 0 

and: 

SO that we have: 

/(co) = (^Lco~~^^2 L(co - go) (261) 

for values of co near go. 

It may be said in passing that the Taylor expansion is one of the 
most useful mathematical tools that the physicist or the engineer 
has at his service. It is used whenever an approximate result is 
desired in cases where an exact form is both complicated and un¬ 
necessary, as in the present problem, for example. If the reader 
is not already familiar with this method, he should acquire this 
familiarity without delay. ... 
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Another advantage for the present case is gained if we now in¬ 
troduce the following change of variable: 

(ci) — ^o) = OCX ( 262 ) 

where a is the damping factor for the R, L, C circuit, namely: 

R 

“ 2L 


and X is our new variable. Substituting (261) and (262) back into 
(258), we get for the complex root-mean-square current amplitude: 


or: 


ER . ERx 
R^ + RH^ ^R^ + R^x^ 


= -( — 
Ell -h 


-Jl—\ 

1+x^S' 


(263) 


This is equivalent to: 


where: 


I = In 


1 - jx 
1+x^ 


E 

R‘ 


(264) 

(265) 


If we split the complex current amplitude up into its real and 
imaginary components: 

I = h+jh (266) 


and choose the voltage phase xp equal to zero, then: 

I max 


and: 


h = 


72 = 


1 + x^ 


l-fa:® • 


(267) 

(268) 


Further we see that the absolute magnitude of the root-mean- 
square current is easily obtained from (264) in the usual way, i.e.: 


1-^1 


I max 

vr+¥' 


(269) 


Now let us see what we have gained by all this manipulation. 
Eqs. (267), (268) and (269) are the interesting ones to discuss. 
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They are respectively the real and imaginary portions of the 
complex current amplitude, and its magnitude. In Fig. 48 we 
show plots of Ii and h vs. x. Note that the point a: = 0 corre¬ 
sponds to the resonant point w = go, which follows from eq. (262). 
The units a: = 1, 2,. . . etc. are w = go + a, go + 2 a, .. . etc. i.e., 
we are measuring in units of a to the right and left of the resonant 
point. This gives us a good idea of what the functions Ii and h 
look like in the vicinity of resonance, which is just what we are 
after. We do not care so much about their behavior far from 



Fig. 48 


resonance since we know anyway that they simply become smaller 
there. We do want to know, however, how fast they drop off in 
value to either side of the resonant point. The equations used 
to plot Fig. 48 are admirably suited for just this purpose. They 
are, of course, inaccurate for values of w far from resonance, i.e., 
for large values of x, on account of the fact that we dropped all 
terms above the linear term in our Taylor expansion (260), but 
we shall not use them for such large values. 

Getting back to Fig. 48, we see that the real component h is 
simply a humped curve like the resonance curve. The width of 
this curve at half its maximum is two units or 2 a radians per 
second. The imaginary component has a peculiar shape. It is 
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positive below resonance and negative above. But this is as it 
should be because the net reactance is capacitive below resonance 
and inductance above. This means that the current leads the 
voltage below resonance and lags it above. Hence the positive 
h below resonance and the negative 1% above. At resonance the 
It curve is, of course, zero because the impedance is a pure resist¬ 
ance there. 

As the resistance of the circuit is decreased, a decreases, and 
hence the curves become more critical about the resonance point, 
because the units a: = 1, 2,. . . etc. become smaller. Also the 
maximum value of Ji increases as B, decreases. Note further that 
h equals plus or minus half of h for x equal to minus or plus one 
unit respectively. These curves give us a good idea of how 7i and 

4 > 



It vary relative to each other near resonance, and hence also give 
us an idea of how the current phase with respect to the voltage 
varies in this vicinity. This phase is obviously given by: 

tan ^ 

or using eqs. (267) and (268) we have: 

tan <j> = — X 
^ — tan-^a;. 


so that: 


(270) 
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A plot of this is given in Fig. 49. Here again we see that a de¬ 
crease in a (decrease in the size of the x-units), results in a more 
critical characteristic for the phase angle of the current. 

Finally we wish to discuss the eq. (269) for the magnitude of the 
root-mean-square current. This is plotted in Fig. 50. Com¬ 
paring this curve with that for h in Fig. 48, we see that it does not 
fall off as rapidly. The width of |/| at half its maximum value is 
more than 2 a. The width is 2 a or R/L at 0.707 of the maximum. 
In most cases this curve for the current magnitude is the one upon 
which we base the selectivity. The result illustrated in Fig. 50 
is interesting in that it brings out the importance of the damping 

I/I 



Fig. 50 


factor a as a measure of the selectivity. There is no particular 
reason why the width of the resonance curve at 0.707 of its maxi¬ 
mum value should be taken as a measure of the selectivity. The 
width at half the maximum would serve just as weU. However, it 
has become usual practice to specify the selectivity in this way, 
probably because it takes such a simple form. 

There is an additional point of interest that has not yet been 
emphasized in connection with this Fig. 50. Since the selectivity 
is apparently not dependent upon the capacity in the circuit, it is 
clear that we can adjust it without affecting the value of go, or the 
resonant frequency which depends only upon the LC product. 
Thus we see that in order to increase the selectivity of the circuit 
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we should make L as high as possible. This is very definitely 
limited from practical considerations however. Increasing L will 
increase the resistance too, unless the wire size is increased. This 
in turn increases the cost, weight, and size of the coil. The size of 
L is further limited by the introduction of spurious capacities. 
Hence this matter of increasing L is not so simple as it appears at 
first glance. 

In this last section we have tried to show how important it is to 
thoroughly investigate the impedance function with regard to the 
corresponding behavior of the steady-state current. In this con¬ 
nection another function should be mentioned. The reader has 
probably already noticed that the steady-state current varies not 
as the impedance function, but as its reciprocal. In order to 
emphasize this we often speak of the reciprocal of the impedance 
function, and call it the admittance ftmction. In terms of symbols 
we have: 

We shall have more to say about these functions in a later chapter 
in connection with more complicated networks. We now con¬ 
tinue with the general methods whereby these may be attacked, 
with the view of determining their characteristic behavior. 


PROBLEMS TO CHAPTER III 
3-1. A voltage function is given by: 

e = 100 sin 1000 < — 50 cos 1000 1 


Express this as: 

(а) A sine function with proper phase angle. 

(б) A cosine function with proper phase angle. 

(c) The real part of a complex function. 

(d) The imaginary part of a complex function. 

(e) The sum of two conjugate complex functions. 

(/) The difference of two conjugate complex fimctions. 

3-2. The voltage function of Prob. 3-1 is impressed upon m R, L circuit 
with: 

L = 10-2 jR = 10. 


Determine the steady-state current and express it in aU of the forms indi¬ 
cated in Prob. 3-1. 
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3-3. Given the function: 

e(t) = 100 cos (oit + 60°) 

= a sin wi + & cos o)t 
- A sin (cat — 6) 

= (« + + (oj — 

= 6{4BeM] = (Ra[\B\eJi<^i + <i>)]. 

Determine: a, b, A, 0, a, ft B, <f>. Represent these functions in the complex 
plane if possible, and also in cartesian coordinates. 

3-4. For the function of Prob. 3-3: 




Determine I and 5. 

3-6. The circuit of Prob. 3-2 is initially at rest. At if = 0 a battery of 10 
volts is suddenly impressed. At i = 10“^ seconds an alternator is suddenly 
switched in series with the battery. The alternator has an r.m.s. voltage of 
6.32 and an angular frequency of 1000 radians per second. At the instant 
the alternator is introduced, its terminal voltage is zero and increasing nega¬ 
tively. Determine and plot the complete current solution. 

3-6. What will be the solution to Prob. 3-6 if the battery is removed at the 
instant the alternator is inserted? 

3-7. The alternator of Prob. 3-5 with the same phase relations at the 
switching instant, is suddenly impressed upon a resistance of 100 ohms and a 
capacitance of 10-® farads in series. Determine the initial charge in the 
condenser necessary to suppress the transient. 

3-8. Determine the relative magnitudes of the parameters and driving 
forces as well as the initial conditions necessary to give rise to a solution in an 
R, C circuit like that illustrated in Figs. 36 and 37. 

3-9. An R, L, C circuit has the following values for its parameters: 

R = 2 L = 10-3 C = 10-3. 


An alternator whose voltage is given by: 

e(t) = 100 cos 1000 t 

is suddenly impressed at i = 0. Initial rest conditions obtain. Determine 
the complete solution and plot the latter as well as the steady state. Are 
any excess voltages produced? If so, where do they appear and what are 
their maximum values? When do these occur? 

3-10. Determine the initial conditions necessary to suppress the transient 
in Prob. 3-9. 

3-11. An R, C circuit contains the following values: 

ig =. 100 C = 10"«. 

A harmonic voltage given by: 

e(t) = (Rc[Bej(^ 


with: 


- y 100 CO = 100 
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is suddenly impressed at i = 0. Calculate and plot the current as a function 
of time: 

(a) When the condenser has an initial charge of — 0.005 coulomb. 

(b) When the condenser has an initial charge of 0.005 coulomb. 

3“12. If the voltage amplitude in Prob. 3-11 is given by: 

B - 100 1 ^ 

what must be the initial charge in the condenser in magnitude and sign so 
that the transient will be suppressed? 



CHAPTER IV 


THE STEADY-STATE SOLUTION FOR THE GENERAL 

NETWORK 

1. Significance of the Problem. In the foregoing chapters we 
have treated the simplest kind of an electrical network, namely one 
having but a single mesh. Although this problem is of interest 
from the standpoint of illustrating the application of fundamental 
methods of attack, as well as helpful for the interpretation of 
formal mechanical analogies, it nevertheless lacks the generality 
necessary to make it useful for practical purposes. Networks 
found in actual communication work are practically never so 
simple that the foregoing illustrations suffice for their under¬ 
standing. Hence it is apparent that in these succeeding chapters 
the object should be to equip the reader in such a way as to ade¬ 
quately prepare him for anything he might meet in the line of 
linear electrical networks in practice. This object could be 
accomplished in more than one way. The more obvious one is 
to continue with the next case in order from the standpoint of 
difficulty, then pass on to the next succeeding, and so on until the 
entire field of possibilities had been exhausted. If we reflect for 
a moment as to what this would mean in the way of space and time 
consumption, it will soon become clear even to the beginner that 
we should have small hopes of ever living long enough to complete 
our program. In order to illustrate this point, let us mention 
just a few cases that we would have to consider. In the case of 
two coupled meshes we would have to take up the following ways 
in which these may be coupled, viz: By means of self-inductance, 
mutual inductance, resistance, capacitance, and all the various 
combinations of these. For each of these, the driving force may 
be considered: Constant, alternating, a combination of these two, 
or any number of different frequencies simultaneously impressed. 
These forces may be considered impressed in the first or the second 
mesh, or in both at the same time. The desired current may be 
that in the first or the second mesh. The initial conditions may 
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be arbitrary, and the initial voltage phases may also be arbitrarily 
chosen. Finally, we should have to consider all possible combi¬ 
nations of the above. 

This is just an example of the variety of situations that we face 
in the case of two coupled meshes. When we pass on to three, 
and four, etc., the number of special cases increases so rapidly 
that it is foolish even to think of trying to present the subject in 
this way. Hence it is clear that we cannot proceed in this fashion. 
Yet our problem of equipping the student with the necessary tools 
with which he will be able to attack almost anything that presents 
itself must be solved. The solution lies in the consideration of 
what we call the general network. This consists of any finite 
number of meshes linked together in the most general manner con¬ 
ceivable and excited by means of forces of arbitrary form. If we 
manage to master this case, then obviously all other possible ones 
will merely be special cases of this one, and will, therefore, require 
nothing new in the way of fundamental methods of attack. 

It may seem that to undertake the solution of this superlatively 
complicated case at this stage of the presentation is presuming 
too much on the part of the reader. But he will find that the basic 
principles involved are no different from those that have already 
been taken up. The chief difference lies in the larger array of 
ideas which must be considered simultaneously. This difficulty 
will be overcome by means of mathematical methods capable of 
condensing the given array into a field of vision sufficiently small 
for easy comprehension. Any of these methods with which the 
reader cannot reasonably be expected to be familiar, will be 
sufficiently gone into in order to make their use understandable. 

2. Network Definitions. First of all, let us make clear to the 
reader what we mean by a linear network. In the preceding 
chapters we have already seen several instances where a net result 
was expressed by a sum of individual results. The best example 
of this is given by the fact that the net behavior of a circuit is 
equal to the linear addition of the steady-state and transient 
behaviors. This characteristic is perfectly general in the case of 
electrical networks under one major condition, namely that the 
network elements or parameters, i.e., the resistances, inductances, 
and capacitances, be constants. So long as the parameters are 
constant, the network behavior will be linear in the above sense. 
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There are, of course, many cases of non-linear networks. A 
vacuum tube circuit is a non-linear network, because the tube 
represents, among other things, a resistance which is not constant 
but varies with the current flowing through the tube. A circuit 
containing an arc is also non-linear because the arc resistance 
varies with the current. Another example of a non-linear net¬ 
work is one containing one or more iron-core inductances or trans¬ 
formers. Here the self- or mutual inductances are functions of 
the current. Other examples are given by microphone circuits 
where the resistance or impedance forming some branch of the 
network is varied for the purpose of obtaining an electrical replica 
of sound impulses. All such cases involving non-constant pa¬ 
rameters must be treated by special methods, usually involving 
approximations to a greater or less extent depending upon the 
complexity of the situation. They are usually very difficult to 
solve, and many of them — in fact most of them — are as yet 
unsolved, at least analytically. They may sometimes be solved 
graphically or by means of special integrating machines called 
integraphs. But even then they cannot be attacked without a 
thorough knowledge of the fundamental methods of attack on 
linear networks. The latter form the backbone of all subsequent 
special methods and devices whereby 
the more difficult network problems 
are investigated. 

Let us next get a clearer picture of 
what we mean by the term mesh, 
and its relation to the network. One 
type of network is illustrated in Fig. 

51. If we wanted a name to desig¬ 
nate this type by, we might call it a 
flat network, meaning thereby that it 
is possible to flatten it out without 
having any lines crossing over each 
other. By meshes we mean the openings in the network like those 
numbered from 1 to 10 in the figure. They are like the meshes 
in a fish net, except that the latter are more regular in shape. 
The boundary of any mesh is called the mesh-contour, and con¬ 
sists of the continuous line which a pencil would have to follow 
in travelling completely around the mesh. 
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In this sense, consider the contour of mesh 10 in the Fig. 51. 
We see that it has portions in common with meshes 1, 7, 6, 5, and 4. 
Every mesh in the net has one or more of these common portions. 
We call these, common branches or mutual branches, and desig¬ 
nate them by the two numbers whose meshes they adjoin. Thus 
the mutual branch 1-8 is that small portion of the contour of mesh 
1 which is also part of the contour of mesh 8. Obviously the 
branch 1-8 is identical with the branch 8-1. This fact seems 
almost too trivial to mention, but the consequences of this 
simple fact, as we shall see later, are extremely important in net¬ 
work theory. 

The situation illustrated in Fig. 51 is quite easy to understand. 
But suppose we added one more branch from the midpoint of the 
branch 5-10 to the midpoint of the branch 2-3 for instance. 
Then the network would no longer be flat because there would be 
no way in which to draw this line without crossing over some of 
the others. It is not hard to see that the addition of this branch 
would introduce an additional mesh to the network, but its contour 
is not very obvious. Part of the contour would be the joining-line 
itself, but the remainder of the contour could be any continuous 
path through the network joining the two ends of the added branch. 
The added mesh would then have branches in common with any 
other meshes whose contours were partly traversed in tracing this 
path. A similar line of reasoning would apply to any succeeding 
meshes that were added to the network of Fig. 51 in the above 
way. Although this may eventually become quite involved, it is 
nevertheless always physically possible to designate meshes, 
contours, and common branches in the above manner to any given 
network. 

It should be pointed out that the above procedure is entirely 
arbitrary. There are innumerable other ways of defining the 
meshes and designating contours. But the above method seems 
the simplest and most straightforward, especially in the case of 
flat networks which are incidentally the most common. 

It may sometimes occur that a non-flat network has such a 
structure that it is hard to see just how many meshes it has. 
That is, it may be possible to run through the network by means 
of a certain number of closed paths so as to traverse every branch 
at least once, and hence we would designate these closed paths as 
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meshes, and say that the network had that many meshes. But 
how do we know that it may not be possible to find a smaller num¬ 
ber of closed paths that will also include each branch at least once? 
If this were the case, then it would be possible to represent the 
network by means of fewer individual meshes than our original 
number. The correct number of meshes whereby to specify a 
given network is the least number possible, as we shall see later. 
In the case of a flat network this is as easily done as specifying 
the meshes in a fish net. In the general case of non-flat networks, 
the situation is like a Chinese puzzle. When there is any doubt 
about the matter, the following method should be applied.^ 

We may always specify a network completely by means of 
branches and branch-points. The term branch has already been 
made clear. It is the line joining any two points at which two 
or more other lines meet. These junction points are called 
branch-points. The number of branches, as well as the number 
of branch-points, can always be counted up without question. 
The least number of meshes in the network is then given by the 
formula: 

n = ??! - ju -t- 1 (272) 

where: 

n = least number of meshes in the network, 
m = number of branches, 
ju = number of branch-points. 

Knowing the least number of meshes, these may be specified after 
a few trials. In order to illustrate the formula (272), let us con¬ 
sider the three-mesh flat network given by Fig. 52. Here m = 6 
and M = 4; hence by (272): 

n = 6-4-l-l =3 

which is quite obviously correct. The student need not go very 
deeply into this matter of determining the least number of meshes 
in the general case, since in practice it is usually possible to tell 
by inspection how many meshes there are. We merely give this 
discussion together with the formula (272) for the sake of com- 

1 W. Feussner, Ann. d. Phys. (4), 9, p. 1304, 1902; (4), 15, p. 385, 1904. 
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pleteness. The rigorous proof of (272) has little in it that interests 
us here, and we therefore omit it entirely. 

Having defined the meshes, the contours, and the mutual or 
common branches, we continue with what we call the mesh- 
currents. The latter are numbered consecutively; 1,2,3,. . .etc. 
just like the meshes. Thus ii, h, is, ■ - ■ etc. represent the mesh- 



Fig. 52 


currents for the respective meshes indicated by 
the subscripts. They are those currents which 
are assumed to circulate exclusively along the 
contours of their respective meshes as illus¬ 
trated by Fig. 52. Their assumed positive di¬ 
rection is indicated by an arrow in each mesh 
as also shown. This direction may be arbi¬ 
trarily chosen. In the flat network it is expe¬ 
dient to choose clockwise directions in all the 


meshes. It is clear from the figure that the total currents in the 
mutual branches are then always the differences between two 
mesh-currents. If the network is not flat, the currents in the 
mutual branches may be the algebraic sum of more than two mesh- 
currents, since the particular mutual branch in question may be 
common to more than two meshes. In that case the terms in the 


algebraic sum may be mixed positive and negative, depending upon 
the assumed positive directions of the various mesh-currents in¬ 
volved. These are merely matters of convention and may be 
varied according to individual taste. However, once a certain 
convention as to positive directions has been chosen, it must be 
adhered to throughout the work relating to that network. It may 
be added that in general it is impossible to fix the directions for 
the mesh-currents in such a way that the mutual branch currents 
will all be sums of positive terms. There will always be mesh- 
currents that buck each other in some of the common branches. 


For the flat network, which is the one most frequently met in 
practice, the clockwise direction in all meshes is the most straight 
forward assumption to make. The mutual branch currents are 
then all numerical differences. 

Sometimes it is more convenient to work with mesh-charges 
instead of mesh-currents. These are merely the time-integrals of 
the currents, thus: 
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(273) 


Their use will be illustrated later on. 

We come now to the question of network parameters. Before we 
can settle this we must say more about the kinds of elements which 
we are going to con¬ 
sider to be present in f; m 

the various meshes. ^ 

In general we shall i \ . s ^ y g 

consider that each ijg \r^ gis 

mesh in the network j t / i ] 

contains all three kinds vA 

of elements, i.e., in- |_||_ ~7~ ^ [ I_ 

ductance, resistance, I'Ss 

and capacitance, on Pig. 63 

its contour. Further¬ 
more we are going to assume that each mutual branch contains 
all three kinds of elements, i.e., all the coupling branches between 
any two meshes are supposed to be of the most general type. 
Each mesh is assumed to be coupled to every other mesh in the 
network by means of resistance, inductance, and capacitance. Fig. 
53 illustrates this for a two-mesh network. Here the common 
inductance consists not only of the self-inductance Li, but also in¬ 
cludes the mutual inductance M. It will be noted that the con¬ 
densers are designated by Si, S^, and S 3 . These symbols stand 
for elastance, which, it will be remembered, is the reciprocal of 
capacitance. The reason for using elastance in place of capacitance 
will soon become clear. 

The best way for us to introduce our method of notation will 
be to use this simple two-mesh network of Fig. 53 as an illustration. 
Suppose we wish to write the equilibrium condition for this system. 
In order to do this we must add up all the counter-voltages that 
can appear in each mesh, and equate these sums to zero because 
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there are no impressed forces in the meshes. Consider mesh #1 
first. On the contour of this mesh we have various inductances, 
resistances, and elastances. The mesh-current ii flowing through 
these elements produces part of the counter-voltages that we wish 
to add up. The counter-voltages of self-induction are : 

iLt + L, + L,)^- (274) 


The counter-voltages of resistance are: 

{Ri -f- 

The condenser counter-voltages are: 

(S 1 + -S 2 ) fiidt. 


(275) 

(276) 


We see now why it is better to use elastance rather than capaci¬ 
tance. Elastances add up in series just like resistances or induc¬ 
tances. 

The total counter-voltage induced on the contour of mesh §1 
by the mesh-current ii is the sum of the above three expressions 
(274), (275), and (276). Here it is expedient to introduce the 
following notation: 

Ln = Li ■+■ T2 T4 1 

Rn = Ri "h Ri i (277) 

^11 = 4 - Si. J 

The quantities Ln, Rn, and Sn are respectively all the inductance, 
resistance, and elastance on the contour of mesh jfl. They are 
called the mesh parameters. In terms of these the total counter¬ 
voltage induced on the contour of mesh #1 by u may be written: 

Ln^ + Rail + '*^1 dt. (278) 


This is not yet all of the counter-voltage induced in mesh #1. 
The common branch between the meshes carries not only ii but 
ii also. The counter-voltage induced there by ii is already con¬ 
tained in the expression (278). The mesh-current 4 also induces 
a counter-voltage in this common branch which adds linearly to 
that given by (278) to form the total counter-voltage appearing 
in mesh #1. We shall now determine this component of counter- 
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voltage induced into mesh fl. That due to the common self¬ 
inductance Li is: 

-Li^- (279) 

The minus sign appears due to the fact that the assumed positive 
direction for is opposite to that of ii. Hence since the counter¬ 
voltage: 

T dzi 

was designated as positive, the counter-voltage: 

T dii 

which is fed from mesh #2 into mesh #1 by h, must be considered 
negative. Next we consider the counter-voltage fed from mesh 
#2 into mesh §1 by due to the mutual inductance M. This is 
given by: 

Mf. (280) 

We shall consider the question of the algebraic sign of this term 
later. The common resistance R 2 causes the introduction of the 
counter-voltage: 

—(281) 
into mesh #1. Finally, the common elastance S 2 causes: 

-S 2 J 12 dt (282) 

to appear in mesh fl. The total counter-voltage fed from mesh 
#2 into mesh #1 by virtue of the common branch 1-2 is given by 
the sum of the expressions (279), (280), (281), and (282). Before 
adding these it is convenient to introduce the notation: 

Li2 = —Li M "i 

R],2 — —Ri r (283) 

Sn = -S2. J 

These quantities Ln, Rn, and ;Si 2 are called the mutual parameters. 
Their subscripts indicate to which common branch they belong. 
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The introduction of the minus signs is a perfectly arbitrary pro¬ 
cedure. It is done merely to avoid writing minus signs later. 
The only rule we need to remember about applying this convention 
is that if the assumed positive mesh directions, as indicated by the 
arrows, are opposite in the common branch under consideration, 
then the common elements are prefixed with negative signs in 
forming the mutual parameters as in (283). If the arrows coin¬ 
cide in the common branch, then the counter-voltages fed across 
this branch are positive, and hence the common elements involved 
remain positive in forming the mutual parameters. With the 
notation indicated by (283), the total counter-voltage induced 
into mesh ^1 by the current -k becomes: 

Ti 2 ^ y* 4 dt (284) 

Before continuing, we should say a few words regarding the 
algebraic sign of the mutual inductance M. From the above it is 
clear that the purely mutual inductance M plays the same part 
as a common self-inductance except for the question of algebraic 
sign. In forming the mutual parameters according to the ex¬ 
pression (283) the common inductance, resistance, or elastance is 
prefixed with a negative or positive sign according to whether the 
mesh-arrows in this common branch are opposite or coincident 
respectively, as pointed out above. This same idea cannot be 
applied to the purely mutual inductance however, because it does 
not form a physical part of the common branches as do the other 
parameters. Hence we must be guided entirely by the direction 
in which voltages are induced. The expression (280) represents 
a counter-voltage fed from mesh #2 into mesh #1. Its algebraic 
sign has been assumed positive. This means that a positive mutual 
inductance must be defined as one which will cause a positive in¬ 
duced counter-voltage in mesh for a positive time rate of change 
of 4. This, of course, depends upon the positive assumed di¬ 
rections of both 4 and 4; because these fix the positive directions 
for counter-voltages in the respective meshes. In general, if the 
mutual inductance between any two meshes causes the introduction 
of a positive counter-voltage in one mesh for a positive rate of 
change of current in the other, according to the positive assumed 
directions, then that mutual inductance is numerically positive 



NETWORK DEFINITIONS 


13 ^ 


with regard to the mutual parameter as expressed by (283). 
This question regarding the sign of the purely mutual inductance 
does not arise of course until we have to substitute numerical 
values in the above equations. In this respect the Us, R’s, and S’s 
are always positive numbers and hence never give us any trouble. 
The M’s may, however, be numerically positive or negative ac¬ 
cording to the above definition. In an actual physical case, meas¬ 
urements must be made to determine the sign of M unless it is 
obvious from the arrangement of coils and winding senses. 

The total counter-voltage appearing in mesh #1 then is the sum 
of the expressions (278) and (284), so that the condition of dynamic 
equilibrium for mesh fl becomes: 

Lu -|- Ruii "h /Sii ^ ii dt -(- Ln -j- Rni^ Sn J '4 dt = 0. (285) 

In order to do the same thing for mesh §2, we define: 

L 22 = Z(3 -f- L 4 -f- 1/6 

R 22 = R 2 -}- Rs (286) 

S22 — /S2 -f- S3. 

Then the counter-voltage induced on the contour of mesh #2 by 
the mesh-current 4 is given by: 

L22 ^ + Rni2 + S22J 4 dt. (287) 

The counter-voltage induced into mesh §2 by the current 4 due 
to the common branch between meshes #1 and #2 is given by: 

L 21 "b R2iii + /S 21 J* 4 dt (288) 

where obviously: 

L21 = Lj2 I 

R21 ~ Ri2 r (289) 

/S21 = S12. J 

The relations (289) should be kept in mind. We will refer to them 
frequently later on. 

The total counter-voltage appearing in mesh §2 is therefore the 
sum of the expressions (287) and (288), so that the condition of 
dynamic equilibrium for mesh #2 becomes: 

L21 -f- R2iii "b S21 J" 4 dt "b L22 ~b Rtz^ "b & ^4 dt = 0. (290) 
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Equations (285) and (290) together fully describe the force-free 
equilibrium condition of the two-mesh network illustrated in Fig. 
53. The reader may wonder what we have accomplished by all 
the above sjTnbolism, etc. So far we have accomplished only one 
thing, and that is to organize the method of procedure for setting 
up the equilibrium conditions for a network. The object is to 
put the method in such a form that it is almost fool-proof against 
getting confused as to algebraic signs and network parameters and 
currents, no matter how complicated the situation may be. That 
we have actually accomphshed this already will be seen in what 
follows. 

The two-mesh network of Fig. 53 was used merely as a vehicle 
for the introduction of the defining equations (277), (283), and 
(286) regarding the mesh and mutual parameters. In the general 
case we suppose that we have n meshes in our network, where n 
may be any finite number. We have merely to extend our defi¬ 
nitions to this number of meshes in the same sense as they were 
introduced for the two-mesh case above. 

Let us consider any mesh in this n-mesh network, say the fcth 
mesh where k may be any integer between 1 and n. Then the sum 
of all the inductances on the contour of this mesh will be denoted 
by Lik, the sum of all the resistances by Rkk, and the sum of all the 
elastances by Ski. These are called the mesh-parameters of the 
^:th mesh. 

In this general case that we are considering, each mesh in the 
network is supposed to be coupled to every other mesh in the net 
by means of all three kinds of coupling, i.e., inductive, resistive, 
and elastive coupling, just as in the two-mesh case above. Sup¬ 
pose we consider for instance the mutual branch between mesh 
k and some other mesh i, different from k. The mutual parameters 
involved here will be denoted by Ln, Rn, and Sik, or by their equiva¬ 
lents Lu, Rki, and Su respectively. Here L* or Lu denotes the 
sum of all the inductance in the common branch, i.e., common self 
plus mutual inductance, with the same convention regarding signs 
as was applied to the two-mesh case above. 

Having thus fixed and numbered the meshes and their contours, 
denoted the positive assumed directions by means of arrows, and 
determined the mesh and mutual parameters by means of the 
above notation, we are in a position to proceed with the process 
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of setting up the equations expressing the dynamic equilibrium 
between impressed and counter-forces in the various meshes of 
the network. 

3. The Equilibrium Conditions for the Network. We shall 
assume for the present that only one driving force exists in the 
network, and that this one is located in mesh #1. Later we shall 
extend our theory to more forces simultaneously impressed. For 
each mesh we must now add up all the counter-voltages and equate 
this sum to the impressed voltage in that mesh. Suppose we start 
with mesh ^1. The counter-voltage induced in it due to its own 
mesh-current is given by: 

Ln^+Rnii + Snfiidt (291) 

just as in the case of the two-mesh circuit. Mesh #1 is coupled to 
mesh #2. Hence the counter-voltage induced into mesh fl from 
mesh §2 is given by: 

Liz “(■ Riziz -f- (Si2 ^ iz dt. (292) 

Mesh #1 is also coupled to mesh #3. Hence the counter-voltage 
induced into it by u is: 

Li3 -|- Risis + <Si3 J'is dt. (293) 

Similarly, that induced into mesh #1 by u is: 

+ Ruu + Su Ju dt. (294) 

We continue in this way until we come to the counter-voltage 
which is induced into mesh #1 by the current in the nth (last) 
mesh. This is: 

+ Rlidn + J' in dt. (295) 

The sum of all the expressions (291) to (295) then represents the 
total counter-voltage which appears in mesh #1. Equating this 
to the impressed voltage in mesh |1, we have the equation expres¬ 
sing the condition of dynamic equilibrium of forces in that mesh. 
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To write this equation out in full would obviously consume 
much space. We, therefore, need some method of notation where¬ 
by this large amount of writing may be compressed into less space. 
In searching for this, we note that the form of all the expressions 
(291) to (295) are alike. This suggests the following unified 
notation. Take, for example, the expression (291). This we 
may write in the form; 

+ (291a) 

by merely factoring out the which occurs in each term. The 
three terms in the parenthesis together are called a differential- 
integral operator. They express a certain operation which is to be 
performed upon ii, namely that given by (291). This operator 
could obviously be denoted by a single letter, thus: 

Ou = (296) 

where the subscripts on the operator a correspond to those on the 
mesh parameters. Now the term (291) may be written; 

anil (2915) 

which certainly is much shorter. 

Similarly the term (292) may be written in the form: 

aisii (292a) 

where: 

®i2 — ^ "f" Rn d” Si2 J' (297) 

Thus we continue down to the last expression (295) which becomes: 

where: 

ain — d" "I" J* (298) 

The equilibrium condition for mesh #1 in this compressed form 
therefore becomes: 

<*11*1 d~ ^124 d~ aizH d" ‘ • d" Ui»f« = Ci 

where ei is the impressed voltage in mesh #1. 


( 299 ) 
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For mesh §2 we must repeat the above procedure identically. 
The reader will thus see that the equilibrium condition for that 
mesh becomes: 

Uaifi "t" 022^2 d" 023*3 d" ■ ■ ■ d" 02»*« = 0 (300) 

because there are no impressed voltages in any mesh except the 
first. The operators a have the same significance as for mesh #1 
with proper allowance for subscripts. Note that in eq. (300) 
we have written the term with first, that for *2 next, etc. This 
is for the purpose of preserving order, which is an essential thing 
in all this work. 

It is not hard to see how we should continue. For each mesh in 
the network we must write an equilibrium equation like the above. 
In order to bring this whole set of o-operators under a single roof 
so to speak, we write for them the one defining equation: 

J (301) 

where the indices i and may take on any integer values from 1 
to n. Note that for i = k, the operator an or involves the mesh 
parameters La, Ru, and Su, whereas for i k, the operator a* 
involves the mutual parameters La, Rik, and If we now recall 
the fact that Lik = L^-, Ri^ = R^, and Sa = Su, we recognize that: 

= o-u (302) 

which later will prove a most useful relation. 

We are now prepared to write the complete set of equilibrium 
conditions for the n-mesh network of general form. These are: 

aii*i d" <*12*2 d" cti3*3 d“ • ' • d- dinin — 

U21*l d“ <*22*2 d" <*23*3 d~ * • • d“ <*2n*ff = 0 

<*31*1 d" <*32*2 d" <*33*3 d" ‘ ' d" <*3»*« = 0 (303) 


<*»1*1 d" <*»2^ d“ <*»3*’3 d~ • • • d- Onidn = 0. J 

Note the orderly, compact form of these equations. They are as 
easily written down as the differential equation for a single-mesh 
circuit. The operators <** are just as easily determined directly 
by inspection of the network according to the defining equation 
(301) and the adopted definitions of the mutual and mesh parame- 
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ters. The chief feature of this method is its straightforwardness. 
There is no wasted effort or any chance of going astray throughout 
the procedure. 

It is interesting to note that the physical make-up of the entire 
network is fully contained in the operators a;i, which may briefly 
be called the coefBcients of the system of equations (303). There 
is a one-to-one correspondence between the set of coefficients an, 
and the network which they represent. By this we mean that if 
we have given the network, we can write down the set of a^’s by 
inspection; and conversely, if we have the set of coefficients given, 
we can construct the network by inspection. 

Note further the peculiarity of the general structure of the sys¬ 
tem (303). The terms on the diagonal from the upper left to the 
lower right-hand corner (called the principal diagonal), represent 
counter-voltages induced in meshes by their own mesh-currents. 
All the other terms represent counter-voltages which are fed or 
induced from one mesh into another by virtue of the common 
branch between these two. These terms may be called “fed-over 
terms,” while those on the principal diagonal may be called “self- 
induced terms.” 

An important structural feature of the system (303) is due to 
the symmetry-condition (302). This causes the system to be 
symmetrical about the principal diagonal. By this we mean that 
if we pick out any fed-over term, drop a perpendicular from this 
point upon the principal diagonal and extend the line an equal 
distance on the other side, we will locate a term which represents 
a voltage fed across the same common branch in the opposite 
direction. The coefficients of these two terms are, of course, equal. 
This symmetry is perfectly general in the case of linear networks 
and is useful in many ways. 

Finally, we wish to point out that since each individual equation 
in the system (303) expresses a balance between impressed and 
counter-electromotive forces, it represents the application of 
Kirchhoff’s e.m.f. law to that mesh. For this reason we say that 
the system (303) is an expression of Kirchhoff’s e.m.f. law applied 
to instantaneous values, for the network. 

Mathematically (303) is a system of simultaneous linear differ¬ 
ential equations with constant coeflicients. We shall now discuss 
the application of the heuristic method for obtaining their solution. 
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4. The Particular Integrals. The chief difference between this 
general case and that for the sinaple one-mesh network lies, from 
the mathematical standpoint, in the fact that now we have a set 
of simultaneous differential equations, whereas before we had 
merely one equation with one unknown current. There this 
single current sufficed to completely specify the condition of the 
network at all times. Now we must know n currents in order to 
be able to specify the condition of the network. By the formal 
analogy to mechanics, we say that our present problem is an ra-di- 
mensional one, whereas the former one was one-dimensional. We 
also say that we are now treating a problem with n degrees of 
freedom. The actual value of these more or less formal expres¬ 
sions does not appear until we have proceeded much farther than 
we have at present. Nevertheless it is well for the reader to keep 
them in mind, and think in terms of these formal analogies as 
early as possible. 

We come now to the process of integrating a system of simul¬ 
taneous equations such as (303). In order to have something 
definite to talk about first, let us consider a two-mesh case, where 
n = 2. Then (303) would be: 

Uiifi “1- ” Cl *1 f3041 

Chiii "b Usafa = 0. J 

Each equation involves both iy and fa as unknowns. The elemen¬ 
tary way of integrating this pair of equations would be to eliminate 
one of the currents between the two, and thus obtain a linear 
differential equation in one variable alone. This could then be 
solved in a manner similar to that already taken up. Suppose we 
illustrate this. To ehminate fa from (304) we multiply the first 
equation by oaa and the second equation by — ai 2 and add. Note 
that the operators a,-* may in this process be treated very much 
like ordinary coefficients. This is nothing particularly striking 

di 

since for example the multiplication of any function by ^ means 

the same as differentiating that function with respect to time. 
This is merely due to the fact that we defined the operators in this 
way. It might be mentioned here that this process of using 
operators to indicate differentiation and integration has nothing 
to do with the so-called operational calculus. Operators were 
used long before operational calculus was invented. The real 



142 STEADY-STATE SOLUTION FOE THE GENERAL NETWORK 


essence of the operational calculus lies in the fact that by means 
of algebraic manipulations of the operators the process of integra¬ 
tion is actually carried out, by the help of certain interpretive 
formulae called operational formulae. The mere use of operators, 
as we are using them, is not operational calculus, because we are 
still employing classical mathematics for the process of integration 
as the reader will see for himself. 

Returning to our elimination process above, we have after adding: 

(<Zi1<222 — (305) 


Note that when multipl 5 dng by an operator, the result must always 
be written so that the operator precedes the function it operates 
upon. This is Just ordinary common sense, of course. Now we 
note that: 

(iiiCh2 = ^Lii ^ + Rn + Sii J* ^L22 ^ + R22 + S22 J d^ 


d 

= L11L22 ^ + iLiiR22 + L22R11) ^ 


+ (L1XS22 + L22S11 + R11R22) + {RllS22'^R22Sn) J* dt 

+ > 511^22 J" J* ( 

Furthermore: 

Ctl2C(>21 


dt dt. 


(306) 


=( 


d 




/*)* 


on account of the symmetry condition. Hence: 

rn ^ 

ciu(hi = ^ 12 ^ = ^ + Ri 2 ^) 


+ 2 Rt2Si2 ^dt dt. 


(307) 


(307a) 


Thus eq. (305) actually becomes: 

(L 11 L 22 ~ Li2^) + {L 11 R 22 + L 22 R 11 — 2 LuRi2) 

+ (Lii^22 4" L22Sii 4“ R 11 R 22 ~ 2 "" Ri2^)ii 

4 ~ (RnS22 4 “ R22S11 4 * 2 R12S12) J*iidt 

4 * (^ 11 ^ 22 '"^ 12 ^) J* J*Hdtdt^L2z~-^'i'R22H'^S22 J* eidt. 


( 308 ) 
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In order to eliminate the integral signs from this equation, it is 
necessary to differentiate it twice with respect to time. The result 
will then be an inhomogeneous linear differential equation with 
constant coefficients involving only ii and of the fourth order, 
i.e., involving all time derivatives starting with the fourth. This 
could then be solved in the ordinary manner as described in 
Chapter I. 

After following the above, the reader will probably agree that 
this elementary process of solution by elimination is quite laborious. 
He will note also that the same process of elimination has to be 
gone through in connection with 4. Also he should bear in mind 
that this is illustrated here for the two-mesh case only. What 
the above method would look like in the case of more meshes we 
shall leave to his own imagination. Needless to say we shall not 
continue in this fashion. The reason for giving the above was 
merely to show how inadequate the elementary methods are in 
attacking the present situation. 

We continue therefore to give the direct method of solution 
Consider again the two-mesh example for which the pair of equa¬ 
tions (304) express the equilibrium condition. We shall assume 
the driving force in the first mesh to be given by: 

ei = (309) 

where the real portion is again understood, and Ei may be consid¬ 
ered as the complex root-mean-square voltage amplitude. 

Our first problem is to find the particular integrals or the steady- 
state solutions for this case. Here we apply the heuristic method 
again. Since the driving force is harmonic of angular frequency 
03, we argue that the steady-state mesh-currents must be of the 
same form. Hence we assume: 


and: 


4 = Zicf"* 1 
4 = J 


(310) 


where the real portions are, of course, imderstood, and the h and h 
are the complex root-mean-square current amplitudes. If the 
expressions (310) are to be integrals of (304), then they must 
reduce the latter to identities. We must substitute and see if 
this is so. Thus we get: 


= 0 . 


( 311 ) 
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Let us see what these are in terms of the network parameters. 
We have, for example, for the first term of the first equation: 


anlie^tu* = 11 
= Ii 



+1^11 + *Sii /■") Qj0)t 

+ Ru + 


Similarly for the second term of this equation we have: 


(312) 


aia/seJ"' = h(Lnjo> + Rn + (313) 

d r 

Note that the ^ is now replaced by ja while / dt is replaced by the 


reciprocal of jw. The three terms in the parentheses are no longer 
operators but definitely known functions of w. However, they 
still have the same uniform appearance. This suggests the intro¬ 
duction of a new symbol whereby they may be denoted in order to 
save time and space in writing the equations. Let us put: 


— ^Lii jw -f- Rii 4- 

and: hn — (hnjui -f- R-\s, 


(314) 


Then the first equation (311) becomes: 

(315) 


In exactly the same way we may obtain for the second equation 
(311): 

4“ = 0 (316) 

where: 


^21 = ^1/21 4~ jB 2 i 4- 

and: 622 = ^L 22 jw 4" 1^22 4" 


(317) 


Looking at equations (315) and (316), we note that since the 
factor el"* can never be zero, we can cancel it out, and thus find 
that the pair of condition equations (311) become: 


bull 4 " buJi — Ri 

4" bssJi — 0 . 


( 318 ) 
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If this pair of condition equations can be satisfied, then the 
assumed steady-state solutions (310) will be vahd and useful. 
Note that this is a pair of simultaneous algebraic equations with 
the steady-state current amplitudes Ii and h as unknowns. It 
may easily be solved by any of the usual methods, and thus the 
solutions (310) will be determined. 

Note that the coefficients of this pair of equations, given by 
(314) and (317) are in the form of impedances. For instance, we 
may write: 


bn — Bn -|- 


j 



which is in the form of; 



R+jX. 


Thus we see that bn is the impedance of the contour of mesh 
fl for the angular frequency m. 622 is that for the contour of mesh 
f2, while &12 = 621 is the impedance of the common branch between 
meshes 1 and 2 . These coefiicients are therefore called the 
mesh and mutual impedances of the network. 

The reader should also realize that these coefficients of (318) 
could have been written down from inspection of the network, 
and thus the system (318) could have been set down immediately 
for the determination of the steady state. 

The equations (318) may be given a physical meaning. Each 
term on the left is the product of an impedance and a root-mean- 
square current. Hence the terms represent root-mean-square 
voltages. On the right-hand side we have the root-mean-square 
impressed voltage. Hence we see that (318) is an expression of 
the root-mean-square voltage balance for each mesh as contrasted 
to the corresponding instantaneous voltage balance expressed by 
the original differential equations (304). We also say that the 
equations (318) express the time-average equilibrium condition 
for the network. They are an expression of Kirchhoff’s e.m.f. law 
applied to r.m.s. or steady-state values. If the steady-state solu¬ 
tion alone is wanted, then the equations (318) may be written down 
immediately, and the differential equations (304) omitted entirely. 
In other words, the time-average instead of the instantaneous 
equilibrium conditions are set up directly from inspection of the 
network. 
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Let us now proceed to a consideration of the general case as 
expressed by the n-dimensional system (303). In the same way 
as for the two-mesh case we assume for the steady-state currents: 


ii = Zae-'"' 


4 = 


(319) 


with the same assumption (309) r^arding the impressed voltage. 
Substitution into (303) gives the system of condition equations: 

hii/i + hisZa + • • * + hi»Z» = El 
h2nln — 0 


bnih + h»2Z2 + • • * + b„„I„ = 0 J 

where: 

ha = = J2«+i(Liico-^y 

The condition (320) which makes the assumptions (319) valid and 
useful steady-state solutions is nothing more than a system of 
linear simultaneous algebraic equations in which the complex 
root-mean-square current amplitudes are the unknowns. By the 
laws of algebra this condition — or system of conditions — can 
be satisfied so as to yield the necessary current amplitudes for the 
assumptions (319). 

Before taking up the general method of solving the system (320), 
let us consider its general structure. Physically it is an expression 
of Eirchhoff’s e.m.f. law applied to steady-state or time-average 
values. Its external appearance shows that the terms on the 
principal diagonal are mesh-contour voltages, whereas the balance 
of the terms represent fed-over voltages which are due to the coup¬ 
ling between each mesh and every other mesh in the network. 
The condition (321) is again responsible for the S 3 nmmetry of the 
system (320) about the principal diagonal. 

In carr 3 dng out the solution of the system (320), it is almost 
necessary to make use of the determinantal method. The system 
can, of course, be solved by ordinary elimination methods, but 
these become almost prohibitive on account of the amount of space 
required for demonstrational purposes. Furthermore, elimination 


(320) 

(321) 
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processes are very apt to become so entangled as to obliterate the 
objective entirely, so that nothing of importance may be gained 
through such a study. 

5. The Determinantal Method of Solution. Accordingly we 
shall give a brief outline of the method of solving linear simul¬ 
taneous algebraic equations by means of determinants. For a 
thorough presentation of this subject the reader should refer to a 
standard text. First, the determinant of the system (320) is 
defined by the following arrangement of the coefficients: 



6 ii 

bi2 • • 

• hn 


D = 

&21 

622 * ‘ 

* 

(322) 


ini 

in2 * 

* inn 



The coefficients bik are called the elements of the determinant D. 
Note that the determinant is merely an arrangement of the co¬ 
efficients in the same order as to row and column as they appear 
in the system of equations for which it is written. There are no 
plus or minus signs between the elements either vertically or 
horizontally. The method of determining the value of the de¬ 
terminant will be taken up shortly. Note that the first index or 
subscript of any element denotes the row in which it appears, while 
the second index denotes the column. Thus hj? would be the 
element at the intersection of the fifth row and seventh column. 
On account of the symmetry condition: 

hi = hi 

the network determinant (322) is symmetrical about its principal 
diagonal. This will always be the case for linear networks. 

Next we must explain what we mean by the principal minors of 
a determinant. A principal minor is also a determinant, but one 
having one row and column less than the original determinant. 
It is formed from the latter by cancelling one row and one column, 
and allowing the remainder to move together so as to fill in the 
voids left by the cancellation. It is usually denoted by the capital 
letter corresponding to that used to denote the elements. It is 
further supplied with the same subscripts or indices as those cor¬ 
responding to the element located at the intersection of the can¬ 
celled row and column. Finally, it is prefixed by an algebraic 
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sign which is positive if the sum of the indices is even and negative 
if this sum is odd. 

Thus we would have for the minor of (322) which is obtained 
by cancelling the fth row and Mh column: 


Bik = (- 1 )‘+^ 


hu ■ 

■ * h(k-i) 

1 h(k+l) 

1 

■ • 


■ b(i-.i)(i-,) 

1 &(;-i)a+i) • 


bi,i+i)i • 


} i>(:+i)a+i) • 

i 


bnl 

‘ ‘ 1) 

1 

1 b„(i+i) ■ • 

' * ^nn 


(323) 


The heavy dotted lines indicate the positions of the cancelled row 
and column. The algebraic sign is controlled by the factor: 

(_l)i+i 

which is obviously positive for i k even and negative for i + k 
odd. Minors may also be formed by cancelling two or more rows 
and columns simultaneously. These are called second, third, 
etc. minors to distinguish them from the principal or first minor 
described above. They are useful in affording short-cuts in the 
process of evaluating determinants. The reader should consult 
the literature on this matter more thoroughly. 

We are now prepared to describe one method of evaluating a 
determinant such as (322). This may be written: 

D = biiBii + bnBiz -f- ■ • • -f- bi„Bi„. (324) 

The form of this expansion is clear from the above. It follows 
successively along the terms of the first row. We call this an 
expansion of D by principal minors along the first row. D may 
be expanded in this way along any row or column. Thus expand¬ 
ing along the second column, for example, we would have: 

D = hjsBvi "b b22B2i "b b^^B^ "b • • • “b bfisBttz- (324a) 

The numerical result in any case will be the same no matter which 
row or column we choose to expand along. In a practical example 
there may be definite preferences in this respect from the stand¬ 
point of the simplicity of the result. Thus, if a certain row or 
column contains a number of zeros, this one would undoubtedly 
be chosen for the expansion. 
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Such an expansion reduces the given determinant to a sum of 
other determinants having one row and column less. Each of 
these must again be expanded in the above manner. This again 
jields a sum of determinants which have two rows and columns 
less than the original. This process is repeated until the result 
involves nothing but elements. The last step obviously involves 
the expansion of determinants having only two rows and columns. 
Such a one is, for example: 

bu. b]s 
bii bzt 

which 3 delds by expansion: 

bii bi2 — hi2 bij 


so that finally there are no determinants left. A single element 
alone may incidentally be regarded as a determinant having only 
one row and column. 

The above process is a long and tedious one to carry through, 
as the reader can readily see. In a specific example there is no 
help for this. There is no shorter method as yet invented which 
will give the same result. 

Just as an illustration let us consider the numerical example: 


D = 


5 3 
1 0 

6 4 


2 

7 

5 


The second row or column is the one to choose. Take the second 
row for example, then: 


D = -1 

3 2 

4 5 

1 

O 

+ 

5 3 

6 4 

= -1(15 - 8 ) - 7(20 - 

- 18) = 


We return now to the solution of the system of simultaneous 
equations (320). We will give no proof, but merely state the so- 
called Cramer rule for finding the solutions. Thus we have, for 
example: 


El &12 . . . bi„ 
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where D is given by (322). The formation of this result is easily 
recognizable. It is a quotient whose denominator is the determi¬ 
nant of the system, and whose numerator is a determinant which 
is obtained from the original one by replacing the elements of the 
first column by the quantities which appear on the right-hand side 
of the system (320). The replacement is made for the first column 
of D because the unknown solved for is the current number one. 
For current number k we replace the Mh column, thus: 


i 

bu. . 


El 

61 (4+1) • • 

, .bi„ 

7 - 1 . 

&21 • - 

■ ■ 62 ( 4 - 1 ) 

0 

62 ( 4 + 1 ) ■ • 



b„i . 

• . 6„(4_i) 

0 

6«(4+1) • 

. . hfpn 


By letting k take on any integer value from 1 to n, we get the cor¬ 
responding steady-state mesh-currents. 

This solution (326) may be put into a more compact form if we 
recognize the following. Suppose we expand the determinant in 
the numerator of (326) by principal minors along the kth column. 
Obviously this expansion will contain only one term because the 
^th column is composed entirely of zeros except for the first ele¬ 
ment which is El. The minor corresponding to this element, 
however, is the same as that corresponding to the element hm 
in the determinant D. This minor is Bik. Hence (326) may be 
written: 

h = ^ (326a) 


which is certainly a compact expression. 

By means of this convenient form for the current in any mesh 
we may easily derive the following interesting relation between 
the mesh-currents. Suppose we consider the ratio of the current 
in mesh i to that in mesh k. This is given by: 


Zi = H ^ 

It D EiBii Bij 


(3266) 


Thus we see that the ratio of any two mesh-currents is equal to the 
ratio of the corresponding minors of the network determinant. 
This result is frequently useful in determining the current in other 
meshes when that in any one mesh is already known. 
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6. Generalized Network Impedances. By means of the result 
(326o) we may obtain the steady-state current amplitude in any 
mesh of the network when the impressed voltage is located in the 
first mesh. We shall now extend this solution to include cases 
where the driving force is located in any other mesh of the network. 

Let us discuss this in terms of the system of equations (320). If 
the impressed voltage had been in the second mesh instead of in 
the first, then this system of equations would have been the same 
with the one exception, namely that the right-hand members of 
the equations would all have been zeros except that for the second 
equation, which would have been E^. This is clear, if we remember 
that this system of equations represents the time-average voltage 
balance in the various meshes. E^ in this sense represents the root- 
mean-square impressed voltage amplitude in the second mesh. 
In general, with the voltage impressed in any mesh, say the i^th 
mesh where i is any integer from 1 to n, the right-hand members 
would be zero except for that of the ith equation, which would be 
Ei. 

In the solution (326) this means that the ^th column contains 
all zeros except for E, at the intersection of the ith row. Finally, 
the form (326a) would be the same except for the fact that the 
numerator would be the product of Ei and the principal minor Bit. 
Thus for the general case we have: 

im 


This gives the steady-state current in the ith mesh for the impressed 
voltage Ei in the fth mesh. For i = 1 it goes over into the special 
case (326a), of course. The ratio of any two mesh-currents now 
becomes: 


h Bijt 


(327a) 


In the case of the general network it is frequently useful to put 
the solution in the form of Ohm’s law, i.e., to express the current 
as the impressed voltage divided by an impedance. This im¬ 
pedance for the general case, however, must depend upon where 
the voltage is impressed and where the current is to be calculated. 
It must be different for different combinations of these conditions. 
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This difference may be indicated by means of subscripts, 
for example: 



Thus, 


(3276) 


would represent the expression for steady-state current in mesh k 
with the r.m.s. voltage Ei impressed in mesh i. If we compare 
(3276) with (327), we see by inspection that: 


Eik = 


_D 

Eik 


(328) 


Zik is called the generalized network impedance. It is equal to 
the network determinant divided by the principal minor corre¬ 
sponding to the indices on the impedance. The generalized net¬ 
work impedances are inversely proportional to the corresponding 
principal minors. Thus, for example: 


Zfs 


(328a) 


By means of this relation any other generalized impedance may 
easily be calculated when one is known. 

7- The Reciprocity Theorem. We remember that the determi¬ 
nant D is symmetrical about its principal diagonal as expressed 
by the relation (321). Since this is so, it follows by the theory of 
determinants that the symmetry condition also holds for the prin¬ 
cipal minors, i.e.: 

Bii = Bki. (329) 

The reader may easily convince himself of this by working out a 
simple case. But a comparison of (328) and (329) shows that the 
symmetry condition holds also for the generalized network im¬ 
pedances, i.e.: 

Zik — Zki- 


This is an extremely interesting fact. For if: 

Bi 


( 330 ) 
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then if: 

Ei = E, 

it follows from (330) that: 

h = h. 

Stated in words this means that if, for example, we impress a 
generator in mesh §5 of a given network and measure the current, 
say in mesh §2, and record the result in magnitude and phase 
position relative to the generator voltage, then if we place the 
generator in mesh §2 instead of in #5 and measure the current in 
5 ^, we will find exactly the same current as before both in mag¬ 
nitude and relative phase. Briefly stated: The source and point 
of observation may be interchanged without affecting the result. 
This, of course, assumes that both the source and the observing 
apparatus have equal impedances, otherwise they would alter the 
circumstances in the meshes in which they are inserted. 

This fact, which is compactly expressed by (330), is called the 
reciprocity theorem. It is an extremely useful theorem in net¬ 
work analysis. Incidentally the above proof of the reciprocity 
theorem owes its elegance and simplicity entirely to the deter¬ 
minant method of solution, without which it would be exceedingly 
diflacult. By means of the determinant method it follows directly 
from the almost trivial fact that the common branch between 
meshes i and k is the same as that between k and i. 

8. Input and Transfer Impedance Ftmctions. Consider the 
generalized network impedance given by the expression (328). 
Both the determinant D and any of 
its minors are functions of the 
elements 6;*. The latter in turn are 
functions of the network parameters 
Lik, Rik and Sik and the impressed 
angular frequency u. Therefore the 
impedance Zfj is a function of the Pig. 54 

angular frequency w. Except for 

simple cases like those treated in the foregoing chapters, this im¬ 
pedance function is quite complicated. It will be treated in more 
detail in a later chapter. We wish to point out here the more 
common forms of these impedance functions. 

Suppose we consider the situation illustrated by Fig. 54. Here 
we have a generator with a terminal voltage equal to Ei connected 
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to a box N which represents some more or less complicated net¬ 
work. If we know what this network consists of, then we can 
consider the external loop, which contains the generator, as part 
of mesh #1. The generator current would then be given by: 

E, 

Ii=Y- ( 331 ) 

■^11 

with: 

^ (332) 

where D is the network determinant, considering the external loop 
as part of mesh ^1, and Bn is the minor of this determinant ob¬ 
tained by cancelling the first row and column. If we include the 
generator impedance in that part of mesh #1 beyond the terminals 
1-2, then Zn becomes the terminal impedance of the network plus 
the generator impedance. If the generator impedance is negli¬ 
gible then Zn is the input impedance of the network. Another 



Fig. 56 

name for Zn is that of driving-point impedance. In general the 
impedance Zik represents a driving-point impedance when i = k, 
i.e., when the generator is located in the same mesh in which the 
current is being calculated. The network N is assumed to con¬ 
tain no other sources of electromotive force, and is also assumed to 
be linear. Under these conditions the value of Zn depends only 
upon the structure of N and upon its mesh and mutual parameters. 
N is said to be a passive network since the current 7i depends only 
upon El and the quantity Zn, which is a function of frequency only. 

Suppose on the other hand we consider the situation illustrated 
in Fig. 55. Here we have a generator with root-mean-square 
voltage El feeding into a network AT at a pair of input terminals 
1-2. This network differs from that in Fig. 64 in that it also 
possesses a pair of output terminals 3^. It is called a four-ter- 
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minal network to distinguish it from the two-terminal network of 
Fig. 54. In the four-terminal network we are not so much in¬ 
terested in the input current Ji as we are in the output current 
which is that current flowing through the load impedance 
If we consider the generator impedance as part of mesh jfl, and 
Zl as part of mesh fn of the general network N which is contained 
in the box, then from the foregoing we can write: 



II 

(333) 

while: 

II 

(334) 

where: 

Z - ^ 

(335) 

and: 

7 ^ 

Lin — • 

(336) 


Here D is the determinant of N under the above conditions re¬ 
garding meshes #1 and fn, while Bu and Bi„ are the principal 
minors as indicated by their subscripts. Zn is the input or driving- 
point impedance of the four-terminal network, while Zi„ is called 
the transfer impedance because it is a measure of the current which 
is transferred from terminals 1-2 to terminals 3-4. It is important 
to note that the transfer impedance as above defined depends 
not only upon the network N in the box, but also upon the load 
Zi as well as upon the generator impedance, i.e., it depends upon 
the impedances that the four-terminal network works into and 
out of. This is due to the fact that these impedances form part 
of the last and first meshes respectively of the complete network. 
This becomes important in the study of electric wave filters, which 
are nothing but such four-terminal networks as illustrated in Fig. 
55. There the network N, together with its terminal impedances, 
must be so designed as to give rise to a transfer impedance func¬ 
tion Zi„ that will vary with frequency in a way which will produce 
the desired variation of load current We shall come back to 
these network matters when we take up the study of wave filters. 
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It may be mentioned here that it is sometimes more convenient 
to use what we call the admittance function instead of the imped¬ 
ance function, in the study of two and four-terminal networks. 
The admittance function is simply the reciprocal of the corre¬ 
sponding impedance function. It represents the current per unit 
voltage as a function of frequency, just as the impedance function 
represents the voltage per unit current. 

In general the network impedance Z^k represents a transfer 
impedance whenever i 9 ^ k, i.e., when the current response is 
calculated in mesh ^k with the voltage impressed in any other 
mesh §i, or vice versa. 

Finally, it should be noted that if the generator impedance in 
Fig. 55 equals the load impedance Zl, then by the reciprocity 
theorem it will make no difference in the load current at any 
frequency if the network N is reversed, i.e., if the terminals 1-2 
and 3-4 are interchanged. 

9. Several Like-Frequency Voltages Simultaneously Impressed. 

So far we have considered only the response of the network when 
a single e.m.f. is impressed in one of the meshes. We shall now 
extend the above theory to such cases where more than one mesh 
is excited at the same time. For the time being we shall restrict 
this to the consideration of voltages of like frequency. 

Our root-mean-square equilibrium equations then become, 
instead of (320) : 

+ &12I2 4 " • • • + 6 i«/» = El 
iiih + & 22 I 2 + • • • + b%„I„ = E% 


Kill + KiU + ■ • • -f h„J[„ = E„ 

where Ei, E2,. . . E„ are the complex root-mean-square voltage 
amplitudes simultaneously impressed in meshes 1, 2,. . . n re¬ 
spectively. The solution for any mesh-current then becomes by 
Cramer’s rule, instead of (326): 

bii. . . El bi(k+i). . .bi„ 

1 bii. . . 62(4-1) Ei 62(4+1 ).. .bin 

= . 

6«l . . . 6 „( 4 _ i ) En b„(i+i) . . .bm, 



(337) 
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The only difference between this and the solution to the previous 
case given by (326) is that now the kth colunui of the determinant 
in the numerator is completely filled out with voltage amplitudes 
instead of having just the first term different from zero. 

If we now expand this determinant by principal minors along 
the fcth column we shall get n terms instead of just one, namely 
we have for the numerator of (338): 

EiBii + EiBih + • • • + E„B„k. (339) 

This may be put into a more compact form by making use of the 
summation sign, thus: 

i.EiBii. (339a) 

Z=1 

The reader should familiarize himself with this method of 
notation, since it enables us to write many of the forms that we 
have to deal with more compactly. This is not done merely for 
the purpose of saving pencil and paper, but actually enables us to 
carry out certain operations with ease that otherwise would be 
obscured by their own bulk. In much of our network theory the 
mere unwieldiness of certain expressions reminds us of the old 
saying of “not being able to see the forest for the trees.” When¬ 
ever this happens it is always expedient to introduce a method of 
notation which will condense the “trees.” The step from (339) 
to (339a) is one example of such a condensation process. We have 
already seen others in the nature of symbolic representation. The 
introduction of the quantities a,-* and ha in the early paragraphs 
of this chapter were such instances. The engineering student, 
who is introduced to these methods for the first time, usually dis¬ 
likes them because they seem to obscure matters rather than clarify 
them. This initial dislike of symbolic notation will begin to wear 
off as soon as he sees how much more easily results are obtained by 
means of it. 

Returning to the expression (338), we see that by means of 
(339a), this becomes: 

^BiBik 

h = (340) 

This is the complex root-mean-square current amplitude in any 
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mesh fk when n like-frequency voltages are impressed simul¬ 
taneously in the n meshes of the network. 

It is interesting to recognize that this result (340) is equivalent 
to: 


= + - ■ • + -^ • 


(340a) 


The first term of this expression represents the current in mesh k 
resulting from impressing Ei in mesh ^1. The second represents 
that Ik for impressed in mesh #2 alone. Finally, the last term 
represents the response in mesh jfk for a voltage E^ impressed in 
the last mesh. Hence we see that the result of n voltages simul¬ 
taneously impressed in the various meshes is a linear superposition 
of the individual responses in mesh fk for voltages Ei, £^ 2 ,. . . E^ 
impressed successively in meshes 1, 2,... n respectively. This 
is again an excellent example of the superposition principle which 
holds for linear systems. 

10. Voltages of Different Frequencies Simultaneously Im¬ 
pressed. Suppose we demonstrate this case for a simple R, L, C 
circuit first in order not to confuse the reader with too much sym¬ 
bolism at the start. Our condition of dynamic equilibrium then 
becomes: 

Lj^ + = e (341) 

where; 

e = (342) 

i.e., the impressed voltage now consists of the sum of two harmonic 
voltages of different frequencies, which need not be integer mul¬ 
tiples of each other. 

Our heuristic method now tells us that for the steady state we 
should assume that the current will also be composed of a linear 
sum of harmonic functions of the same frequencies respectively as 
those given by (342). Thus we assume: 


_|. 7(2)e>rf (343) 


Substituting the assumption (343) into the differential equation 
(341) we get: 


+ .R + + 



+ R + 


( 344 ) 
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Comparing this with the R, L, C case for a single impressed fre¬ 
quency, we see that the difference lies in the fact that we cannot 
cancel out the exponential because there are two different fre¬ 
quencies involved. However, it is not hard to see that if the con¬ 
dition (344) is to hold for all values of time, then the coefScients 
of like powers of e must be equal. Thus (344) splits into the two 
conditions: 



(344a) 


From these the assumed steady-state current amplitudes are easily 
determined as; 


and: 



(345) 


This result shows that the superposition principle holds for 
different frequencies as well as for various voltages of the same 
frequency. The result for a voltage of the form (342) is the same 
as the sum of the individual results for voltages equal to the in¬ 
dividual terms of (342). This is true for any number of different 
frequencies simultaneously impressed, as the reader can convince 
himself by a process similar to the above. 

We shall now consider the general network and show that the 
same result applies with due allowance for the more complicated 
network impedances. We go back to the system of linear differ¬ 
ential equations (303), and let: 

Cl = (346) 

We must now assume for the mesh-currents, instead of the for ms 
(319); 

( 347 ) 

i„ = -f 
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Each mesh-current is now composed of two frequencies linearly- 
superposed. Substituting the assumptions (346) and (347) into 
the original system (303), we obtain, after some manipulation, the 
condition equations: 




where; 


and; 


• ■ ■ ■ +bJV)e^‘^= 

= 0 (348) 

= 0 J 


bii^^'>— Rik + 

bik^^^ = Rik+j(Lij^-^\ 

\ CO 2 / 


(349) 


10 



The conditions (348) can be satisfied for all values of time only 
when coefficients of like powers of e are equal, i.e., if; 


6ij(i)j^(i) -I-. . . + 


bjm^^ ■+•••+ 6„„0)/„a) = 0 

and: 

+ . . . + 6j„(2)4(2) = 


(350) 


+ • • ■ + = 0 . 


( 351 ) 
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The two conditions (350) and (351) are nothing but separate 
systems expressing the time-average voltage equilibrium condi¬ 
tions for the two frequencies wi and ws respectively. Hence, we 
see that the superposition principle for different frequencies is 
justified for the general network. 

We shall not extend this to the case where such composite volt¬ 
ages are impressed in all meshes simultaneously, because this is just 
another superposition as that already shown for n like-frequency 
voltages simultaneously impressed. In fact the superposition 
theorem holds generally for linear networks with any distribution 
of voltages and frequencies simultaneously impressed. 

11. Examples. We shall consider now several numerical ex¬ 
amples to show how the steady-state system of equations may be 
set up. In the case of the simpler illustrations we will carry 
through the solution. In the more involved examples, the prob¬ 
lem will merely be set up, and the reader may finish the indicated 
work for the practice of manipulation. 

We start with the simple four-mesh network given by Fig. 56. 
This is an example of a non-flat network. For simplicity we are 
assuming that it contains only resistances. The meshes have been 
numbered in roman numerals so as not to confuse them with the 
resistance values which are also indicated in the figure. The 
assumed positive directions for the mesh-currents are given by the 
arrows. Suppose that the voltage Ei is given, and the current in 
mesh IV is desired. From inspection we can write: 


Rii — 19 Rjs = —5 = R 21 

R 22 = 17 Ris = —4 = R 31 

R 33 ” 12 1^14 “ —2 = Rn 

Rii — 19 R 2 Z ~ —3 = R 32 

R 2 i = —7 — Ris, 

Rii = - 1“5 = Rit. 

Hence the determinant of the system becomes: 


D = 


19 

-5 

-4 

-2 


-5 

17 

-3 

-7 


-4 

-3 

12 

5 


-2 

-7 

5 

19 


= 43664, 


Note the symmetry of the determinant. Since we want the trans- 
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fer impedance Zu we need Bu. This is: 

-5 17 -3 

Bu = 


-4 -3 

-2 -7 


12 

5 


= 479. 


Thus: 


so that: 


Zu = .^41 = = 91.1 


El 

91.1 


which is the desired result. Suppose we also want the current Ji. 
Then we must calculate Bn. This is: 


Hence: 



-3 

12 

5 


-7 

5 

19 


= 2902. 


Zn = 


479 

2902 


91.1 


15.05 


so that: 


L 


El 

15.05 ■ 


The current in the first mesh is 6.06 times that in the last. The 
longest job is that of evaluating the determinant D. The minors 
are more easily evaluated. Note incidentally that in working out 
the determinant by expanding along the first row, we have: 

D = 19 Bii — 5 B]2 — 4 Bis — 2 Bu. 

Hence, all the necessary minors for calculating the current in any 
mesh are known after D is evaluated. Thus the whole drudgery 
is over after this is done. 

Note the ease with which the problem is set up. It is not 
necessary to write a single equation. The determinant can be set 
up almost by inspection of the network, and everything else fol¬ 
lows from this. This illustrates the fact that the given network 
is completely characterized by the determinant of its mesh and 
mutual impedances. 
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Next consider the network given in Fig. 57. This consists of 
nothing but inductances. The purely mutual inductances be¬ 
tween the meshes are indicated by the connecting arrows. The 
values given are in milli-henries. By inspection we can write: 

ill = 5 ii2 = — 2-(-l = —1= L 21 

Z /22 = 8 Liz = — 1 = Lzi 

Lzz — 9 Lzz — —S-j-l = —2 = Lz2. 

Hence: 

bu = /w 5 • 10“^ 612 = —jo> • 10"^ == 521 

622 = JW 8 • 10 “^ 5 i 3 = —ju • 10 "® = bzi 

633 = iw 9 • 10-® 62 s = -jw 2 • 10"® = bs, 



The determinant of the system is therefore: 


or: 


D = 


jco 5 • 10"® -ju ■ 10"® -jco • 10"® 
~jo3 • 10"® jco 8 • 10"® —jw 2 • 10"® 
• 10"® -joo 2 • 10"® jco 9 • 10"® 


D — —ju^ • 10 ® - 


5 -1 -1 

-1 8 -2 
-1 -2 9 


-y319 • 10-9a)®. 


The principal minors for the first row are: 


Bn = 
jBi2 = 
Biz — 


-CO® • 10"® 

CO®-10-^ 

-CO® • 10-® 



= -68 • 10-«co® 


-11 •10-®co® 

= -10 • 10-^co®. 


Hence, the corresponding generalized network impedances are: 
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-^11 

Zi 2 

Ziz 


-j 319 • 10-V 


= j 0.0047 cx) 


-68 * 10-6ai2 

= y 0.0047 £0 = y 0.029 £0 

= ; 0.029 CO -1^ = i 0.032 co. 


If the r.m.s. voltage Ei is given as: 


and: 

then: 


El = 100 1^ 
u} = 2 irf — 1000 


h = 


h = 


l3 = 


100 
4.7 j 
100 
29i" 
100 
32i" 


: 21.25 

-i3.44 
-y3.12 


so that the steady-state mesh-currents become: 

ii = (1L[21.25 (~j)enooo{] = 21.25 sin 10001 
ii = (Ri3.44 = 3.44 sin 10001 

H = (1L[3.12 (-y)eiiooo^ = 3.12 sin 10001 . 


Note that the impedances are all purely inductive reactances. 
This is to be expected since the network contains nothing but in¬ 
ductances. The above 
example illustrates how 
the determinantal meth¬ 
od organizes the work. 
The introduction of var 
rious mutual induc¬ 
tances causes no confu¬ 
sion of sign once the 
definitions have been 
fixed. 

Another example is illustrated by Fig. 68. This represents an 
auto-transformer with associated load impedance as indicated. 
The inductances are given in miUi-henries, and the resistances in 
ohms. This is one case where it is better to choose the assumed 



ifL=10 


X.asl 
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positive directions so that the arrows coincide in the common 
branch. If we do this, then the numerical sign of M is the same 
in the expression for total primary inductance as it is for the mutual 
parameter. The reader will appreciate this if he recognizes that 

d%x 

with the above choice of positive directions, a positive coin¬ 




cides in direction with a positive ^ in the common branch, so 


that the induced voltages due to M will have the same sign whether 
they are due to ii or { 2 . For this reason M will have the same 
numerical sign when associated with {2 as it has when associated 
with fi. To determine the sign of M in this case is quite simple. 
If the lower part of the primary winding is a continuation of the 
upper part in the same winding sense, then obviously the direction 
for a positive increasing flux will be the same in both parts, so that 
M becomes numerically positive. This is the usual arrangement 
in an auto-transformer. 

In general it is not so easy to determine whether M is positive 
or negative under the assumed current directions, especially when 
the two coils in question are separated some distance and stand at 
an arbitrary angle relative to each other. It may be necessary to 
determine the answer by test. But whether the case may be 
reasoned out or not, the fundamental criterion is always this: 
If, under the assumed positive current directions, a positive rate 
of change of one of the currents induces a voltage which bucks the 
flow of the other current, then this voltage is a positive counter¬ 
voltage, and hence the M involved is numerically positive, other¬ 
wise negative. The two currents involved may sometimes be the 
same current in different parts of the same mesh-contour as in the 
case of ii in connection with the effect of M upon the total primary 
inductance in our present problem. 

To continue then, we have by inspection of Fig. 58: 


Lii = 5-f*5”|-2*4'— 18 Li2 — 5 4" 4 9 — L 21 

L 22 = 5 “h 1 = 6 Ri2 = 5 = R 21 

En = 5 + 5 = 10 
^22 = 5 + 10 = 15 


where the inductances are in milli-henries. The mesh and mutual 
impedances are therefore: 
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bu = 10 + i 18 CO • 10-3 
&22 = 15 + i 6 CO • 10-3 
5i2 = 5 + j 9 CO ■ 10“3 


The determinant of the system has two rows and columns, thus; 


D = 


bn b]2 
bn bn 


— bnb22 ~ 5 i 2 ^- 


Bn — 622 Bjs — ~b 2 i. 

Hence: 

7 _ Bibn j _ Bjbii 

il - ^ I2- jy ■ 


If El be taken as standard phase, i.e., with zero phase angle, then 
the angles of li and I 2 are phase angles with respect to the voltage. 
The student may complete the numerical substitution indicated 
above. 

Finally, let us consider the three-mesh network shown in Fig. 
59. We are giving this example to illustrate the process of setting 



up the network equations in a more complicated case. The values 
of the parameters are given in ohms, henries, and reciprocal 
farads — also called darafs. The generator is shown in the 
common branch 1-3. Let its e.m.f. be given in the usual way by: 

e{t) = 

When the generator is in the common branch this way, then its 
phase must be specified with respect to one of the two arrows in- 
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dicating positive directions. Obviously, if the phase is specified 
with respect to one of them, then it will be tt radians greater or 
less with respect to the other. Let us assume that the phase of 
e{t) is specified with respect to the arrow in mesh # 1 . 

By inspection we can write for the mesh and mutual parameters: 


Lii 

= 

0.012 

jLi2 

= 

-0.015 

= 

L2I 

Rii 

= 

31 

Liz 

= 

-0.005 

= 

Lzi 

Sn 

= 

3-10« 

L2Z 

= 

4-0.005 


Lz2 

L22 

= 

0.036 

Rn 


-6 

= 

R21 

R22 

= 

26 

Riz 


-15 


Rzi 

S22 

= 

6-10« 

R2Z 

= 

-20 

= 

Rz2 

Lsz 

= 

0.012 

Sn 

= 

-2 • 10® 

- 

S21 

Rzs 

= 

40 

Siz 


0 

= 

Szi 

S 33 

= 

7 • 10® 

S23 

= 

-3 • 10® 

= 

S 32 < 


Hence, the mesh and mutual impedances become: 
&u=31+j(.012a)- -6-;(^.015co- 

&22=26+i(.036<o-^') 6 i3= -15-^.005 CO = 631 
h33==40-|-j^.012CO-c^) —20-f-y^.005coH- 

The root-mean-square equilibrium equations are then: 

bull -f 612 J 2 + biilz = E 
bull -1- 62212 “b 623I3 = 0 
bzili “b 632 I 2 "b 633/3 = — E. 


The balance of the work is a matter of algebra involving the 
manipulation of complex quantities. If the result for a fixed co is 
desired, then the coeflGicients 6 ,-^ become definite complex numbers. 
Most of the time in solving the above system is consumed in the 
manipulation of these complex numbers. However, the procedure 
is highly organized by the above method so that the chances of 
making fundamental mistakes are reduced to a minimum. 

12. Other Methods of Attack. In conclusion we wish to state 
that there are other methods whereby the general network may 
be solved. The most important of these proceeds on the basis of 
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branches and branch-points instead of on the mesh basis given 
above. In this method the branches are numbered consecutively, 
instead of the meshes. To each branch is assigned a branch- 
current. Then the mesh-contours are picked out as in the mesh- 
current method, and to each closed contour the Kirchhoff e.m.f. 
law is applied. In addition to this, Kirchhoff’s current law is 
applied to all the branch-points except one. This law states in 
effect that the algebraic sum of aU the branch-currents meeting 
in a branch-point equals zero. Thus if: 

m = number of branches 
II = number of branch-points, 
n — number of meshes 


we will have altogether: 


and: 


n e.m.f. equations 
;u — 1 current equations. 


The total number of equations will then be: 

n p. — 1 . 

But by eq. (272) we have 

n p — I = m (272a) 

so that the total number of equations thus written equals the 
number of unknown branch-currents. These may then be uniquely 
solved for by the determinant method given 
above. 

Let us illustrate this procedure with the sim¬ 
ple network given by Fig. 60. Here we have 
three branches and two branch-points, the lat¬ 
ter being numbered by means of roman nu¬ 
merals. The assumed positive directions for 
the branch-currents are indicated by arrows. 
Suppose the branch-impedances are given by 
6 i, & 2 , and 63 respectively. If we pick the branches 1 and 2 to form 
one mesh-contour, and 2 and 3 to form the other, then the e.m.f. 
equations become: 


I 



hiii — 62^2 “i” 0 = E \ 

0 -|- 62*2 — hafs = 0. J 


( 352 ) 



OTHER METHODS OF ATTACK 


169 


In addition we may write one current equation, say at the branch¬ 
point!, thus: 

"h '4 "h iz — 0. (352a) 

Equations (352) and (352a) together just suffice to evaluate the 
three unknown currents Zi, 'k, and iz. Note that another current 
equation written for the branch-point II would be: 

—z'l — 4 — z's = 0 

which is the same as (352a), and thus contributes nothing new. 
In general only — 1 independent current equations can be writ¬ 
ten, as stated above. 

This method of attack, based upon branches instead of meshes, 
is applicable to any case just as well as the mesh-method. Some 
people even prefer it because it does away with current differences 
or sums in the common branches. However, the purely mutual 
effects between branches become more involved regarding numer¬ 
ical signs on account of the greater number of assumed positive 
directions (arrows). The chief disadvantage of the branch- 
method, however, lies in the larger number of simultaneous equa¬ 
tions that have to be solved. In the above example, for instance, 
we have three equations and three unknowns to solve for, whereas 
by the mesh-method we would only have had two. If the reader 
has had any experience with simultaneous solutions, he will appre¬ 
ciate what this difference will mean in more comphcated eases. 
From the educational standpoint, however, it is well to know 
something about this branch-method. By means of it we may 
obtain several interesting side-lights upon network theory. The 
derivation of formula (272) for the least number of meshes in a 
network is based upon the philosophy of the branch-method. 
Other theorems and short-cut methods, developed in advanced 
network analysis, are also due to this method. Hence, it is well 
for the student to at least know of its existence even though he 
may have no immediate use for it. 

PROBLEMS TO CHAPTER IV 

4-1. Complete the steady-state solution to the auto-transfonner problem 
given in this chapter. 

4-2. Complete the steady-state solution to the network given by Mg. 59 
of this chapter. 
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4-3. A network consisting of three meshes, contains nothing but capaci¬ 
tance. The mesh and mutual parameters are given by: 

Su =3-108 5 i2=-108 

& = 1.6-108 & = -5-10' 

533 = 1.7- 108 S31=-108. 

A constant source of 1000 volts is impressed in the common branch 1-2. 
Construct the network and determine the steady-state voltages across the 
various condensers. Use mesh-charges instead of mesh-currents. 

4-4. In the network of Fig. 57 add the following parameters: 

522 = 108 533 = 0 . 5-108 

the mutual parameters remaining intact. Determine the steady-state cur¬ 
rent in all three meshes, and plot these as functions of frequency over a range 
which will include all the extremal values of the functions. 

4-6. For the network of Prob. 4-3 let the constant source be replaced by: 
e(t) = 1000 sin 10001 . 

Set up the r.m.s. equilibrium conditions for the mesh-currents and solve. 
Repeat for the mesh-charges. Check the latter by integrating the current 
solutions. In these solutions, carry the limit w 0, and thus obtain the 
solutions for the constant source. Check with the results obtained in 4-3. 

4-6. To the network of Fig. 57, with the modifications indicated in 4-4, add 
the parameter: 

Ra — 100 . 

Replace the alternator by a constant source of 1000 volts, and determine 
the steady-state currents and charges as well as the condenser voltages. 

4-7. To the network of Prob. 4-6 apply the voltage given in 4-6, and de¬ 
termine the current and charge solutions. Carry the limit w-»0 and check 
with the results of Prob. 4-6. 

4-8. A single-mesh circuit consisting of: 

5 = 50 L = 0.04 5 = 108 

in series, has impressed upon it a driving-force given by: 

e(f) = OUIIOOI^® ei8088< -1- 50| 30® 

Determine the steady-state current and plot it as a function of time. 

4-9. What would a d.c. meter in the circuit of Prob. 4-8 read? WTiat would 
an a.c. meter read? What is the energy expended in the resistance? Check 
this against the power input as determined from an integration process. 



CHAPTER V 


THE TRANSIENT SOLUTION FOR THE GENERAL 
NETWORK 

1. Introductory Remarks. Thus far we have shown how the 
dynamic equilbrium conditions for the general network may be 
set up in terms of what we defined as the mesh and mutual parame¬ 
ters and the instantaneous mesh-currents. We have also outlined 
the method for determining the particular integrals or steady-state 
mesh-current solutions. Just as in the single mesh case, however, 
this is not yet the complete solution. To form this we must find 
the natural behavior of the network and add it to the forced be¬ 
havior. We shall see that the determination of the natural be¬ 
havior, which is the solution to the corresponding force-free or 
homogeneous equilibrium conditions, is much more involved, both 
theoretically and practically. These difficulties lie chiefly in the 
determination of the natural modes of the system and in the 
evaluation of the constants of integration or the transient current 
amplitudes. In cases where the network contains three or four 
meshes the amount of labor involved in carrying out the solution 
becomes quite appreciable. For this reason the investigation of 
the transient behavior of a complicated system is very frequently 
omitted, and an estimate of the net behavior based upon the results 
of the steady-state analysis alone. This, however, requires ex¬ 
perience and familiarity with network behavior in general Even 
then it is hard to make estimates of this nature. Transient effects 
often play peculiar tricks that are easily overlooked by any such 
method as the above. It is, therefore, necessary that we become 
familiar with the method whereby the transient portion of the 
complete solution may be found, no matter how complicated the 
circumstances may be. 

It is not particularly hard to outline the method of obtaining the 
transient, i,e., of indicating sjmbolically the steps involved in 
arriving at the complete complementary functions. The difficulty 
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we spoke of above is purely one of drudgery — slide rule manipu¬ 
lation, pencil-pushing and the like. So far as understanding the 
object of these motions, i.e., of grasping the philosophy involved 
is concerned, this is almost as easy to do for the general case as 
it is for the simple one-mesh problem already treated. Having 
mastered the philosophy of the general case, we will have also a 
better insight into the important features that govern the natural 
behavior. This insight alone sometimes suffices to answer the 
questions that we may have relative to a specific problem without 
actually carrying the work through to an explicit result. These 
points will be appreciated more fully later on. 

2. The Homogeneous Solutions. All the fundamental con¬ 
siderations relative to the network and the corresponding system 
of equilibrium equations is the same as before. We now consider 
the force-free system, however, instead of the forced system given 
by (303). Mathematically this is the homogeneous system of 
differential equations corresponding to (303). Obviously, this is 
given by: 


anil -f aiiii -)-••• + = 0 

Oiiil “H ^22^2 “1“ ■ ' • H" a^n^n ~ 0 


(353) 


Uoi?! -|- “i“ •••-]- ' 0 


where the a’s are the same differential-integral operators defined 
by (301), and conform to the symmetry condition (302). 

We must now find n complementary functions, one for each mesh- 
current. These must be integrals of the system (353), i.e., they 
must simultaneously satisfy this system of differential equations. 
It would be possible, of course, to apply an elimination process to 
this set of equations, as was illustrated in the preceding chapter, 
so as to obtain a single homogeneous equation for each current 
alone, and solve each separately. This would involve an immense 
amount of work, as will easily be appreciated. Therefore, we 
apply the heuristic method of finding the complementary functions 
directly, just as we did in the case of the particular integrals. 
Here we are guided by what we know to be the form of the com¬ 
plementary function for the simple case already treated. Thus, 
we are justified in assuming that the forms; 
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ii = Jie#< ‘ 

*2 = J2.e*‘ 


(354) 


in 


will satisfy the homogeneous system (353). Note that we must 
give subscripts to the J’s so as to indicate what mesh-currents they 
belong to. The p’s are assumed the same for all the currents, i.e., 
no distinguishing subscript is attached to them. We do not know 
as yet whether this assumption is justified, but it is the simplest 
one to make. Hence, if it is satisfactory, we will obtain the 
simplest form for our solutions. If it is not satisfactory, we will 
have to try something else. However, there is no a priori reason 
for supposing that it is not satisfactory, so that we are justified in 
proceeding on this basis for the time being. The p’s, of course, are 
the assumed natural modes of our general network, just as they 
were for the simple one-mesh case. We trust that we shall be able 
to determine their values later on. 

Thus we proceed to substitute the assumed solutions (354) into 
the given system (353). In order to illustrate the mechanism of 
this substitution, let us consider the first term of the first equation 
as an example. This is: 

anil 


or by inserting the significance of an, we have: 

I'll "b Ruii + <5111 J*ii dt 


for this term. Substituting the first equation (354) into this, we 
get: 

^laiP + jRii + 1®*** (355) 

Note the similarity between this expression and (312) which was 
the result of substituting the assumed steady-state solution for i\ 
into this same term. The only difference is that p replaces jw, 
and /1 replaces h. The reader should keep this s imila rity in mind. 
It will become useful later on. 

In exactly the same way the second term of the first equation 
in the set (363) becomes: 
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+ + (356) 

It is not hard to see that every term in the given set of equations 
has this general form, the difference being only in the subscripts 
which always correspond to those on the a’s. Hence, it becomes 
effective to introduce the notation: 

= Lii-p + Rik + ^ (357) 

where i and h may take on any integer values from 1 to n. Ob¬ 
viously the symmetry condition also holds for these new coefficients, 
i.e.: 

Cik ~ Cki- (358) 

These coefficients Cik are no longer differential or integral opera¬ 
tors. They are algebraic polynomials in the variable p. If p is 
known then the c’s are known polynomial coefficients. The 
complete process of substitution of the set (354) into that given by 
(353) therefore becomes: 

CiiJi -f Cis/a -+-••• -f- Ci„J„ = 0 

C21J1 -f- CaJi C 2 „J„ = 0 


CfiiJi + c„ 2«72 • -f- = 0 

where the exponential factors have been cancelled out because 
they can never be equal to zero for any finite values of p or L 
The system (359) should now be regarded as a set of condition 
equations. This result states m effect that the assumptions 
(354) will be valid and useful provided the conditions (359) can 
be satisfied in agreement with any other special requirements of 
the problem such as initial conditions and the like. We must 
now see whether this is possible. 

Suppose we assume for the moment that the p’s were known. 
Then the c’s would be known coefficients. If we consider the J’s 
as unknowns, then (359) represents a system of simultaneous alge¬ 
braic equations. It is a homogeneous system of equations. 
Presumably it can be solved by elementary methods in terms of the 
coefficients c^. These are, of course, as yet unknown, but suppos¬ 
ing that they were known, then we would conclude off-hand that 
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the J’s could be determined. But t hese arc the transient currenl 
amplitudes which heretofore took the place of integration con 
stants. Hence, if the J’s could be determined from (359), ther 
we would have a transient solution without integration constants 
This would be a predicament because we would have no way oj 
meeting our arbitrarily specified initial conditions in the form oi 
initial charges and currents. There must be something that we 
are overlooking in the above suppositions. We must find the 
answer to this problem in the theory which governs the existence 
of solutions to homogeneous systems of simultaneous algebraic 
equations. This is purely a matter of algebra. It is a brand 
of algebra with which engineers are usually not familiar, however, 
so that a brief discussion of it here will be in order. 

3. The Solubility Conditions. Consider the system (359) purelj 
in the light of an algebraic set of equations for the time being 
Suppose we attempted to solve this system for Ji, J«, . . . etc. 
by the use of Cramer’s rule as outlined in the preceding chapter. 
For Ji, for example, we would have the quotient of two determi¬ 
nants as usual. The denominator would be the determinant of the 
system of coefficients: 



Cii 

C 12 . 

. . Cln 

D = 

C 21 

C 22 • 

. . C2n 


^nl 

C„2 • 

* • ^nn 


The numerator would be a determinant which is obtained from 
this one by replacing the elements of the first column by the 
right-hand members of the system (359). These are all zeroS: 
however. Hence, the numerator of the expression for Ji would 
vanish, so that we would get: 

Ji = 0. 


Similarly also we would get: 

Jz = 0 

^ = 0 . 

Thus the transient currents, or the complementary functions 
would all be zero. We see that this result satisfies the given homo- 
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geneous system (353) since it reduces each equation to the identity 
0 = 0. This is a mathematically correct solution. It states that 
the natural behavior of the system may be to remain at rest, i.e., 
in a state of static equilibrium. These are the so-called trivial 
solutions for the general network. We met them before in the 
case of the single-mesh case. We have them again as possible 
solutions in the general case. 

We wish to know, however, whether non-trivial solutions are 
possible in the general case. If we consider the above result of 
applying Cramer’s rule, we see that the J’s need not necessarily 
come out to be zero if it were possible for the determinant (360) 
to vanish, i.e., if: 

Z) = 0. (361) 

If this is so, then the expressions for the J’s would all take the 
indeterminate form: 

= (362) 

This result is just what we want. The J’s may be finite, but re¬ 
main as yet undetermined. They may, therefore, take the place 
of integration constants just as in the simple one-mesh ease. Let 
us follow up this possibility. 

Consider what the condition (361) means. The determinant 
is made up of elements which are themselves polynomials in p 
as was pointed out before. Since the determinant consists in the 
end of a sum of terms, each of which is a product of n elements, 
it is clear that D represents a polynomial in p also, whose degree 
is equal to n times the degree of an individual element. Since the 
latter is two, it follows that D is a polynomial of the 2nth degree 
in p for the general case. The condition (361) may therefore be 
written: 

+ • • • -t- Aip -f- Ao = 0 (361a) 

where the coefficients A are various combinations of the network 
parameters Lji, Rik, and Sn,. This condition eq. (361a) is nothing 
more than an algebraic equation of the 2nth degree in p. It is 
the determinantal equation for the general case. It is usually 
written in the form: 


I>(p) = 0 


(3615) 
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to show that D is a function of p. This is necessary in order to 
distinguish it from Z)(w) for the steady-state solutions as given by 
eq. (322). 

The determinantal equation serves to determine the natural 
modes of the system just as it did for the simpler cases discussed 
previously. These natural modes are the roots of the determi¬ 
nantal equation. They may be real or imaginary or complex. 
The real values will always be negative for passive networks, 
since for these the transient solutions must decay with time. 
The imaginary or complex roots will always come in conjugate 
pairs, and their real portions will Hkewise be negative. All this 
is just as it was for the simpler eases. Thus, we see that the 
determinantal eq. (361b) is the condition for the existence of non¬ 
trivial solutions. Its fulfillment determines those values of p 
which must be used in the assumed solutions (354) in order to 
make them valid and useful. 

4. The Complete Transient Solutions. Thus, we have found 
that the assumptions (354) are justified in the given form, i.e., 
with arbitrary amphtudes, and all involving the same value of p. 
However, since the determinantal equation yields in general 2n 
different values of p, we recognize that we may write altogether 
2n solutions of the form (354) for each mesh-current. The sum 
of the 2 n individual solutions for each current will give the 
complete transient solution for that mesh. Thus, the forms of the 
transient mesh-current solutions become: 


4 = - 1 - ... - 1 - 


in = • -b J 

where the values pi, pi,. . . P 2 n are the 2n natural modes of the 
system, i.e., the roots of the determinantal equation. 

In order to avoid confusion it is important to note the manner in 
which the subscripts and superscripts are used. The subscripts 
on the J’a denote the particular mesh-current to which the term 
belongs. The superscripts denote the mode to which the term 
belongs, and correspond to the subscript on p in the exponent of 
the exponential. 
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6. The Normal Functions of Linear Networks. We see from 
this result that each transient mesh-current is composed of a linear 
superposition of terms representing the natural modes of oscillation 
and decay. It is further important to note that each mesh-current 
is composed of a linear sum of the same set of modes, or natural 
“motions.” In other words, the same natural frequencies and 
rates of decay appear in general in all the meshes. The only 
difference between the various transient mesh-currents is that the 
amphtudes of the natural modes of behavior differ from mesh to 
mesh. Since these amplitudes are in general complex, this means 
that they differ both in magnitude and phase. 

Since the individual terms in the expressions (363) represent 
natural modes of behavior, they are frequently called the natural 
functions of the system, or also the normal functions. These are 
very expressive terms since they indicate that the exponential 
functions are the natural or normal functions by means of which 
the behavior of the network may be expressed. This terminology 
has considerable significance in that it identifies the exponential 
function with the natural behavior of any linear network. This 
peculiarity of the network is due to its physical build — its in¬ 
herent properties. These points are stressed here because they 
may be generalized to the extent of determining large classes of 
other mathematical functions as being the natural or normal 
functions peculiar to systems of other physical builds. Thus, it is 
possible to classify certain mathematical functions into groups of 
normal functions according to the kinds of physical problems 
to which they logically give expression. The real utility of these 
methods of classifying and cataloging functions is found in the 
study of problems involving continuous media, or distributed 
parameters. The transmission line problem with uniformly dis¬ 
tributed parameters, to which we shall come in a later chapter, 
serves as an illustration to what we are saying here. Nevertheless 
it is weU for the student to be aware of such matters as early as 
possible, since it will help him in the general process of orientation 
and classification which is such a useful aid in grasping and fixing 
ideas. 

It should also be recognized in this connection that the ex¬ 
ponential function embraces the circular and hyperbolic functions 
as special forms belonging to the same family of normal functions. 
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Other normal functions are, for instance, Bessell’s functions and 
Legendre’s functions, etc., which the reader may have met in 
other fields. These functions all characterize certain physical 
situations, and are often named accordingly. In this respect 
Bessell’s functions form part of a more general class known as 
cylinder functions because these are the natural functions for 
problems involving cylindrical symmetry. Legendre’s functions 
belong to that class known as spherical polynomials because 
these give expression to problems involving spherical synametry. 

It may seem as though we were going rather astray of our subject 
in talking about these matters, but unless we give the reader some 
idea of the meaning of the term normal function, it is best not to 
introduce it in the first place. The latter procedure would, how¬ 
ever, not be consistent with the nature of this presentation which 
is to consider the matter of network theory in as full a light as 
possible both mathematically and physically. We spoke in the 
opening chapter of how the heuristic method of approach operates 
through the medium of familiarity with classes of functions and 
the physical systems to which they normally give expression. 
The reader has seen throughout the treatment of netw'orks so far 
that the exponential function served to give mathematical ex¬ 
pression to all our needs. It is proper therefore that, in the 
treatment of the natural behavior of the general network, we 
emphasize this characteristic of the exponential function, and also 
call attention to the existence of similar situations in other fields 
which the reader may at some later time be interested in following 
up. 

In close contact with the above line of reasoning, we often refer 
to the expressions (363) as expansions of the mesh-currents in 
terms of normal functions. This is not a mere jingle of words, 
but is intended to convey the following thought. Imagine, if 
possible, that the electrical network contains certain fictitious 
meshes which we shall call the normal meshes, their number being 
equal to the number of natural frequencies and rates of decay so 
that one natural frequency together with its rate of decay may be 
assigned to each normal mesh. By our mechanical analogies we 
may also designate these fictitious meshes, in which the normal 
modes of oscillation and decay are separated out, as the normal 
coordinates of the system, since a coordinate is the mechanical 
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analog of an electrical mesh. The actual meshes are the actual 
coordinates in this sense. Now we may borrow again from our 
mechanical picture, and say that in the general case these normal 
coordinates are so oriented geometrically that each possesses 
projections upon every actual coordinate. Figuratively speaking^ 
the fictitious normal meshes possess “projections” upon all of the 
actual meshes. Thus, the resulting “motion” in any one actual 
coordinate becomes a linear superposition of the projections of the 
various normal “motions” upon it. This clarifies the result 
expressed by the set of equations (363) regarding the fact that 
each mesh-current (actual motion) is composed of a sum of terms 
representing individually the various natural oscillations and 
rates of decay peculiar to the entire system or network. It makes 
this fact seem logical because we can get some sort of a picture of 
it even though that picture is quite fictitious. The mental con¬ 
struction of such a picture unifies the content of the resulting 
equations (363), and makes them easy to remember because it 
lends pictorial significance to them. 

This process of visualization does more than merely help retain 
the results given by the set (363). Since the fictitious normal 
meshes each contain a transient current possessing only one natural 
frequency and rate of decay, they isolate the normal modes. 
This suggests the following question; Is it possible to so construct a 
network that one or more of the actual meshes become normal 
ones? That is, is it possible to realize actual physical normal 
meshes? Is it possible to construct a physical network possessing 
isolated modes? Such networks may be of practical importance. 
We shall see in a later chapter that this is possible, and that it does 
lead to networks with peculiar properties. In advanced network 
analysis many other benefits are derived from the above reasoning 
regarding normal modes and normal meshes. 

6 . The Nature of Modes and Amplitudes. It has already been 
pointed out that when complex modes occur, they always come in 
conjugate pairs. We wish to go into this matter somewhat more 
thoroughly now. Let us illustrate our point with a simple one- 
mesh network containing R, L, and C. For this case we obtained 
for the natural modes: 

- R , 1 

^ 2 L V 4 L* LC 


(364) 
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where the two modes pi and p 2 are given by the plus and minus 
sign respectively. We pointed out at the time this case was 
taken up that the quantity under the radical could be positive, 
negative, or zero depending upon the relative magnitudes of the 
parameters. Suppose we consider L and C fixed and see how the 
modes vary as R is varied continuously. Fig. 61 shows by means 
of the complex plane how these modes do vary with R. For 
i? = 00 , Pi is zero, and pi is at minus infinity which is indicated 
in the figure as a finite point for convenience. As R decreases. 



Fig. 61 


these two modes approach each other as indicated by the arrows. 
Both modes are negative reals and different from each other until 
the critical condition: 

_?1 = J_ 

4L2 LC 

is reached, when they coincide in a single negative real value. 
When the resistance is further decreased, they again separate, but 
in such a way as to introduce imaginary portions so that they 
become complex. It is important to note that these imaginary 
portions remain equal and opposite, and that the real portions 
remain equal and negative. It is easily shown that with further 
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decreasing R the modes move along the circumference of a circle 
with radius equal in magnitude to the coincident modes: 

1 

^critical Qo 's/YjC * 

Finally for J? == 0, the two modes reach the imaginary axis so that 
their real portions vanish, and their imaginary portions assume 
their maximum values: 

9 ^ do 

which is the undamped angular frequency. 

When the network is more complicated, the manner in which the 
modes vary with changing resistances is, of course, quite compli¬ 
cated, and has never been investigated in detail. However, the 
fundamental behavior is known to be similar to that in the above 
simple case. Namely, the modes are either negative real and 
different, or negative real and coincident, or complex in pairs of 
conjugates, or a mixture of the above kinds. By the latter we 
mean that it is possible for some of the modes of a complicated 
system to be different negative reals, others to be coincident 
negative reals, and still others to be in the form of conjugate 
complex pairs with negative real portions. The reals or the real 
parts are always negative so that the roots will always lie wholly 
on the left of the imaginary axis when plotted in the complex 
plane. Such an array of modes is shown, for example, in Fig. 62. 
Here we represent six modes. pi and p 2 are real and different, ps 
and Pi are real and coincident, and ps and pe are a pair of conju¬ 
gate complexes. For convenience the conjugate complex modes 
should always be numbered consecutively. 

Obviously, when the degree of the determinantal equation is 
even, then the number of modes is even, so that it is possible for 
all of them to be complex, there being half as many pairs as the 
degree of the equation amounts to. If the resistances involved in 
the network are small, then this is usually the case. In communi¬ 
cation networks this case is commonest. We then say that the 
network is fully oscillatory. However, when the determinantal 
equation is odd, it is impossible for all the modes to be complex 
because there can be only an even number of complex modes since 
they must come in pairs. Hence, when the degree of the equation 
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is odd, and the network is fully oscillatory on account of the low 
resistances, there will still be one negative real mode. Note that 
we still call such a network fully oscillatory, because it contains 
the maximum number of oscillatory modes under the circum¬ 
stances. If the network contains fewer than the maximum number 
of oscillatory modes, it is said to be partially oscillatory. Such a 
case is illustrated in Fig. 62 . It occurs less frequently in communi¬ 
cation work. 

Let us consider now the corresponding transient current ampli¬ 
tudes that go with these modes, i.e., the amplitudes in the 


p, prp. p. 


Ps* 

Fig. 62 

expressions (363). We remember that the superscript on a / 
alv/ays corresponds to the subscript on the mode it is associated 
with. Consider now a typical pair of terms: 

( 365 ) 

which represent a pair of conjugate natural functions in the general 
expression for the transient current in mesh §k. The modes pi 
and p 2 are assumed to be a pair of conjugate complexes. Since 
the transient mesh-current, which such pairs of terms represents, 
must necessarily be a real quantity, it follows that these two terms, 
taken in their entirety, must be a pair of conjugate complexes, i.e.: 


must be the conjugate of: 
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Since the exponentials are themselves already conjugates, it 
follows that the corresponding amplitudes and must also 
be a pair of conjugates. This is necessary in order that the sum 
(365) be real. For example, if we write: 

then we must write for the othe amplitude: 

JP = \JP\ 1^ = \JP\ IzMl 

so that (365) becomes: 


But the pair of modes are of the form: 


and; 


Pi = - a+ jg 


P 2 = - oL-jg 


so that we have for the sum (365): 


or: 

2 cos {gt + <t>P) 


(365a) 


which is a real harmonic function with an angular frequency of g 
radians per second, a decrement of a per second, an initial ampli¬ 
tude of 2 or 2 amperes, and a phase angle of radi¬ 
ans. All this is represented by a pair of terms such as (365), which 
are written for each pair of conjugate modes in the general expres¬ 
sion for the transient current in mesh §k of the network which 
these modes characterize. 

The above discussion should make it clear that the transient 
current amplitudes, which are the J’s in the expressions (363), 
come in pairs of conjugates when the corresponding modes come 
in such pairs. In this sense, a pair of conjugate complex ampK- 
tudes together define one real amplitude and real phase angle as 
illustrated by the result (365o). This also shows that a pair of 
conjugate complex modes together define one real angular fre¬ 
quency and one real decrement. On the other hand, the ampli¬ 
tudes of those normal functions for which the modes are real, are 
themselves real. This follows simply from the fact that the mesh- 
currents must be real for aU values of t. 
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7. The Number of Modes. It is frequently useful to be able to 
tell, by inspection of the network, how many modes it possesses, 
i.e., what the degree of the determinantal equation mil be. In the 
first chapter it was pointed out that this number was not definitely 
determined by the least number of meshes, i.e., by the degrees of 
freedom, alone. The least number of meshes, it will be remem¬ 
bered, is defined in general by eq. (272) of Chapter IT in terms of 
the number of branches and branch-points. In the case of flat 
networks this number is, of course, evident without the use of a 
formula. The least number of meshes by which a network may be 
specified is also called the number of independent meshes. This 
means that the corresponding mesh-currents are independent, i.e., 
that no one of them can be expressed as a linear combination of 
the rest. The latter would be possible, of course, if we specified 
more meshes and mesh-currents than the least number, as the 
reader can easily illustrate for himself by picking three closed 
contours in a two-mesh network, for example. Any one of the 
three currents so specified may be expressed linearly in terms of one 
or more of the others. This is not possible when only two meshes 
and currents are specified. More accurately, the least number of 
meshes in the network are said to be linearly independent. We 
shall have more to say about linear dependence and independence 
in a later chapter. 

Getting back to the subject of the degree of the determinantal 
equation again, we should be rather pleased if this were related 
directly to the number of independent meshes or the degrees of 
freedom of the network. This would make it simple to determine 
the number of modes that we should expect. However, this is 
unfortunately not possible. The number of modes depends not 
only upon the number of independent meshes, but also upon what 
these meshes contain in the way of coils, condensers, and resistance. 
The number of meshes do, however, determine the maximum num¬ 
ber of modes that the network may contain. This nmnber is 
twice the number of degrees of freedom, as has been seen while 
discussing the polynomial form of the determinant D{p). No 
matter how many coils and condensers are added to the network, 
the degree of D(p) is not increased above 2n, where n is the 
number of independent meshes. This is clear, if we recognize 
that the highest degree in p of the polynomial elements c,i is two, 
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regardless of the number of coils and condensers in a branch or 
contour. 

It is, however, interesting to determine the least number of coils 
and condensers which will give rise to a determinantal equation 

of the 2?ith degree. Off¬ 
hand, it would seem as 
though this would be the 
■^2 case if the network were so 
constructed that aU the ele¬ 
ments Cih were of the second 
degree in p. This is a nec¬ 
essary but not a sufficient 
condition. Consider in this connection the network shown in 
Fig. 63. For this we have: 



Fig. 63 


so that: 


Cl 2 = C21 = L12P + Rli + 
Cii = C12 -b 


S 12 

V 


C22 — C12 -{- i?2 


(366) 


= C11C22 - Ci2^ = en{Ri + iSs) + RiRi 


which is only of the second degree in p although all of the c’s 
given by (366) are of the second degree. However, suppose we 
modify this network by adding another coil and condenser as 
shown in Fig. 64. If we again calculate D{p) in the above manner, 
we will find that it now is of the 
fourth degree. If we had added 
only one coil or condenser, then 
D(p) would have been of the 
third degree. If we add meshes 
to the network of Fig. 64 in such 
a way as to introduce at least 
one coil and condenser with each 
additional mesh, then the degree of the determinantal equation 
will increase by two for each mesh added, and hence will always be 
equal to 2n. If one or more of the added meshes fails to introduce 
its minimum quota of one coil and one condenser, then the degree 
of D(p) will fall short of 2n. Another way of putting this is to 



Fig. 64 
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say that if one independent coil and condenser can be assigned to 
each mesh in the network, then the number of modes equals 2n, 
otherwise less. 

If the number of modes is less than 2n, it is not so simple in all 
cases to see what the degree of the determinantal equation will be 
unless the following line of reasoning is applied. We have already 
seen that the number of integration constants always corresponds 
to the number of initial conditions that may be specified. This is 
necessary in order to produce a unique solution. We can therefore 
consider this fact as axiomatic. Hence, since the number of modes 
always equals the number of integration constants, or the number 
of transient current amplitudes for a given mesh-current, their 
number will also equal the maximum number of initial conditions 
that we are able to specify. This criterion for determining the 
degree of the determinantal equation by inspection is easily applied. 

For a mesh which contains only capacitance it is clear that 
nothing but the initial charge can be specified, since the current 
may be discontinuous at the initial instant. We have already 
pointed out that such a mesh is called impulsive. For a mesh 
which contains only inductance, on the other hand, we can specify 
only the initial current, since there is no place for charge to reside. 
Finally, for a mesh that contains both inductance and capacitance 
on its contour, we can specify an initial charge and an initial 
current. The presence of resistance on the contour of a mesh in 
addition to capacitance and inductance does not affect the number 
of initial conditions which we can specify for that mesh. Practi¬ 
cally, resistance is always present, of course. We sometimes 
neglect its presence in order to arrive at an approximate solution 
of simpler form, but the essential characteristics of the latter are 
not appreciably changed by the introduction of a reasonable 
amount of resistance. The resistance can, however, never be 
neglected in a mesh containing only capacitance, for then the 
charge could no longer be specified. The current in such a case 
could become infinite. The reader should bear these things in 
mind when making approximations. The point which is of im¬ 
portance in the present discussion is that resistance in a mesh does 
not affect the specification of initial conditions either one way or 
another. A mesh containing only resistance on its contour does 
not count at all in the specification of initial conditions. 
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From this discussion we can tell by inspection how many 
initial conditions may be specified for a given network. This 
number then equals the number of modes of the system, or the 
degree of its determinantal equation. This method should be 
applied with some caution, however. Consider, for example, the 
network of Fig. 63. Both meshes have inductance and capaci¬ 
tance on their contours. But we cannot specify four initial 
conditions because two of these would be the same as the other 
two, namely the initial charges and the initial currents would 
have to be the same for the two meshes because the coil and 
condenser are common to both. The two meshes must contain 
inductance and capacitance independently before initial charges 
and currents may be independently assigned to each. Fig. 64 
illustrates this case. Here the charge in mesh #1 in no way de¬ 
termines the charge in mesh #2. Also the current in mesh 
in no way determines that in mesh §2. Consequently the net¬ 
work of Fig. 63 possesses two modes, and that of Fig. 64 pos¬ 
sesses four. 

This method of determining the number of modes by inspection 
may be put in the form of a rule, as follows: Assuming that the 
network is given and the meshes numbered, we begin by following 
the contour of mesh §1. If it contains an inductance and a ca¬ 
pacitance besides resistance, we weight that mesh two. If it 
contains only inductance or only capacitance besides resistance, 
we weight it one. If it contains only resistance, we weight it 
zero. If the contour contains several inductances and capacitances 
besides resistance, the weight is also two except that in this case 
only one inductance and capacitance need be checked off in order 
to give the mesh that weight. In the same way we continue 
with the other meshes, bearing in mind that a coil or condenser 
that has already been checked off for a previous mesh does not 
count. Also, the presence of resistance is not essential unless the 
mesh contains only capacitance. Then it is manifestly nonsense 
to neglect resistance. Having thus weighted all the meshes, the 
total number of modes equals the sum of all the weights. To 
illustrate this, consider the network of Fig. 65. For mesh #1 we 
check off the coil and condenser as indicated by the small figures 
one opposite those elements. There are others, but we do not 
need them in order to give mesh §1 the weight two. The same 
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manner of checking off is used in the remaining meshes, 
find: 


mesh ^ weight 

1 2 

2 2 

3 1 

4 0 

5 1 

6 1 

7 2 

Total weights 9 


Thus we 


The total weights add up to nine. Hence, this network possesses 
nine modes, and the determinantal equation will be of that degree. 



There will be nine terms in each transient mesh-current solution, 
and nine integration constants to evaluate. 

8. The Relation Between the Amplitudes. Let us return now 
to the set of transient solutions given by (363). This set contains 
altogether n times 2n terms, and hence also that number of 
amplitudes represented by the J’s. We have rather loosely been 
speaking of these as integration constants. This is not correct 
since there can be only 2n integration constants at most. From 
what has just been said regarding the number of modes, we see 
that very frequently the solutions have considerably less than 
2n terms each. Whatever the case may be, only the amplitudes 
for one mesh-current can be considered as the integration constants 
of the system. It makes no difference which current we select 
for this rfile. The important point is that, once the J’a for one of 
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the mesh-currents is known, the others may be found from these 
without the use of further initial conditions. This will now be 
discussed. 

For this purpose consider the homogeneous system of equations 
(359). In this system the J’s are the unknowns and the c’s are 
the coefficients. The latter are functions of the modes p. For 
each value of p, i.e., for each mode, we may determine a whole set 
of c’s. Hence, a homogeneous system of equations like (359) may 
be written for each mode. For the general network we may there¬ 
fore write 2n such systems as (359), one for each mode. The sys¬ 
tem for pi, for example, will involve the amplitudes 
. . where the notation corresponds to that in the set of 

equations (363). The system for ps will involve the amplitudes 
and so on down to the system for p 2 « which 
involves the amplitudes 

For the first of these systems of equations the coefficients will be: 

Cii(pi) = = J-likVl + -Rii +~ ‘ (367) 

Vi 

For the second set they will be given by: 

CikiVi) = = LiiiP2 -t" Rik + ' (368) 

Vi 

For the last set they will be given by: 

QkiPin) = = LikPin + Rik + — ‘ (369) 

Vin 

The general coefficient is denoted by: 

Cik^”^ = LikPr -f Rik + ~ (370) 

Vv 

where i and h take on integer values from 1 to n, and v from 1 to 
2n. The superscript v indicates the mode of which the particular 
coefficient is a function. It always corresponds to the superscript 
on the J’s. 

In this notation the homogeneous system (369) for the first 
mode is written: 

+ • • • + = 0 

+ C22(1>J2'« + • • • + = 0 


+ • • - + cJ«J„G' = 0. 
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For the second mode we have: 

Clj(2)/j(2) + c,,(2)J,(2) + . . . + = 0 ■ 

+ • • • + = 0 

+ • • • + = 0 , 

and so on down to the 2nth system which is: 

+ • • • + = 0 
C2i(2»)/i(2«) + + • • • + = 0 

Cj^.n)j^i-.n) + + • • ' + Cn„t=“V„<=") = 0. 

This looks like an awful bulk of equations even to think about, 
but it is really not so bad in this respect. (359), it will be recalled, 
was a system of condition equations. It was the result of substi¬ 
tuting the assumed transient solutions (354) into the original sys¬ 
tem of differential equations (353). In order to satisfy the con¬ 
ditions (359), and yet make it possible to obtain non-trivial values 
for the J’s, we had to demand that the determinant of the set of 
coefficients Cik vanish. This demand, expressed by (361), should 
be looked upon as a second condition equation. It turns out 
to be an algebraic equation in p of the 27ith degree. Hence, this 
second condition can be satisfied not only by one value of p, but 
by 2n values of p which are in general different from each other. 
These 2n p-values we recognize as the modes. Returning then to 
the conditions (359) we see that, whereas to begin with we had no 
values of p at all, we now have 2n such values each of which wiU 
satisfy these conditions, and hence give rise to a set of comple¬ 
mentary functions such as (354). The linear sums of 2n such 
functions for each mesh-current therefore form the complete 
transient solutions as expressed by the set (363). Each of the 
2n modes gives rise to a particular normal function with its own 
amplitudes. The amplitudes for a given mode are different 
in the various meshes. For that mode, say pi, they are related 
to each other by a system like (371). For another mode, say p 2 , 
another set of amplitudes for the various meshes obtains, and these 
are related by the system (372). These sets of amplitudes are 
those taken by columns in the complete transient solutions (363). 
Since there are in general 2n modes, there must be 2n such sets of 


191 


(372) 


(373) 
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amplitudes, and hence 2n sets of equations which govern their 
relative complex values in the various meshes, as represented by the 
sets (371) to (373). 

With this in mind consider the set (371) for pi. If for this set we 
knew any one of the amplitudes, say that in mesh §1 namely 
J\^^\ then aU the others could be calculated. In order to appreci¬ 
ate this, the reader must know that a system of linear homoge¬ 
neous algebraic equations, when they are solvable at all, merely 
give the ratios between the unknowns, but do not give rise to 
specific solutions. As soon as one of the unknowns is fixed how¬ 
ever, then all the others are determined from the above ratios. 
For our network this means that if the transient amplitude for a 
particular mode is fixed somehow in one mesh, then the remain¬ 
ing amplitudes will be determined in all the rest of the meshes by 
the corresponding system of homogeneous equations for that 
mode, such as (371). 

Exactly the same is true for the mode pa, and so on down to 
P 2 „. For each mode the amplitudes in the various meshes are 
related by ratios which can be determined from the corresponding 
homogeneous system of equations. For each mode then, we need 
only determine one amplitude in order to be able to calculate 
them all. Hence, we need to determine, by some special means, 
2n amplitudes altogether. Thus, there are in our problem not 
2n times n arbitrary constants or amplitudes, but only 2n of 
them. This number, however, corresponds to the number of 
initial conditions which may be specified in the general network of 
n meshes. 

We wish to show now what the ratios between the amplitudes 
in the various meshes are for a given mode. We saw from (362) 
that the amplitudes themselves were indeterminate. However, 
recalling the relation (327a) of Chapter IV for the ratio of any 
two steady-state current amplitudes, namely: 

h Bit 


we see that this ratio depends only upon minors and not upon the 
determinant of the system. It will, therefore, not be affected if 
the latter vanishes. Hence, the same ratio holds for the homo- 
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geneous system of equations, 
example, we have that; 


Regarding the system (371), for 




(374) 


where the capital letter represents the minor corresponding 
to the element and the superscripts relate to the mode pi. 
The subscript i relates to a particular row which is arbitrarily 
chosen. For example, we may write: 

(375) 

Or instead of the first row we may pick the second and get: 

JP : JP : : • • • : JP = CP : CP : CP : • • • : CP. 

(376) 

It makes no difference which row we pick, just so long as we keep 
the same row throughout a series of ratios. This is easily seen 
from the simple numerical example: 

3a: + 9?/ = 0 1 
2a: + 62 / = 0. J 

The determinant is: 


Hence, the system is solvable. Choosing the first row to form 
minors, we get: 


X : y = Q : — 2. 
Choosing the second row, we would have: 

x:y = -9:3 


which is the same ratio, and also checks with that obtained by 
transposing one of the terms in either equation. The reader 
should practice with more complicated numerical examples. 

Suppose we choose the first row for the time being. Then we 
could write instead of the ratios (375): 


= CiPOm' 

jp = 


(377) 


JP = 
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where 0^^) is any constant. This form for the solutions to our 
homogeneous system (371) is more explicit than (375). It shows 
that the solutions are not unique, but lack the determination of 
the constant The result (377) can be written in the more 
compact form; 

= CuU)(?(i) (fc = 1, 2,. . . n). (377a) 

Thus, all the amplitudes corresponding to the mode pi are ex¬ 
pressed in terms of a single arbitrary constant. 

Exactly the same procedure can be followed for the remaining 
modes. For the rth mode we have: 

= CuWGW (k = 1, 2,. . . n). (378) 

The general expression for any amplitude in the set of equations 
(363) may be written: 

( i = arbitrary integer ' 
k=l,2,...n . (379) 

r = 1, 2, . . 2n 

The entire set is determined in terms of the 2n arbitrary constants 
(j(i), (y{ 2 )^ _ g!( 2 ») These are the true integration constants of 

our problem. In an earlier paragraph we mentioned that the 2n 
amplitudes of any one transient mesh-current, i.e., //W, . . . 

for example, could be considered as the integration constants. 
This is merely a matter of personal taste. From (379) we can 
obviously get: 

^ (380) 

where the amplitudes of normal functions for the sth mesh are 
singled out. Substituting (380) back into (379), we have: 

i = arbitrary integer 
s = “ “ 

lb = 1, 2,. . .n 
r = 1,2,. . . 2n 

Thus all the J’s are expressed in terms of those for the sth mesh, 
which may be considered the true integration constants. 

The manipulations from (379) to (381) are merely a matter of 
formality. Any 2n quantities could be singled out as integration 





NEGATIVE POWERS IN DETERMINANTAL EQUATION 195 


constants. The important point is that there are but 2n arbitrary 
quantities in the general transient solution for the n-mesh net¬ 
work no matter how we express our solutions symbolically. 

To sum up, any network with n degrees of freedom (independent 
meshes) will have 2n or less modes, the same number of integration 
constants (G’s for example), and the same number of initial 
conditions in the form of mesh charges and currents. 

9. Coincident Modes. It is perfectly possible for the determi- 
nantal equation to have equal roots, and hence for the network to 
possess coincident modes. The mathematical side of this question 
has been treated at the close of the first chapter. We shall show 
what form this takes in connection with the above general net¬ 
work solution. 

Suppose that all the modes from s to 2 n inclusive are coincident, 
the rest being different from each other. Then the system of 
transient mesh-current solutions becomes instead of (363): 

= j^{i)eh‘ i- ... + 

+ (/i'"^ + t + • • • + 

+ . . . 4 - 

+ (/s'") + ■t + - ■ • + ■ (382) 


i„ = + • • • + I 

+ i + • • • + J 

where ps is the single value for all the coincident modes: ps = Ps+i 
= • • • = Pin. The form of these equations is justified by what was 
said in the first chapter. We are not interested in giving a rigorous 
proof for the validity of the set (382) here because there is nothing 
of importance to be gained by it. The same relations hold be¬ 
tween the J’s as in the general case. The problem contains the 
same total number of modes, of integration constants, and initial 
conditions. The essential difference is in the form of the solutions 
as indicated by (382). 

10. Negative Powers in the Determinantal Equation. The 

reader will probably have noticed that in forming the determi¬ 
nantal equation it very frequently occurrs that negative powers of 
p, as well as positive powers, appear. This is due to the fact that 
the differential equations contain integrals as well as derivatives. 
Each mesh that contains an independent condenser causes the 
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introduction of an integral due to the fact that the counter-voltage 
at that condenser is proportional to the corresponding mesh-charge, 
and hence to the integral of that mesh-current. Since the normal 
functions are exponentials involving p in the exponent, such inte¬ 
grations produce negative powers of p. In fact the general net¬ 
work which contains independent capacitance in every mesh as 
well as independent inductance, will give rise to a determinantal 
equation which involves the same positive and negative powers of 
p, i.e., the determinantal equation will be a polynomial in p start¬ 
ing with p” and passing continuously through to A simple 
illustration of this is given by the single R, L, C circuit which gives 
rise to: 


D(p) = Lp + R + 


The determinantal equation for this circuit is: 


Lp 12 -f- 


1 

Cp 


= 0 . 


(383) 


In the previous illustrations in connection with this circuit we 
simply said that this was equivalent to: 

Lp2 + i2p+l=o (384) 


and then proceeded to solve this quadratic without justifying the 
step from (383) to (384). We wish to clarify this point now, and 
show what the procedure should be in the general case in order to 
obtain the proper form for the determinantal equation in terms of 
positive powers of p only. 

For this purpose consider again the homogeneous differential 
equation for the R, L, C circuit. This is: 

Lj^ + Ri+^Jidt== 0. (385) 

Strictly speaking, this is not a differential equation because it con¬ 
tains an integral also. It can be converted into a differential 
equation, however, by simply differentiating each term once with 
respect to time, thus obtaining: 

dH , T^di , i 
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It is now ready for integration by the usual method. Assuming; 

i = Je^ 


we get: 


+ Rp+ 1 ^ 6 #^ = 0 


(387) 


from which the determinantal equation in the form (384) is 
evident. 

Another way of looking at this situation is to say that since 
(385) involves an integral, the solution for i must contain a con¬ 
stant of integration for this integral in addition to the constant 
which enters due to the integration of the differential term. 
Hence, the solution must contain two constants of integration, 
and therefore the system must possess two modes, which in turn 
requires the determinantal equation to be of the second degree 

The method just applied to the force-free equilibrium condition 
(385) for the simple circuit, can also be carried out for the set of 
homogeneous equations representing the force-free equilibrium of 
the general network. The trouble is that it cannot be applied to 
the system (353) directly, except in the general case, for the 
following reason. 

Off-hand it would seem that one merely had to differentiate 
each equation in the set (353) until it became free from integrals, 
and then proceed in the usual fashion. This is not always correct. 
Suppose we consider as an illustration any two-mesh network. 
For this the homogeneous system (353) becomes: 

Unfi “1" (i'12'h ~ 0 
d" (hzii — 0. 

Before we can begin freeing the equilibrium condition from inte¬ 
grals, we must first obtain a single equation involving a single 
unknown, i.e., we must eliminate between the pair of equations 
(388). Let us do this so as to retain ii. Then, we multiply the 
first equation by 022 , the second by — an, and add, obtaining: 

(011022 — 0i2^)fi = 0. (389) 

In the same way we could obtain: 

(O11O22 012^)4 == 0. 



(390) 
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These are the separate homogeneous equations in ti and alone. 
Note incidentally that these are simply the determinant of the 
system (388) multiplied by the respective mesh-current for which 
the equation is desired. That is if we let: 


Di = 


0^11 

^12 

^21 



(391) 


where the subscript d denotes that this is a determinant whose 
elements are differential-integral operators, then (389) and (390) 
are simply: 

Di • = 0 (389a) 

and Di • 22 = 0 (390a) 


respectively. This is generally correct for the n-mesh system 
(353) as the reader can easily demonstrate for himself by means 
of the above method or by the theory of determinant solutions. 

Let us proceed to our point, however, with the two-mesh case as 
an example. Consider first the network as given by Fig. 66. 
Here all three kinds of parameters are present in each branch. 
Therefore: 


Gii = Ln ^ -b Rn Sn J' dt 

d ^ 

U12 = 021 = 

022 = L 22 ^ "b Ri2 “b <322 ^ dt 


(392) 


so that (389), for example, becomes: 

(LuL22 - W) + {ImR^ + LnRn - 2 LA) ^ 

+ (iZiii ?22 ““ 2 /S12L12) i 

+{RnSn + Ma- ASn)^iidt^SnSv, - ^12^) J f iidtdt = 0 . 

(393) 


The same equation is obtained for * 2 . It is clear that two differen¬ 
tiations are necessary in order to free this equation from integrals, 
thus resulting in a differential equation of the fourth order, so that 
the determinantal equation becomes one of the fourth degree. 

But now let us contrast this result with what we obtain for the 
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two-mesh network illustrated in Fig. 67. Here only one of the 
meshes contains capacitance independently, i.e., S 22 and /S 12 are 
both zero. Introducing this fact into (393), we see that all the 
terms are retained except the double integral at the end. This 
would also vanish if Sn = S 12 = 0, or if <Sn = /S 12 = &, i.e., if 
the only condenser were in the last or the middle branch respec¬ 
tively instead of being in the first. Hence in such a case only one 
differentiation is necessary in order to clear the resulting equation 
of integrals although two differentiations would be necessary in the 



Fig. 66 Fig. 67 


given system (388) if the only condenser were in the common 
branch. 

Strictly speaking, this method of ehmination is the rigorous pro¬ 
cedure for integrating the given set. We chose the direct method 
in this chapter because it is much simpler. The only difficulty 
with the direct method arises when the determinantal equation 
comes out with negative powers of p, or appears to start with too 
low a positive power. This, however, can easily be rectified by 
simply multiplying it through afterward by the proper power of p. 
The question which we have to settle now is what this proper 
power is. 

From what we have just been saying, this is quite simple to 
answer. Namely, the determinantal equation must be multiplied 
through by that power of p which equals the number of meshes 
which contain capacitance independently, i.e., in which charge 
may be independently specified. This is not always equal to that 
power which will just eliminate all the negative powers of p, 
otherwise we should not have spent aU this time and space on such 
a simple matter. 

To illustrate this point consider the two-mesh network of Fig. 68, 
For this the coefficients ca become: 
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SO that: 


Cii = Lip -I- Sp~'- ■) 


s? 

li 

1 

(394) 

C 22 = LiP + J 


- ci2^ = L 1 L 2 P' + S{Li + U). 

(395) 


This polynomial is already free from negative powers of p, but the 
correct determinantal equation for this network requires the intro¬ 
duction of another power of p because we have one mesh in which 

charge may be independ¬ 
ently specified. The cor- 

, rect equation is: 

1^2 

L1L2P* ■+• S(Li -|- Lst)p 

= 0. (396) 

It must be a cubic be¬ 
cause we have three initial conditions to specify altogether, 
namely initial current and charge in mesh #1, and initial current 
in mesh §2. The system has three modes, which are the roots of 
(396). 

These are: 



Fig. 68 


Pi = 0 


P2 


Pz 




L1L2 
'S{ Li -f h) 
LiLi 


(397) 


Thus we see that the system of Fig. 68 possesses one pair of con¬ 
jugate imaginary modes, and one real mode whose value is zero. 
This zero mode may seem trivial, but fundamentally it is as im¬ 
portant as the other two. The transient solutions take the form: 


ii = Ji^^^ + 1 

and: I (398) 

4 = 


thus giving rise to three integration constants according to what 
was said in the last section. If we had overlooked the zero mode, 
the solutions (398) would not have contained the constants 
and and consequently could not have been correct. In fact 
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there would have been no way in which to meet the specified 
initial conditions of our problem. 

It should be noted that this question of multiplying the poly¬ 
nomial D{p) by the proper power of p before it correctly represents 
the determinantal equation when set equal to zero, agrees pre¬ 
cisely with what has already been said regarding the degree of that 
equation and the determination of the number of modes of the 
given system by inspection of the network. AU these points bear 
out the fundamental necessity for the agreement between the 
number of modes, the number of integration constants, and the 
number of initial conditions which may be specified. If the 
student will bear this simple correlation in mind, he will have no 
difficulty with any of the above matters pertaining thereto. 

11. Illustrations and Approximations. In closing this chapter 
we shall illustrate the content of the above paragraphs by means 
of various special examples. Having mastered the fundamental 
principles governing the formation of the transient portion of the 
complete solution, it is a relatively simple matter to carry out the 
manipulations involved in a specific case. 

Just as in the case of the steady-state solutions, it is not even 
necessary to set up the equilibrium equations. We have de¬ 
termined their solutions once and for all. We have done this for 
the most general case conceivable. It is merely necessary to 
substitute specific values 
into the various forms 
given above in order to 
carry out the solution to 
a specific problem. 

Consider, for example, 
the network given by Fig. 

69. This is a two-mesh Fie. 69 

affair with nothing but 

inductance and resistance and purely mutual coupling. No im¬ 
pressed force is shown because we wish to determine only the 
transient portion of the complete solution here. The system has 
two degrees of freedom. Two initial conditions may be specified, 
namely the two initial mesh-currents. Hence the system possesses 
two modes, and the determinantal equation will be of the second 
degree. It wiU not be necessary to multiply this equation by any 
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power of p in order to give it its proper degree because neither 
mesh contains capacitance. All this we get by inspection. Hence 
we can write down the forms of the transient solutions in both 
meshes. These are : 

and: i (399) 

J 


where pi and p 2 are the modes. In order to find these we must set 
up the determinant D(p). By inspection we have: 

Cn = Lip + Ri 1 

Ci2 = Mp = C21 i (400) 

C22 = LiP + Ri- J 


Hence the determinantal equation is: 


or: 


{Lip + El) (Lap + Ri) - = 0 


+ 


LiRi + LiRi 

UU - ” + 


RiRi 

LiL, - AP 


= 0. 


(401) 


Solving in the usual way we have: 

_ -(LiEa + L 2 R 1 ) ± V{LiR2 - LaE,)^ + 4 

^ 2 (LiLa - M^-) 


(402) 


The two modes pi and pa are obtained by using the plus and minus 
signs respectively in (402). It can be shown that the quantity 
under the radical is always positive so that both modes are real. 
It can further be shown that both modes are negative. This is 
hardly necessary since we know from physical considerations that 
they must be negative reals. Without elastance in the network 
there can be no oscillatory modes, and since the natural behavior 
must decay with time the modes must be negative. 

It may be interesting to point out what form the modes take for 
the condition: 


El _ Ri 

U~Ti- 


(403) 


This condition sometimes occurs in practice. It means that a 
coil having a given inductance also has a corresponding resistance. 
Then (402) becomes: 
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and: 




Vi 


RiRz 

y/LiLi "1” M 
RiR^ 

VL 1 L 2 - M 


(404) 


The reade r should note that M is always less than, or at most equal 
to VL 1 L 2 , so that P 2 is always negative. Also we see that the 
magnitude of jh is larger than that of pi. The two become co¬ 
incident for M = 0. This means that the two meshes have 
become isolated from each other. 

Let us now see what we can gather as to the relative magnitudes 
of the normal functions involved. Here we have; 

; C2i^'^ (405) 

and: 

J,ii) : Jp) = Cii^i) ; Cn^i) = - : c 2 j ( 2 ). ( 406 ) 

Substituting the values from (400) into (405) and (406), we get: 

JjP 

and: 


_ _ LiVi + Rz 
Mpx 

_ _ Lzpz 4 ~ Rz 
Mpz 


(407) 

(408) 


For the special case (403) these become: 

_ A JR^_ A fl^^nz 
Jsi') ~\Ri~\ L-ni 

and: 

_i/®= -Kfh^-Vl 

J2® Vi?i VLi- ni 


(407a) 

(408a) 


where tix and nz are the turns in the two coils respectively. Hence, 
we see that for the special case (403), the amplitudes for the mode 
Pi are roughly inversely proportional to the ratio of turns on the 
two coils. For the mode pz they are roughly inversely propor¬ 
tional to the negative ratio of turns. 

Summarizing, we see that the natural behavior of the network 
of Fig. 69 is composed of a superposition of two exponentially de- 
cajdi^ functions in both meshes. When the coupling is tight, the 
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modes are widely different. For the limit ilf —> VLiLj, (402) 
evaluates to: 


and: 


Pi = - 


R1R2 

L1R2 4 “ L2R1 


Pi = - 00. 


When the coupling is loose, the modes approach each other, 
the limit M -^0, (402) gives rise to: 


and: 



For 


The same general tendencies are true for the special condition 
(403), of course. For this case we can also roughly determine the 
relative magnitudes of the normal function amplitudes in the two 
meshes, and find that these are approximately inversely propor¬ 
tional to the ratio of turns, this ratio being positive for pi and 
negative for the mode p^. The natural function corresponding 
to p 2 will in general not be as important as that for pi, because the 
former will decay so much faster, especially when the leakage 
flux is small as it is in most transformers. 

All this, of course, does not yet give us a complete picture of the 
net behavior of this network, because the steady state is still 
missing, and the magnitudes of the transient current amplitudes 
have not yet been evaluated. This latter operation will be taken 
up in the next chapter. We wish to point out, however, how 
much information can be obtained relative to the natural behavior 
of a network without carr 3 dng the analysis through to a finished 
result. The student should further notice how much more useful 
an analytic investigation, such as the above, is than a specific 
numerical one. It would have been much easier for us to demon¬ 
strate a numerical case with definite values for the resistances and 
inductances. But this would have told us nothing at all about 
how the modes vary with various degrees of coupling, or what 
happens when the special condition (403) is met. These things 
furnish interesting side-lights on the general behavior of such a 



ILLUSTRATIONS AND APPROXIMATIONS 


205 


network. They enlarge the horizon and enable us to predict new 
behaviors or remedy undesirable ones. Numerical examples are 
resorted to only when the problem gets so complicated that all 
other methods of analysis fail. They are also good for students 
to practice the routine on. In this respect the WTiter suggests 
that the above problem be worked out with several sets of numeri¬ 
cal values which may be taken from laboratory data or elsewhere. 

We continue now with another common type of network shown 
in Fig. 70. This is the same as the preceding except that we have 
now introduced elas- 
tance into the meshes in ^ 

addition to the resist¬ 
ance and inductance. 

Again we have a sys¬ 
tem with two degrees of 
freedom, but now we 
can specify initial 
charges and currents in 
both meshes. Hence 
the system has four modes, and the determinantal equation will be 
of the fourth degree. The polynomial D(p) will have to be multi¬ 
plied by 'p^ before setting it equal to zero in order to yield the de¬ 
terminantal equation. The transient solutions are of the form: 



Pig. 70 


and: 


-f -h -f 

-J- 


(409) 


If the resistances are small, the modes will all be complex and 
will come in two conjugate pairs. In that case the corresponding 
J’s will also be conjugate pairs. We have for the elements of 
Dip): 


Cii — Lip ■+ .El -f- Sip ^ 

Cl2 = C21 = Mp 

Ci2 = hp + R 2 + Sip-K _ 


(410) 


Hence the determinantal equation is: 

ihh - M^)p* + (LiR^ + InRi)p^ + (E1E2 -f L1S2 d- USi)p'^ 

-H iRiS^ + RSx)p + &xS2 = 0. (411) 
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This is a quartic, and in general presents quite a bit of dtflSculty 
in the process of determining its roots. In communication work, 
however, the networks of this type are usually highly oscillatory, 
i.e., the resistances are relatively small. In such cases, approxi¬ 
mations may be applied, by means of which the roots of a de- 
terminantal equation such as (411) may be obtained with com¬ 
paratively little effort and with sufficient accuracy for most pur¬ 
poses. This we wish to take up now. 

The approximation method which we shall describe here is based 
fundamentally upon the convergence principle of an ordinary 
Taylor series. It is useful for obtaining the solutions to many 
different types of problems and is by no means confined to the 
particular situation above. This method, which is called the 
Newtonian approximation method, proceeds from the knowledge 
of an approximate solution, whatever form this may have, and 
arrives at a closer approximation by a series of steps which are 
fundamentally a repetition of the same process. The reader should 
master the philosophy of the method rather than follow the out¬ 
line of its application to a specific case. In other words, the steps 
involved should have a definite meaning to him — they should 
appear to be the logical thing to do. Then the process becomes 
one which is easy to remember and just as easy to apply to new 
situations when they arise. It may be said in passing that ap¬ 
proximation methods are equally or more important to the engi¬ 
neer than exact methods. The latter are very frequently too 
cumbersome, and in some cases impossible to carry out. Ap¬ 
proximate methods are time saving and usually serve the purpose 
as satisfactorily as the exact ones. 

Before the student can really grasp the true significance of 
Newton’s approximation method, he must obtam a clear picture 
of what is meant by a Taylor expansion. Suppose we consider an 
arbitrary function of an independent variable which we may 
designate by p, and write for this function: 

f(p)- 

Let us assume further that this function is represented graphically 
by the Fig. 71. In this case the function is evidently real because 
we have represented it completely in terms of real values. We 
shall proceed on this basis for the time being. With this graph 
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given we can, of course, pick off the value of f{p) for any specified 
value of p. For instance for p = po the function is zero. 

Now suppose we had no graph given, but instead knew that: 

KPo) = 0 (412) 


and also knew the slope of the curve at the point p = po- This 
slope, of course, is given by: 



(413) 


where the prime indicates the derivative. With this information 
alone, let the question be: What is the value of the function at the 


m 



point p = pi, indicated in the Fig. 71? Obviously, with the 
given data, we could not answer this question exactly, but we 
could say that the answer would be approximately given by: 

/(Pi) = fiVo) +fiPo) • (pi - Po) + • ■ • (414) 

where the plus sign and the dots at the end mean that this expres¬ 
sion is only approximate as it stands, and that there is really more 
to come which at the present time we know nothmg about. 
The eq. (414) says in effect that the value of /(p) at p = pi is 
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equal to the value at p = po plus an increment which is approxi¬ 
mately equal to the slope of f{p) at p = po times the horizontal 
distance (pi — po). This is clear from the geometry of the 
figure. In the latter we also see that the discrepancy which exists 
between the result (414) and the correct value is indicated by 
The reason for the discrepancy is that the actual curve does not 
continue in a straight line after leaving the point p = po, but 
bends toward the right. If the point pi had been taken closer 
to the point po, then the discrepancy would have been smaller. 
On the other hand, if we had attempted to calculate the value of 
the function at the point p 2 in the above manner, we should have 
been very materially off the track. Obviously in that case it 
would become necessary to add another term to the expression 
(414) which would tend to correct the initial error. 

The reader should recognize that by this method we are attempt¬ 
ing to find the true value of a function at some point by starting 
with a known value at a neighboring point and adding or subtract¬ 
ing small increments to it in successive steps. We are approxi¬ 
mating the true value by a succession of approximations or cor¬ 
rections to the value at the neighboring point. This value is 
represented by /(po) in the expression (414). The next term is 
called the first correction term. If another term were added, it 
would be called the second correction, and so on. These succes¬ 
sive terms aU have a geometrical significance, similar to that for 
the first correction. 

In treatises on function theory it is shown what the mathe¬ 
matical forms of the second, third, etc. corrections are. It turns 
out that these further corrections are successively proportional to 
the second, the third, etc. derivatives of the function at the point 
p = Po. Just as the first correction is proportional to the slope 
of the function at po, so the second correction is proportional to the 
curvature of the function at po; the third correction is proportional 
to the rate of change of the curvature at po, etc. Written out 
completely in mathematical form, this process becomes: 

= /CPo) + ^/(Po) ■ (Pi - po) + ^f"(po) • (pi - Po)® 

+ |j/'"(Po) • (pi ~ Po)® -(-••• 


(415) 
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where the double-prime stands for the second derivative, the 
triple-prime for the third, etc. Note also that the second approxi¬ 
mation is proportional to the square of the distance from po to pi, 
the third approximation to the cube of this distance, etc. We are 
giving no proof for this form (415), but are trsdng to point out that 
it is the logical form for geometrical reasons. In this respect 
note that the second correction itself represents a parabola with 
its apex at po. For our case illustrated by Fig. 71 this parabola 
would have to turn downward from po so that when added to the 
straight line: 

f(Po) ■ (Pi - Po) 

it would produce a resulting curve which bends toward the right 
like the correct one. By means of (415) we are virtually represent¬ 
ing the actual curve f{p) by means of a sum of curves, the first of 
which is a constant, the second a straight line, the third a quadratic 
parabola, the fourth a cubic parabola, etc. Thus we are approxi¬ 
mating the given curve by means of a sum of elementary ones. 
Each added curve introduces a new tendency to bend, which brings 
about a closer agreement between the actual and the sum of ele¬ 
mentary curves. This agreement is best in the neighborhood of 
Po and becomes less exact for points farther removed from this one. 
The agreement at any point becomes better as more terms are 
added to the expression (415). 

This method of approximating a function by means of a sum of 
elementary functions is usually referred to as a Taylor expansion 
oif(p), about the point, or in the neighborhood of the point p = p#. 
A Taylor expansion is itself an approximation method. Hence, 
it is logical that approximation methods in general should have 
much in common with this kind of an expansion. We come now to 
the principle of Newton’s method in particular. 

We have seen geometrically how the actual curve of Fig. 71 may 
be successively approximated by means of a sum of elementary 
curves. There is another way in which this can be done which 
bears a very close relationship to this method. Suppose we return 
again to the expression (414) which contains only the function at 
Po and the first correction term. If we choose pi close to po, the 
value given by (414) will be almost correct. Having thus de¬ 
termined /(pi), we choose the point pi as an origin for a new ex- 
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pansion in the form of (414) and determine the value of the 
function a short distance removed from pi. Then we move to 
this point and expand again to find /(p) for a point still farther 
along. Thus by repeatedly applying only one correction term, we 
can eventually trace out the entire curve by successively moving 
our point of expansion. Graphically, we are approximating the 
actual curve by means of a succession of short tangents. The 
accuracy depends upon the shortness of the intervals at which new 
tangents are drawn. Each new tangent corresponds to a new 
expansion or a new application of the form (414). Thus by suc¬ 
cessively applying the same approximation over again, and at the 
same time shifting the origin of the expansion, we can determine a 
section of the given curve to within any degree of accuracy de¬ 
pending upon the number of applications. This is the essence of 
Newton’s method of approximation. The essential formula for 


m 



this method is given by (414), and it is very illuminating to recog¬ 
nize that this is nothing more than the first two terms of a Taylor 
expansion about the point p — po- 
Let us return now to the problem of finding the roots of an 
algebraic equation. Consider for simplicity the numerical quad¬ 
ratic equation: 

/(p) = p’* + 15 p -b 50 = 0. (416) 

A plot of this function is given in Fig. 72. The intercepts of /(p) 
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with the p-axis are the desired roots. In applying the approxi¬ 
mation method to this problem, we follow the inverse procedure 
to that outlined above. There we assumed that an interval in the 
independent variable, namely (pi — po), was given, and we wished 
to determine the corresponding increment in the function f(p). 
Now the function is given by (416), and our problem is to calculate 
the interval in p between an actual root, say p = po, and an 
approximate value for this root. Suppose the root we are after is 
the one po = ~ 5 in the figure. We do not know this value, but 
somehow we know that it is in that neighborhood, say — 4. Let 
Pi = — 4. If now we can determine the interval po — pi, then 
obviously we can correct the value — 4, and thus find the true 
root. 

This idea is carried out in the following way. Consider the 
first two terms of a Taylor expansion of the function about the 
point p = pi, thus; 


Now let: 
so that: 


fip) =f{Pi) +f'(Pi)(p - Pi). 
P = Po 

(P - Pi) = (po -pi) = 5 


(417) 


(418) 


the desired correction. Then (417) becomes: 


and: 


/(po) = 0=/(pi)+/'(pi).5 


d = 


f(pi) 

f(Pi)' 


(419) 


Let us apply this to the equation (416). We have: 
/(pi) = (-4)2 + 15 (-4) -f- 50 = 6 
f(p)=2p + 15 /(pi) = - 8 + 15 = 7. 

Hence: 

5 = - -f = - 0.857. 


By (418) the desired root is given by: 

Po = Pi + S 

so that we have in our case: 

Po = -4 - 0.857 = -4.857 
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■which is pretty near to the correct value. Now let: 

Pi = -4.857. 


Then: 


/(pi) = 0.765 f(pt) = 5.286. 


Hence: 


5 


0.765 

5.286 


-0.144. 


This is the second correction, so that we have: 

po = - 4.857 - 0.144 = - 5.001 

which is correct to within one-tenth of one per cent. Any degree 
of accuracy can be obtained by further applying the same method. 

It is not even necessary to know an approximate value to one of 
the roots. The method 'will automatically converge toward the 
next nearest root from any starting point. Take the eq. (416) 
again and assume that: 

po = 0 -f- 3 

i.e., that: 

Pi = 0. 

This gives: 

/(pi) « 50 f'(pi) = 15 

and hence: 

3 = Po = - -fi = - 3.33. 

Two more applications will suffice to obtain the first root with 
sufficient accuracy. 

The method is always applicable in the same form no matter 
wffiat the degree of the equation is, or whether the roots are real or 
complex. A Taylor series holds for complex arguments as well 
as for real ones. Hence, Newton’s approximation method operates 
for complex values as well. The only requirement in a complex 
case is that the first approximation be close enough to the actual 
value of the root to make the process converge. When a root is 
found, it is best to divide it out and treat the remainder as an 
original equation, or if the remainder is of the second degree, the 
quadratic formula may be used. In the case of complex roots, 
the process can not be illustrated graphically as simply as was 
done above, but this does not make the process any harder to 
understand fundamentally. 
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With this short discourse on the approximation method, let us 
return to our determinantal equation (411) for the network given 
in Fig. 70. If the network resistances are high so that no oscilla¬ 
tions are expected, then the roots of (411) will all be real. Their 
determination needs no further comment. However, when the 
network is oscillatory or highly oscillatory, as is usually the case 
in communication work, then a slightly different procedure will 
enable us to arrive at the roots more rapidly. 

In such a case we first evaluate the roots to that equation which 
is obtained from (411) by neglecting the resistances altogether. 
This is: 

(LiLi — H- (LiSi “t- L2fSi)p" -|- S 1 S 2 = 0. (420) 

Notice that this might have been obtained from (411) by simply 
cancelling all the odd powered terms, except for the portion R 1 R 2 of 
the square term which is very small compared to the rest of this 
coefficient. Eq. (420) is a bi-quadratic. Considering as the 
variable, it may be solved by the quadratic formula. These 
values of p are then used together with the original eq. (411) in 
the determination of the actual roots by means of the approxima¬ 
tion method. Thus the solutions of the dissipationless eq. (420) 
serve as the first approximations for the Newtonian method as 
applied to (411). The latter then becomes the f(p) in (419). 
Note also in this connection that, since the approximate root pi 
satisfies (420), it will make the fihst, third, and fifth terms in (411) 
vanish, so that f(pi) retains only the second and fourth terms. 
This materially simplifies the numerical work. 

In order to illustrate this, let us assign values to the parameters 
of the network of Fig. 70 and calculate the modes. Suppose: 

Li = 0.001 S 2 = 1.5 -10® M = 0.001 

Li — 0.003 Ri = 5 

Si = IQS Ri = 15 

where inductance is given in henries, resistance in ohms, and 
elastance in darafs. The eq. (420) for neglected resistance there¬ 
fore becomes: 

2 ■ 10-«p< + 4.5 • 10«p= -1- 1.5 • 101® = 0 (421) 

which is equivalent to: 

pi 4- 2.25 • WY + 0-75 ■ 102^ = 0. 


(421a) 
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Solving this, we get: 


p® = - 1.842.101® 

p2 = _ 0.408 • 101® 

(422) 

from which: 



p = ±; 1.355 • 10® 

p = ± i 0.638 • 10®. 

(423) 


Note that these modes for neglected resistance are pure imaginaries 
in two pairs of conjugate values. This, we should expect of 
course. The modes will always be pure imaginaries for neglected 
resistance. Hence the p^-roots of the equation for neglected 
resistance will always be negative reals. 

The four values indicated by (423) are now to be used as the 
first approximations in applying the Newtonian method. When 
the network is highly oscillatory, as it is in this case, the values 
(423) are very close to the true values already. The major error 
so far is that they possess no negative real parts, i.e., no decrements. 
The Newtonian method will supply these. In order to be able to 
substitute into eq. (419), we must form/(p) and/(p). For this 
purpose we write down the complete determinantal eq. (411). 
With the above numerical values, this becomes: 

/(p) = 2 • 10-«p^ + 0.03 p5 + 4.5 • 10® p® 

+ 2.25 ■ 1010 p+1.5 • 10®‘‘. (424) 

The derivative of this function is: 

/'(p) = 8 • 10-^p® + 0.09 p2 + 9 • 10® p + 2.25 • lO^®. (425) 
Let us consider the first pair of values (423). Therefore we put: 

Pi = +yi.355 ■ 10®. (423a) 

It is not necessary to consider the conjugate of this also, since it 
will give rise to the same result, as the reader may see for himself. 
Using (423a) in (424) and (425), we get: 

/(Pi) = -j4.42.10i® 1 

and: I (426) 

f(pi) = -j 7.77 -10+ J 

It may seem to the reader that this substitution involves quite a 
bit of numerical work, but this is not the case. In forming/(pi), 
the even powered terms need not be considered because these 
add to zero anyway because (423a) is a root of (421a). In form- 
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ing /'(pi), on the other hand, the even powered terms do not add 
to zero, but they are relatively so small that they can be neglected. 
The reader should carry out these substitutions in order to clarify 
his mind on these points. Finally, using (426) in (419) we get: 


5 = - 5.7 • 103 

(427) 

This is the decrement that goes with the first pair of imaginaries 
of (423). 

The decrement for the second pair of imaginaries of (423) is 
found in the same way. Namely, let: 

Pi = 0.638 • 10«. 

(4235) 

Then, substituting into (424) and (425), 
simplifications as above, we have: 

and noting the same 

/(Pi) = + 76.5 • 1013 

and: 

f (Pi) = +y3.66 • 1013. 

Using these values in (419) again, we have: 

1 (428) 

5 = - 1.78 • 103 

(429) 


which is the required decrement. The four modes are therefore: 

(- 5.7 + i 1355) • 103 (- 1.78 + j 638) • 10* I 
(- 5.7 - j 1355) • 103 (- 1.78 - j 638) • lO®. | 

The transient solutions (409) therefore become: 

= e-5700<(/j(l)gil.355-10«/ .|_ J-j(2)g-i 1.365 

^ g-1780((/j(3)g/.638-10'< .J. /j(4)g-i.638- 10«) 

^ q. J^( 2 )g-/i. 355 .i 0 '/) • (431) 

+ g-1780((Jj(3)gi.638.10»< ^ /j(4)g-i.638-10'/)_ 

Each pair of terms represents a damped oscillation. As has been 
pointed out, the J’s are complex, and hence contain the phase 
angles of the respective terms. The following amplitudes are in 
the form of conjugate pairs: 

(JP (J^(3) J^(4)) 

(/^O) jp)) 

Each pair defines one real amplitude and one real phase. 

There remains one more thing to point out in connection with 
the approximate method for evaluating the roots of the determi- 
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nantal equation. In the above example the degree of this equa¬ 
tion was even. When it is odd, the procedure is slightly different. 
In this case the equation contains one negative real root even 
though the rest be conjugate complexes. This real root should be 
evaluated first by applying Newton’s method directly. The first 
approximation may frequently be assumed zero as was shown in 
the case of eq. (416) above. After this real root is found, it should 
be divided out, and the remainder treated as in the case where 
the degree is even. 

These illustrations should suffice to show how in general the 
transient portion of the complete network solution is set up, and 
what the various parts mean. Very often a knowledge of the 
form of the solution, i.e., the number of modes, decrements, fre¬ 
quencies, and relative amplitudes of the normal functions, suffices 
to throw the required amount of light upon the particular situation 
being treated. A knowledge of these things quite definitely out¬ 
lines the essentials of the network’s natural behavior. However, 
the complete answer is not found until the amplitudes of the 
transient terms have been definitely determined in agreement 
with specified initial conditions. This, we shall now take up, 
after which we shall be in a position to give more thorough atten¬ 
tion to the matter of illustrations, which so far could be only 
fragmentary in nature. 

PROBLEMS TO CHAPTER V 

6-1. How many modes does the network of Prob. 4-4 have? How many 
initial conditions may be specified? What are these? Set up the determi- 
nantal equation. Set up the form of the transient solution, and show that 
the number of integration constants agrees with the number of initial con¬ 
ditions. 

6-2. Set up the determinantal equation for the network of Fig. 59. Write 
dovm the form of the transient solution. Add to this the solution of Prob. 
4-2 to form the complete solution to this network. From this current solu¬ 
tion determine the mesh-charge solutions. 

6-3. How many modes does the network of Prob. 4-3 have? What is the 
form of the transient current solution? What seems to be wrong with this 
situation? Discuss from a physical standpoint. 

6-4. How many modes does the network of Fig. 57 have? What are these? 
What is the form of the transient current solution in this case? Show that 
the number of integration constants agrees with the number of initial con¬ 
ditions that may be specified. 



ILLUSTRATIONS AND APPROXIMATIONS 


217 


6-6. Set up the differential-integral operators for the network given in 
Fig. 65, assigning arbitrary values to the parameters. In terms of these 
set up the instantaneous equilibrium conditions. Write down the form of 
the transient solution in the various meshes: (a) In terms of the transient 
current amplitudes; (b) in terms of the minors of the modular determinant 
and the true integration constants. Specify the initial conditions for the 
evaluation of these constants. Determine the form of the corresponding 
transient mesh-charges. 



CHAPTER VI 


THE EVALUATION OF INTEGRATION CONSTANTS 

1. The Direct Method. There are various ways in which the 
evaluation of the integration constants may be carried out. They 
all lead to the same result in the end, of course. It is more or less 
a matter of taste as to which method should be used in a particu¬ 
lar case. In general the amount of labor involved is about the 
same, no matter how the problem is attacked, and it may be stated 
at the outset that it is quite considerable. The matter of outlining 
the process is, however, quite simple and direct, and involves 
nothing essentially new. It merely becomes cumbersome in the 
matter of notation and the space occupied by the equations them¬ 
selves. This is an inherent characteristic of network analysis, 
and the reader will probably have gotten somewhat used to the 
formidable appearance of the solutions by this time. In order 
to reduce the bulk to some extent, we may make use of more 
compact methods of notation. 

The evaluation of integration constants must proceed from a 
simultaneous consideration of the complete mesh-current solutions, 
and the initial conditions of the network. Suppose for this demon¬ 
stration that we consider an impressed voltage in the first mesh 
only. The reader should be familiar enough with the general 
solution to be able to alter the special form which this assumption 
introduces, in order to suit other cases which may arise. The 
matter of where the voltage is impressed, or how many voltages are 
impressed simultaneously, affects the steady-state solution alone. 
The transient portion of the complete solution is a force-free ex¬ 
pression of the network, and its form can therefore not be influenced 
in any way by the character or point of application of the driving 
force. 

From Chapter IV we recall that the steady-state current in any 
mesh is given by: 

( 4 ), = 

218 


(432) 
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with an impressed voltage: 



(433) 

in the first mesh, where: 


11 

(434) 


In eq. (432) the parenthesis and subscript s on the current are used 
in order to make it evident that this is the steady-state solution 
alone. In both of the equations (432) and (433) the real portion 
of the right-hand side is, of course, understood as usual. Putting 
(432) and (434) together, we have: 

(4). = (435) 

Both and B are functions of jo, of course. 

To this steady-state portion must now be added the correspond¬ 
ing transient solution given by the equations (363) of Chapter Y. 
For mesh fk this gives: 

iii)t = + ■ • • + (436) 

where the subscript t on the left is used to distinguish this as the 
transient solution. Here we now introduce the more compact 
notation: 

2n 

(ik)t = r (436a) 

v=l 

It is expedient to write this solution in terms of the quantities 
which we introduced in the last chapter. It will be remem¬ 
bered that a knowledge of these constants enabled us to determine 
any normal function amplitude. Equation (378) of Chapter V 
expresses any of the latter in terms of one of these constants and 
a corresponding minor of an element in the first row of D(p). 
Using this in (436a), we have: 

(4)^ = (437) 

V=1 

The complete solution for any mesh-current is now given by the 
linear sum of (435) and (437). We include the (Jl«-operator for 
completeness, thus: 


(438) 
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Note that no (fL-operator is required for the transient portion. 
The latter comes out real of its own accord as explained in the 
last chapter. 

The complete solution (438) contains 2n arbitrary constants 
for the general case where each mesh in the network contains 
independent inductance and capacitance. In this case we can 
specify n initial currents and n initial charges. Hence, the con¬ 
stants can be uniquely evaluated. The initial currents may be 
substituted into the solution (438) directly. The initial charges 
cannot be substituted directly into this result. We must first 
form the expression for the mesh charge. This, it wiU be recalled, 
is simply: 

qt=Jkdt. (439) 


Substituting (438) into (439) and carrying out the integration, 
we have: 


qk = <Su\ eH + L eV. (440) 

L ]0}U J ,=i 


We are now ready to substitute the initial conditions. Suppose 
we denote the initial charges by qto and the initial currents by * 40 . 
Then we have by (440) and (438) : 


and: 

fjkO = (5le 



2n 

ys=l 

2n 

»=i 


(/!: = 1 , 2 ,. . . n). 


(441) 


By putting the subscript k successively equal to 1, 2,. . . n, as 
indicated, we obtain n charge equations and n current equations, 
thus making a total of 2n equations which just suflices for the 
evaluation of the 2n constants . . . G^^”\ When these 

are known, all the normal function amplitudes are known from 
eq. (378) of Chapter V; or the complete solutions may be written 
in terms of these constants directly as in (438) above. 

The important point to note is that this method of evaluation 
makes it clear that the 2n initial conditions just suffice to evaluate 
the corresponding number of degrees of flexibility in the complete 
solution. The result (441) is extremely compact. Its interpreta- 
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tion requires a thorough knowledge of the notation and method 
of expression used for the representation of the steady state and 
transient portions as discussed in the previous chapters. There 
is nothing haphazard about obtaining the complete network solu¬ 
tion in this fashion. It is direct, and incurs no lost motion. It 
organizes the work to the highest degree, and at the same time 
makes it as brief as possible. In spite of this the amount of actual 
labor involved is considerable when a large number of meshes are 
involved. We will give illustrations later which bear out this 
point. 

2. Evaluation by Means of Successive Initial Derivatives. We 
now take up an alternative method of evaluating the normal func¬ 
tion amplitudes in the transient solution (436a), which may in 
some cases be a little faster than the above method. It lacks, 
however, the straightforwardness of that method, and furthermore 
does not make evident the agreement between the number of 
arbitrary constants and the corresponding number of initial con¬ 
ditions. On the other hand, it gives us a new viewpoint on the 
network solution in general which may prove useful in some cases. 
We proceed now with this method. 

Expressing the complete solution as a sum of (435) and (436a), 
we have: 

fflp -b r ^2) 

For any mesh-current 4 this involves 2n xmknown amplitudes 
Hence 2n specific equations involving these quantities are 
in general necessary for their evaluation. These may be obtained 
in the following way. 

The expression (442) may be differentiated with respect to time 
any finite number of times. If we differentiate 2n — 1 successive 
times, and each time put t = 0, we will get the following system 
of 2n equations: 
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U'O ■“ 




(t).' - 


icol + 

J v=l 


[ 


EAk- 

D 


(S)r 


(443) 


This system (443) could be solved simultaneously for the 2n 
amplitudes Jk^^\ Jk^^\ . . . provided the left-hand members 
were known. These are successively, the initial current in the 
fcth mesh, the first derivative of that current at f = 0, the second 
derivative at t = 0, etc., down to the {2n — l)th derivative at 
t = 0. We call these members the successive initial derivatives 
of the current in the fcth mesh. 

The method of evaluation indicated by (443) must be carried 
out separately for each mesh-current. It is perfectly general and 
can always be done. It presupposes a knowledge of the successive 
initial derivatives, however. We shall now discuss separately 
how these may in general be determined from the specified initial 
conditions. 

3. Determination of the Successive Initial Derivatives. For 

this purpose we must go back to the original inhomogeneous system 
of differential equations expressing the dynamic equilibrium of the 
forced network. This is given by the expression (303) of Chapter 
IV. We shall rewrite this system here in the condensed notation: 

n 

~ (s = 1, 2,. . . ?z) (444) 

4=1 


where for our case: 

f = ei for 
= 0 for 

We recall that: 

®i4 ~ Lsk ^ d” 



Hence the system (444) may be written: 

tLsk^^ = -±lRsk+s,kf dty,. 


(445) 

(446) 

(447) 
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If we let i = 0 in the above, we have: 

-1 (Rsitko + S,,g,o). (448) 

s=i \at/o i=i 

The right-hand members of this system of equations involve the 
initial mesh-currents and charges and the initial value of the driving 
force, all of which are known. The left-hand members involve 
the first initial mesh-current derivatives, which are unknown. 
The system (448) may therefore be solved for these first initial 
derivatives. 

Now consider the derivative of the expression (447), which is: 

For t = 0 this becomes: 

sMW.- (S).-.5^‘(t).+«>*'“}■ 

Again the right-hand members are completely known. The left- 
hand members now involve the second initial derivatives, which 
may be solved for by the usual process of treating simultaneous 
algebraic equations. 

By differentiating (447) twice and putting < = 0, we are able 
to determine the third initial derivatives. In the same manner 
any number of successive initial derivatives may be determined. 
The above may be summarized in the following way. If we denote 
the rth initial derivative of 4 by; 

Uk' 

and the rth initial derivative of Cj by: 

e/ 

then we have by the above reasoning that: 

Z) LskUh’' + ^ (RskUk’^^ + (451) 

ife=l 4=1 

(r = 1,2,, . . n.) 

This formula makes it apparent that if we have two successive 
values of w/ to start with, say: 

= ?40 

Uk° = 4o 


and: 


(451a) 
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then any number of additional successive derivatives may be 
found. Such a formula as (451) is called a recursion formula. 
We meet it very frequently in analytic work, and shall have use 
for it again later on. 

4. The Solution in the Form of a Taylor Expansion. In the 

above we have found a very interesting result. Namely, we have 
seen that if we know what the initial values of the integrals of the 
mesh-currents are and the initial mesh-currents themselves, then 
we can determine from these any number of successive initial 
derivatives. These are completely determined by the initial 
charges and currents alone. This is quite a remarkable result. 
It wiU probably be better appreciated when translated into its 
mechanical analog. 

Suppose we consider a projectile shot from the mouth of a can¬ 
non. The initial position and velocity of the bullet correspond to 
the initial charge and current in an equivalent electrical system. 
Knowing these two, completely determines the initial acceleration, 
the initial rate of acceleration, and aU successive initial derivatives 
thereof, as far as we wish to go. This is a fundamental principle 
in mechanics; namely, if we know the initial positions and ve¬ 
locities of a system of mass-points, together with the necessary 
parameters of the system of course, then all the successive initial 
derivatives of the velocity or position of the points are fixed. The 
result (451) translates this into the language of the electrical 
network. 

In order to appreciate what this really means we must consider 
the following. In the preceding chapter we gave briefly the sig¬ 
nificance of a Taylor expansion for any function of a single variable. 
We saw there that a function could be completely specified in 
terms of its initial value, its initial derivative, and successive initial 
derivatives. Thus, for example, consider the x-component of 
the motion of a given mass-point, and let: 

X =/(«). (452) 

This may be expanded in a Taylor series about the point t = 0, 
thus: 

m = m + ^/'(O) • t -f jfiO) • ^ + |j/"'(0). -f- • • •. (453) 
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Substituting (452) into (453) gives: 


X = xa 




+ - (454) 


The same may be done with the y and z components of the motion. 
Hence, it is clear that the motion is completely determined by its 
successive initial derivatives. 

In exactly the same way we could write for the current in any 
mesh of a network: 

4 = f(t) (455) 


and then from the Taylor expansion (453) obtain: 


+ [dth 


f 

'^2\\dt^ /o 




t^ + 


(456) 


Obtaining the successive initial derivatives from (451) and sub¬ 
stituting them into (456), gives us the complete solution. Note 
that this form for the solution does not set apart the steady-state 
and transient portions. The entire situation is lumped together 
in the one expansion. In the notation of eq. (451), we would have: 

4 = i:w/~- (457) 

r=0 !• 


The utility of this form for the solution is not very great. So 
long as we wish to know the current only for very small values of 
time, very few terms in the expansion are necessary. However, 
if we wish to use this expansion to calculate the current after an 
appreciable elapse of time, then we need to consider a large number 
of terms. This requires the determination of a large number of 
initial derivatives, which might be more laborious than the de¬ 
termination of the complete solution in the regular manner. 

The Taylor expansion for the current is interesting, however, 
in that it makes evident the fact that the current is completely 
specified by the initial charge and initial current. This, of course, 
agrees perfectly with what has been said regarding the solution in 
normal functions and the agreement between the arbitrary con¬ 
stants of integration and the initial conditions, i.e., their unique 
determination by means of the initial charges and currents. 

The solution in normal functions can be shown to be equivalent 
to the Taylor expansion (456) or (457). Consider the form (442), 
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for example. If we expand the exponential functions in a Taylor 
series, we get: 


^h 


r=0 I 




2n 1 fr 

+.5 "•’’’'la' 


(458) 


Comparing (456) and (458), we see that: 




(459) 


which agrees with the set of equations (443) for the determination 
of the amplitudes Thus the method of evaluation of in¬ 

tegration constants by means of the successive initial derivatives 
is fundamentally a process of expanding the solution in normal 
functions, in a Taylor series, and then equating the coefBcients of 
like powers of t in this series and that for the direct expansion of 
the current. This is smnmarized by the expression (459). In this 
process, only the first 2n coefficients of the expansion need be 
considered in order to determine the unknown amplitudes 

6. Comparison of the Normal Function Solution and the Taylor 
Expansion from the Practical Standpoint. The solution in normal 
functions consists essentially of the following steps: First, the 
determination of the steady-state solution; second, the deter¬ 
mination of the form of the transient solution; third, the deter¬ 
mination of the modes of the system, i.e., the solution of the de- 
terminantal equation; and fourth, the evaluation of the constants 
of integration. Of these, the last two are perhaps the most diffi¬ 
cult from the standpoint of the amount of actual labor involved. 
The fourth step necessitates the determination of 2n initial deriva¬ 
tives in the general case, unless the direct method of evaluation is 
used. The solution in terms of a Taylor series on the other hand, 
requires only one step fundamentally, and that is the determination 
of a sufficient number of successive initial derivatives. Here the 
word “sufficient” is the factor which usually prohibits the use of 
the latter type of solution. 

It may very well be, however, that we are interested in the 
solution only for a very short duration of time. If this time is so 
small that the Taylor expansion converges well enough with a 
reasonable number of terms, then the Taylor expansion will give 
the speedier solution, because the total amount of labor involved in 
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getting the desired result will be considerably less by the latter 
method. 

In some rather simple cases the Taylor expansion leads to the 
desired result very quickly. Let us show this by means of a few 
illustrations. Suppose we consider the sudden application of a 
constant voltage to an inductance of L henries and negligible 
resistance. The equation of d 3 Tiamic equilibrium for this case is: 

L% = £ (460) 

Hence: 



AU the successive derivatives of (460) are zero on account of the 
constant driving force. Hence, the Taylor expansion is limited 
to two terms. We have: 

f = (462) 

which is the correct solution as may be checked by ordinary in¬ 
tegration of (460). 

Again, consider an R, L, circuit with a suddenly applied constant 


voltage E. For this: 


= E. 

(463) 

For t = 0 this gives: 

E 

R. 

(464) 


\dt Jo L 



The recursion formula for successive initial derivatives becomes: 


Hence, the Taylor expansion may be written down by inspection. 
It is: 



Any number of terms may be added since the manner in which they 
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are formed is clear. With a little manipulation we may put this 
in the form: 


■- 1 

^~rIl 2\\l) '^Z\\LJ ■ ■ J 


+ 


But this we recognize to be: 




Rt 




(467) 


(467a) 


which agrees with the solution in normal functions. 

If the system is more complicated, then it is generally impossible 
to recognize the normal functions by inspection of the Taylor 
expansion. When the function is monotonic, such as an exponen¬ 
tial rise or decay, or nearly monotonic, then the expansion will 
ordinarily converge very poorly, and cannot be used for purposes 
of calculation. If the function is known to be oscillatory, then 
relatively few terms will suffice to determine the initial character 
of the transient state. This may be appreciated from the follow¬ 
ing. 

Consider the Taylor expansion of the sine function: 

/v»3 /y*5 /y»7 

sina = a;-g|-(-g^-y^+' • ■. (468) 


In Fig. 73 are plotted the various component curves, representing 
the individual terms in this expansion, and their sum for four terms. 
From this illustration we see that with four terms, the first half¬ 
cycle is fairly well represented. 

Hence, the number of terms necessary in the Taylor expansion 
for a mesh-current depends upon the number of oscillations we 
wish to determine. It is quite common that we are interested 
merely in the first maximum of the current during the transient 
period. This may be the case in computing the behavior of a relay- 
operated device or in checking the approximate maximum tran¬ 
sient in a circuit, for protective reasons. Then only relatively 
few terms in the Taylor expansion suffice to give the required 
answer approximately. If the system is at all complicated, it 
would be foolish to determine a complete solution in normal func- 
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tions for this purpose. It takes experience and familiarity, of 
course, to determine which method is best in some cases. At all 
events the first 2n — l initial ^ 

derivatives may be calcu- / / 

lated anyway, since these 
will be needed for the evalu¬ 
ation of the integration con¬ 
stants in the normal function 
solution. If the Taylor ex¬ 
pansion with these 2n terms 
already sufiices to give the 
desired result, then the cal¬ 
culations may be terminated 
there. If it does not, then 
either more successive de¬ 
rivatives may be found or 
else the complete solution 
carried through, according 
to what seems best. The 
preliminary investigation 
by means of 2n terms of the 
Taylor expansion is not a 
waste of time in either case, yjo. 73 

and may enable a decision 

as to whether the exact solution is necessary or not. 

6. Illustrations. Consider the two-mesh network shown in 
Fig. 74. Both meshes have a weight of one. Hence, the network 




possesses two modes, and the so¬ 
lution win contain two constants 
of integration. The two initial 
conditions are the initial currents 
in the two meshes. If we use 


Fig. 74 


the method of successive initial 


derivatives for the evaluation of 


the normal function amplitudes, then the first initial derivative of 
current in each mesh wiU have to be found. These together with 
the initial currents wiU suffice to determine aU the amplitudes. 
Let us make a numerical example out of the above by assigning 
the following values to the parameters: 
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A'l = 5 Li = 0.001 m = 10 Lo = 0.002 M = 0.001. 
Further let us suppose that: 

ei = B = constant. 


This constant voltage is suddenly inserted into the first mesh at 
t = 0. 

The steady-state currents may be written down by inspection. 
They are; 

"" 5 [ (469) 

and: (4)j = 0. J 

Next we must set up the determinantal equation. This is: 

Z)(p)= = 0. (470) 

C2I C22 

For our case we have: 

Cii = 0.001 p -f- 5 

C12 = 0.001 p = C21 ' (471) 

C 22 = 0.002 p -f- 10. 

so that: 

Dip) = (.001 p -f- 5) (.002 p -f 10) - (.001 p)L 
The determinantal equation is therefore; 

p= + 2-10«p-|-5-10^ = 0. (472) 

It is not necessary to multiply Dip) by any power of p in forming 
the determinantal equation because neither mesh contains inde¬ 
pendent capacity. 

The roots of (472) are the desired modes. These are: 


Pi = -17070 I 
Pj = - 2930. / 

Hence the transient solutions are: 


(473) 


iii)i = /iG)^-i7oro< + j^me-2mi | 

and; [ (474) 

(fs)/ = J 

The complete solutions are: 

4 = 0 + J2<^Ve-imot q_ jpg-mot^ 


(475) 
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For the determination of the J’s by the method of successive initial 
derivatives, we must write these equations and their first deriva¬ 
tives for t = 0. This will give two equations for each mesh-current. 
Thus, we obtain for iu 


JiO) + _ 0.2 E 

-17070 - 2930 J/'!) = 

and for io: 

= 2*20 1 

-17070 - 2930 J 2 ® = (^^-V I 

\ar/o j 


(476) 

(477) 


The quantities iio and 220 are given initial conditions. The initial 


derivatives 




must be determined before the equa¬ 


tions (476) and (477) may be solved for the normal function 
amplitudes. This determination proceeds from the equilibrium 
equations of the system, which are: 


.001 ^'4-5 21 + .0014'= -2^ 

at at 

.0014 + .0024+10 i 2 = 0. 

at at 


(478) 


For t = 0, we have: 


(479) 


These equations may be solved for the desired initial derivatives. 

We might have used the recursion formula (451) to set up these 
equations (479) directly. Since in this example there are no elas- 
tances, (451) becomes: 

= e/-^ - (480) 

k=l lt=l 

We need consider here only the value r = 1 because we want only 
the first initial derivatives. Writing (480) successively for s = 1 
and s = 2, we get: 
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“h -^12^2^ — — RlzUi^ I 

I'2lWl^ + = 62 ® — jR21Wi® — i?22M2®- J 

But: 

61 ® = E 
62 ® = 0 
Riz — Rii = 0 

so that we have numerically: 

.001 wii + .001 = .0 - 5 VI 

.001 wi^ + .002 uo* = -10 Mo® i 


(481j 


(482) 


which is identical with the system (479). 

The reader will probably very much prefer the first method for 
setting up these equations, because the latter method involves a 
more complicated form of notation. In a simple problem like the 
present one it would be unnecessary to use (451) except for getting 
the practice in applying the symbolic notation involved. Prac¬ 
tice on simple problems such as this, will give the student the 
proficiency in the use of summation signs and summation indices 
necessary to easily understand the more advanced methods to 
which we shall come later. 

Let us proceed with our problem. For simplicity we will assume 
initial rest conditions, i.e., that: 

fio = ^20 ~ 0. (483) 


Then the solution of 


and: 


(479) or (482) gives: 

(f)^- 2000£ 

(t).- 


Substituting these into (476) and (477), we have: 


and: 


JiP)=-0.2Fl 
-17070/i(» - 2930 Ji® = 2000 J 


+ JjC2) = 0 

-17070 - 2930 Js® = -lOOOFl. 


(484) 


(485) 

(486) 
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Their solutions are: 

= -0.1 ^ = -0.1 (485a) 

and: 

/«0) = 0.0707 = -0.0707 iJ. (486a) 

Hence, the complete solutions (475) are: 

ii = 0.2 E - 0.1 E(e-i™‘'< + e-»3o<) (487) 

and: 

4 = 0.0707 £(e-i™'>‘ - (488) 

These results are plotted in Fig. 75 (a) and (h) respectively. 



Fig. 75 


For the sake of completeness let us determine the constants of 
integration for this problem by the direct method also. In terms 
of the notation for this method we have: 


ii = 0.2B + + Cix(2)(?®e-233o< | 


where the constants and are to be determined from the 
two initial conditions, and the C^^W’s are the minors of the de¬ 


terminant: 



CV2 

C22 


for the mode p = p, as indicated by the superscript, 
we get: 

CuW = C 22 W = .002p, + 101 

CijW = -C2i« = -.001 p,. ) 


By inspection 
(490) 
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Hence; 

(",/!) = -24.14 CiP = 4.14 1 
CiP = 17.07 = 2.93. J 


(491) 


Assuming initial rest conditions again, we get by writing (489) 
for = 0; 


-24.14 (?(') + 4.14 (?0> = -0.2 E | 
17.07 (70) + 2.93 (?0) = 0 J 

which gives: 

(?(i) = 4.14. 10-3E (?(2) = -2.414 • lO-^^”. 


(492) 

(493) 


Substituting these values back into (489), we have the desired 
solutions: 


= 0.2E - 0.1 1 

= 0 + 0.0707 J 


(494) 


which check with the solutions (487) and (488) found by the other 
method. 

Note that the last method used above does not require the 
determination of any successive initial derivatives. It evaluates 
the true integration constants (?0) and 6^0) directly from the initial 
conditions Zio = Ho = 0. It is for this reason that it is called the 
direct method, as mentioned previously. 

In the present case only one initial derivative had to be found 
for the evaluation of the normal function amplitudes by the 
method of successive initial derivatives. Hence there is little 
choice between that method and the direct method. Both are 
simple. However, when the network is more complicated, the 
direct method may have the advantage over the other. 

For the sake of interest, let us calculate several more terms in the 
Taylor expansions for the mesh-currents in this case. We already 
have the first initial derivatives as given by (484). For the de¬ 
termination of additional initial derivatives, we have by (480): 


or: 


LiiUi' -f- LaU/ = 1 (r > 11 


(495) 


.001 w/ + .001 Ws' = -5 1 

.001 M/ -I- .002 -10 W2'-i i 


(r > 1). (495a) 
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These equations may be used for any value of r greater than unity, 
for the latter value the voltage appears on the right-hand side of 
the first equation as given by (482). For successive values of r 
the voltage term drops out because its derivative is zero. In the 
case of a harmonic impressed force, these derivatives are not zero, 
and the voltage term appears in the successive equations as well 
as in the first. 

Writing (495a) for r = 2, we have: 


Ui^ + ui — — WE 1 
u,2 -1- 2 = WE. j 

This gives: 

= -3 • l(fE ui = 2- WE. 

Hence (495a) for r = 3 becomes: 

wi® + = 1.5 • W'-E 1 

-h 2 = -2 • J 


(496) 
(496a) 

(497) 


This gives: 

Ui® = 5 • 10“£J M2* = -3.5 - lO^W. 

For the fourth initial derivatives we have: 

= -2.5 • lO^E ] 
ui* + 2 U2* = 3.5- lO^E J 

so that: 

ui^ = -8.5 • 10“.E Ms* = 6 • 

Hence for the fifth derivatives: 

Ml® 4- Ms® = 4.25 • lO^^E 1 
Ml® H-2 Ms® = -6-10^9^ J 

from which: 

Ml® = 1.45 • mE Ms® = -1.025 ■ 10=“^. 


(497a) 

(498) 
(498a) 

(499) 
(499a) 


The Taylor expansions for the currents may therefore be written: 


ii=El2-Wi 


*2 




10 ®<- 



fS-iov 

.8.5-10'® 

2! ^ 

^ 3! ' 

4! 

, 2-10^„ 

3.5-10“,, 

. 6-10“,, : 

2! 

■ 3! 

•- 4! 


1.45-10“, 

—5]—' 


5! 


■t®+- 


•••■) 

(500) 

(501) 
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It is ciuitc evident that they converge very poorly. The above 
five terms suffice to calculate the behavior only up to about t - 
1.5 • 10"^ seconds. This is still considerably less than the largest 
time constant involved. Hence, the Taylor expansion method of 
solution is very unsatisfactory in this case. 

Let us turn our attention to another network for which the 
Tajdor expansion may very well be used to represent the form of 
the solution during the initial stages. This is illustrated in Fig. 
76. It is the same as the network given in Fig. 74 except for the 
introduction of the elastance in the first mesh. Let us keep the 



same values for the corresponding inductances and resistances as 
in the preceding problem, and introduce the value = 10® darafs 
for the elastance. We will proceed to obtain the normal function 
solution first. 

The first mesh has a weight of two, and the second has a weight 
of one. Hence, the network possesses three modes, and the de- 
terminantal equation will be a cubic. We have: 

cn = .001 p + 5 + 10«p-ii 

Ci2 = .001 p = (hi i (502) 

C22 = .002 p + 10. J 

Hence; 

D(p) = (.001 p + 6 + 10»p-i)(.002p + 10) - (.001 p)®. (503) 

The first mesh contains independent capacitance, so that D(p) 
must be multiplied through by p in forming the detenninantal 
equation. We have; 

p® + 2 • lOV + 2 • 10“p + 10“ = 0. (504) 

We expect from the relatively anall resistances that the network 
is fully oscillatory, i.e., that it possesses one real mode and one 
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pair of conjugate complex modes. The first approximation to the 
real root of (504) may be found by neglecting all but the last two 
terms, thus: 

2 • 10"p + 10« = 0. 


This gives; 


p = —5000. (505) 

If we divide this root into (504), we find that the remainder is 
negligible. Hence (505) is already close enough to the correct 
value. The remaining quadratic is: 


p2 + 1.5 • lO^p + 2 • 1011 = 0. (50G) 

Its roots are: 

p = -7500 447000. 


Hence the modes of our given network may be summarized as 
follows: 

Pi = —5000 I 

= -7500 +j 447000 I (507) 

P 3 = —7500 —j 447000. J 

Since there are no steady-state currents in either of the meshes, 

the complete solutions for current after closing the switch {t = 0 ) 
become: 

i, = + (jj(2)ei447000< ^ i 

= JjCDe-soooi 4 - 4 . j„iz)f;-ju7wot-jg-7mt J 


or in terms of the true integration constants we have: 

4. (Cjj(2)(?(2)ei44r(K)0i4.(7j2(3)(?(3)e-i 447000 i)e-76oo/ / 


where Cu^ and Cis^ are the minors of; 


Cll C12 
C21 C22 


(510) 


for the mode p = p,- 

We have three integration constants to evaluate, namely ( 70 )^ 
and G(^K For this purpose we have three initial conditions 
to specify, namely *io, ho, and g'lo- We will proceed with the direct 
method of evaluation first. The initial current conditions may 
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be substituted into the equations (509) directly. The initial 
charge in mesh jfl cannot be substituted until we have formed 
the charge equation for mesh #1. This is done by integrating the 
corresponding current equation once with respect to time. This 


gives: 


-5000 


(_Cn 

V-75 


■7500 +y 447000 


-7500 -i 447000j 


g-750O< 




(511) 


Note the introduction of the term 10~^E in the above equation. 
This is the steady-state charge in mesh fl. The steady-state 
current is zero, but the charge is equal to the capacity times the 
steady voltage E. If the impressed force had been harmonic 
instead of constant, then the current equation would have con¬ 
tained a steady-state term, and the corresponding steady-state 
charge would have been the integral of the current term as given 
by the first equation (441). It is only in the case of a constant- 
applied voltage that the steady-state charge must be inserted by 
inspection, as was done above. If there is any doubt about what 
the form of this term is, the steady-state charge should be deter¬ 
mined for a harmonic-impressed force having the same magnitude, 
and the limit: Frequency—^0 carried out. This is hardly ever 
necessary however, since the steady-state charge is always equal 
to the contour capacity times the voltage impressed on the con¬ 
tour of the mesh in question. If there is no steady-state impressed 
voltage in that mesh, then the steady-state mesh charge is zero. 

We will assume initial rest conditions for the evaluation of the 
integration constants. Then setting i = 0 in equations (509) 
and (511), we have: 

-f- -f- CuWCf® = 0 

- 1 - = 0 

- 5000 - 7500 + j 447000 - 7500 - j 447000 

(512) 


10-^E. 


Now from (510) we find: 


Cn — Cii 

Cn — ~c»i 


(513) 
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so that: 


Cii'"' = .002 p, + 10 1 

Ci.M = -,001;v i 


(514) 


Substituting the values for the modes, as given by (507), into 
(514), we have: 

Cn(') = 0 = -5 +i894 Cu® = -5 -;894 1 ..... 

= 5 = 7.5 - j447 = 7.5 + i447 J 

and: 


Cu(=) 

-7500 +J 447000 
-7500 -^447000 


2 ■ 10-* - j 2.24 • 10-= 


2 • 10-=+j 2.24-10-=. 


(516) 


Note that the minors that are functions of a pair of conjugate 
modes, are themselves conjugates. The equations (512) now 
become: 


0 + (-5 +i894)(?(2) + (_5 _ j 894)G(=) = 0 t 

5 + (7.5 - j 447)(?(=) + (7.5 + j 447)G(=) = 0 (517) 

0 + {2-j .0224)(?(=) + (2 +j .0224)(?(=) = -10-=E.) 


The solution of this system is given by: 

(?{i) = 5.10-6£? 1 

(?(=) = (-2.5 • 10-= + j 1.4 • 10-8) E (518) 

(?(=) = (-2.5 • 10-« - j 1.4 • 10-8) E. J 


Substituting these values back into the equations (509) and sim¬ 
plifying, we have: 


ii = 4.47 • 10-8iJe-78«8' • sin 447000 1 
ii = 2.5 • 10-8£'e-8'>«>' 

- 2.235 • 10-8 sin (447000t -f .0112). 


(519) 


Note that on account of = 0, = 0, so that the normal 

function corresponding to the mode pi = —5000 does not appear 
in the first mesh. The reason for this is that the value —5000 
for this mode is only approximate. If we had evaluated it more 
accurately, we should have found that mesh §1 contained this 
mode with perhaps a very small amphtude as compared to that of 
the sine term. However, the present result is certainly sufficiently 
accurate. The second mesh contains both modes, but the mag- 
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iiitudc of the sine term is about one-hundred times that of the 
simple exponential. Hence in the second mesh the current is 
also practically a damped sinusoid. Its amplitude is just half 
of that in mesh Note that both expressions (519) are zero 
for t = 0, as they should be. Also: 

J iidt + 10-^ E = 0 

for t — 0, as it should on account of the condition: 

?io = 0. 


This is a cheek on the accuracy of the evaluation. Such checks 
should always be made in work of this sort, because it is so easy to 
make numerical errors in the process of solving simultaneous 
equations with complex coefficients such as (517). 

We shall now" evaluate the transient current amplitudes by the 
method of successive derivatives so that the reader will get an 
idea of the comparative amount of work involved in the two proc¬ 
esses. This method evaluates the amplitudes in the two current 
expressions (508) separately. Since each of these contains three 
amplitudes, we must form their first and second derivatives, and 
then consider the resulting equations for t = 0. Thus we get: 


iia = ■+ 

\dt)o 

(^\ - 
\dP)o 

2.5 • 10Vi(« -f-(-7.5+i447)2-10« 7.5 -i447)*- 

(520) 


and: 


220 — ^ 2 ^^^ 


+ 


J-P 


+ 




\dt jo 

-5-105J2f”4-(-7.5-f-y447) •10»J2f2)-l-(-7.5-i447) -KF/j® 

- 

\dfJo' 

2.5- 10V2b)-f (-7.5-fy447)2-10«J'2(2)+(-7.5-i447) -lOUaW. 

(521) 
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Before these systems can be solved for the tlesired amplitudes, 
we must determine separately the first and second initial deriva¬ 
tives of the two currents. For this purpose we can either consider 
the system of inhomogeneous differential equations expressing the 
dynamic equilibrium of the network, or make use of the recursion 
formula (451). We mil use the former method here because it 
is more illustrative. We have for the network of Fig. 70: 


^ + Riii + SiJ k dt + 4/^’ = E 


(522) 


Considering these for t = 0, and assuming initial rest conditions 
as in the previous method, we have numerically: 


.001 -f .OOlft"") = E 

\dt /o \dt /o 

.001 + . 002 (^') = 0 . 

\dt /o \dt Jo 


(523) 


This gives: 


and: 


/ dii'^ 
\dt j 

= 2000F 

0 

\di j 

1 = -1000 F. 

0 


(524) 


Now differentiating the equations (522) once, and again setting 
< = 0, we get by using the values (524) just found: 


.00l(§) +.00i(§4 --10< 
\ dr y 0 V / 0 


•001 (^) + .002 

\ dr /o 


\df)o 


10 *. 


(525) 


These give: 


and 




(526) 


Substituting the values given by (624) and (526), together with 
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the rest conditions iio = i^o = 0, into the systems (520) and (521), 
these are ready to be solved by the usual methods. They j^ield: 

JiU) = 0 1 

jp = -j 2.24 • 10-® E [ (527) 

jp = +y2.24 • 10-3 eJ 

and: 

JP = 2.5 • 10-5 E ] 

JP = (-1.25 ■ 10-5 + i 1.117 • 10-3) E (528) 

JP = (-1.25 • 10-5 _ j 1.117 . 10-3) i;J 

respectively. Inserting these results in the equations (508), 
we get the same final forms as those obtained by the direct method 
and given by (519). 

In this particular example the latter method consumes more 
time and space than the direct method. This is not always the 
case. There are problems for which the successive derivatives 
give the desired result more speedily. To offset the determination 
of successive initial derivatives, the direct method requires the 
calculation of minors of the determinant Dip). The writer gen¬ 
erally prefers the direct method because it is more straightforward 
and usually somewhat shorter, although there may be room for 
argument on this point. 

We now wish to conclude the solution to this problem by cal¬ 
culating the terms in the Taylor expansions for the two mesh- 
currents. We already have two initial derivatives as given by 
(524) and (526). Let us determine several more. We will use 
the recursion formula (451) for this purpose. For the derivatives 
above the first this becomes in our case: 

Lnuj + LiiUj = -Riiup^ - Suuf-^ 1 

Liiuf -J- ZifatUj = —I 

Substituting numerical values, we have: 

Ui'+ U2^= -5-W up^ - 10” up^ 

Ui' + 2uJ= -Wua'-K 

For the third initial derivatives we put r = 3, thus: 

= -2 • 10^^ E 1 

Ml»-f-2W25 = -2- 10”F. J 

This gives: 

Ml* =-4-10” F W2» = 2-10”E. 


(529) 

(530) 

(531) 

(532) 



ILLUSTRATIONS 


243 


Hence (530) for r = 4 becomes: 

W2^= 5-1018H 1 

Wi^ + 2zfe* = -2 • lO'sH J 

so that: 

= 1.2 ■ 10« E = -7 • 10« E. 

For r = 5 we have: 

Ml® + U2^ = 4- 10^5 E I 

ui^ + 2u,^ = 7 ■ ]0-^-E.l 

Hence: 

MjS = 8 • 10^5 E Mo* = -4 ■ 10^5 H. 

The Taylor expansions to five terms therefore become: 
/ 3-10^ 4 • 10'^ 1 2 • 10*® 8 • 10“ 

= Ef2 ■ 10 ® 




Recalling the explicit solutions (519), we note that they are 
substantially damped sinusoids. If they were sinusoids alone 
and not exponentially damped, then the Taylor expansions above 
would be restricted to the odd terms only. The even terms in 
(537) and (538) are due to the exponential factors in the solutions 
(519). Since these factors are relatively unimportant so far as 
the general character of the oscillations during the first few cycles 
is concerned, we expect that the even terms in the expansions 
(537) and (538) are also relatively unimportant. This is the case, 
as we may verify by plotting the terms separately, as shown in 
Fig. 77 for ii. Here the curves for the separate terms are numbered 
accordingly. The heavy curve is the sum of the individual curves 
and represents the current ii for the five terms in (537). We see 
that the first half-cycle of the oscillation is fairly well represented. 
The series (538) for could be plotted in the same way. If we 
had merely been interested in knowing what the general character 
of the behavior was, and how large the amplitude of the initial 
oscillation would be, then the above expansions could have given 
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the desired information. They also indicate approximately what 
the frequency of the oscillation is, since the period can be estimated 
from the figure. In such a case it would be unnecessary to obtain 
a complete solution in normal function form. If the network 
contained more meshes than two, the saving in time and labor 
would be quite considerable, since the solution in series form 
eliminates the necessity of determining the modes as well as of 



evaluating the constants of integration. It is well, therefore, to 
keep this method of analysis in mind when making preliminary or 
approximate network investigations. 

7. Summary. There are other methods which may be used to 
evaluate the transient current amplitudes in the complete network 
solutions. One outstanding method is expressed by Heaviside's 
famous expansion formula to which we shall come in a later chap¬ 
ter. The others are chiefly in the form of modifications of the 




SUMMARY 


245 


above fundamental methods. Each individual will develop short 
cuts for himself which serve to cut dowm the tedious manipulation 
involved. In connection \vith the method of evaluation by suc¬ 
cessive initial derivatives, a number of the latter may frequently 
be found by inspection of the network directly. The first initial 
derivatives can very often be determined that way. For example, 
inthecaseof the network of Fig. 74 we recognize that the resistances 
do not count so far as the initial de¬ 
rivatives are concerned. Also, the 
mutual inductance may be replaced 
by a common self-inductance for 
this purpose. We then have the 
circuit shown in Fig. 78 which con¬ 
sists essentially of two inductances 
of one milli-henry each in parallel. 

Viewed from the first mesh, this is like one inductance having 
a value of one-half a milli-henry. The initial derivative in the 
first mesh must therefore be: 

which agrees with the result (484). The initial current splits 
evenly between the two coils which makes the initial derivative 
in mesh #2 half of what it is in the first mesh. The positive clock¬ 
wise assumption for the currents makes the initial derivative in 
the second mesh negative. 

The writer does not attach much significance to these methods, 
and particularly does not recommend them to the beginner since 
they are very apt to lead him into errors, especially in the matter 
of algebraic sign. Proficiency in such short cuts as these must 
come after more experience with networks in general has been had. 
In the end they do not save any appreciable amount of time any¬ 
way. The method outlined above for determining successive 
initial derivatives is very rapid and also accurate. It can be ap¬ 
plied by the beginner without much chance for error. In the case 
of higher derivatives on the other hand, the inspection method 
f ails altogether, and the rigorous method used in this chapter 
must be resorted to. 

A few words might be added regarding the use of the term initial 



Fig. 78 
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conditio7is. Some writers upon this subject sometimes refer to 
the successive initial derivatives as initial conditions. This is 
inaccurate. The initial conditions arc those conditions which 
exist in the network initially, i.e., just before the driving force 
engages, not just after. The successive initial derivatives are a 
consequence of the engagement of the force, whereas the currents 
and charges present in the various meshes before this force en¬ 
gages, are due to some previous disturbance. In short, the initial 
conditions are specified by that condition in which the driving 
force finds the network at the instant it takes hold. 

Finally, it should be pointed out that the accuracy with which 
the integration constants may be determined differs somewhat be¬ 
tween the two methods of evaluation in some cases. This occurs 
when the numerical wmrk involves differences of very large num¬ 
bers which are nearly of the same magnitude. In such cases one 
of the methods may be preferable as compared to the other, 
although no general rules can be given regarding this matter. 
Cases for which this situation arises are usually inherently peculiar. 
The direct method of evaluation is often able to throw additional 
light on these matters when given a geometrical interpretation. 
This interpretation of the homogeneous solution is also very help¬ 
ful in the general case, and we wish, therefore, to take it up now in 
some detail. 


PROBLEMS TO CHAPTER VI 

6-1. An Rj Ly C circuit has the following values for its parameters: 

E = 2002 
L = 1.0 
C = io-«. 

This leads to a case having almost coincident modes. Evaluate the integra¬ 
tion constants for a suddenly applied constant force, first, treating the modes 
as different, and second, treating the modes as though they were coincident. 
Plot the results in both cases and compare. This problem illustrates the fact 
that when modes are almost coincident, it is better from the standpoint of 
numerical accuracy, to treat them as coincident. 

6-2. Treat the C circuit of Chapter II, and evaluate the integration 
constant by the direct method. 

6-3. Treat the C circuit of Chapter II using the Taylor expansion 
method. 

6-4. Treat the i?, L, C circuit with constant excitation, using the direct 
method for evaluating: the integration constants. 
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6-5. Treat the R, C circuit harmonic excitation, using the direct 
method for evaluating the integration constant. 

6-6. Treat the L, C circuit with harmonic excitation, using the direct 
method of evaluation of the integration constants, and check the result with 
that obtained in Chapter III. Also check the special cases considered in 
that chapter. 

6-7. A certain three-mesh network has the following set of parameters: 

Lii = 0.001 Ln = 0.002 L 33 == 0.002 

Rii == 500 R 22 = 10 Rzs = 1000 

Li 2 = 10-5 Sot = 109 L 23 = 10-5. 

A constant force is suddenly inserted into the first mesh. Determine the 
complete solution using the direct method of evaluation. 

6-8. Determine the integration constants in Prob. 6-7 by the method of 
successive initial derivatives, and check with the direct method. 



CHAPTER VII 


THE VECTOR INTERPRETATION OF THE TRANSIENT 

SOLUTION 

1. General Remarks. The present chapter proposes to give a 
geometrical significance to the solution of the homogeneous 
system of equilibrium conditions, i.e., to the transient or force- 
free solution of the network. The last two chapters have already 
shed some light upon this portion of the complete solution, but 
there are several outstanding points which still remain in a con¬ 
siderably cloudy condition. These points bear chiefly upon 
the algebraic principles involved in the homogeneous solution 
and their interpretation in terms of the physical network. For 
example, we found that non-trivial solutions to the homogeneous 
system of equations exist only when the determinant of that 
system vanishes. We could appreciate this in a general way 
from the form which the solution took when Cramer^s rule was 
applied to the system (359) of Chapter V; i.e., we could see 
algebraically that since the numerators in these expressions 
vanished, the denominators would have to vanish also if there 
was to be any chance for a solution other than zero. But certainly 
this sort of reasoning is ver^^ superficial when it comes to shedding 
some real light upon the meaning of this procedure. Just what 
does the vanishing of the determinant mean anyway? What 
physical significance can we attach to the non-trivial solutions 
that arise when the determinant is caused to vanish? Why is it 
that the homogeneous solutions are not explicitly determined, 
but appear merely as ratios? What bearing might all this have 
upon the normal amplitudes and the normal coordinates in the 
mechanical sense? All these ideas are intimately related in the 
general significance of the natural behavior of an oscillatory 
system, whether it be mechanical or electrical in its physical 
make-up. They are ideas which must be clarified before a full 
appreciation of the transient behavior can be had. Unless they 
are clarified, the manipulations outlined in the previous chapters 
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remain a mere set of mechanical motions without any vital sig¬ 
nificance, and are consequently a drudgery to remember. The 
considerations which we are about to take up are partly artificial 
and partly based upon the physical picture lent by the mechanical 
analog. Their consequence not only lends pictorial significance 
to the algebraic manipulations involved, but also to the actual 
physical phenomena which take place. 

2. Vector Groups and Their Bearing upon the Homogeneous 
Equilibrium Conditions. We shall first take up some fundamental 
vector principles. Consider the homogeneous system of con¬ 
dition equations (359) of Chapter V. We repeat them here for 
convenience: 


CnJl + CisJt - 1 - • • - CinJn — 0 
C^lJl 4 - + • • • + C«„Jn = 0 


CnlJ 1 + C„iJ 2 -j- • • • -f- CnnJ » = 0. 


(539) 


The J’s are the normal function or transient mesh-current ampli¬ 
tudes, and the c’s are the polynomial functions of the modes, 
given by: 

Ctt = Liitf -f + Sikp~^. (540) 

We recall that these conditions (539) had to be satisfied in order 
that non-trivial solutions of the form (354) could exist, i.e., that 
the homogeneous equilibrium conditions (353) could lead to valid 
and useful solutions. 

In terms of the modes, this represents an algebraic system of 
homogeneous linear simultaneous equations with the J’s as un¬ 
knowns. The determinant of this system, namely: 



Cii 

C12 . 

. Cin 

m = 

C21 

C22 » 

• C 2 n 


Cnl 

C «2 . 

• • ^nn 


may be called the modular determinant or the determinant of 
modes. It completely characterizes the form of the transient 
solution. It is, therefore, logical that we should be able to de¬ 
termine the general structure of the transient solution from a more 





250 VEt'TOR IN'riaiPHKTATlOX OF TKANSIEXT .SOLUTION 


thorough study of this deteruiinaiit. This wc do by giving it the 
following geometrical significance.' 

Consider the determinant (541) by row's. Each row' consists 
of n elements. It may be helpful to de\ise some means w'hereby 
these n elements are combined into a single quantity. This is 
done very easily if we consider these elements as components of 
a vector in n-dimensional space. Then each row' of the determi¬ 
nant represents one vector in this space, while the whole determi¬ 
nant represents a group of n such vectors. Let us formulate this 
a little more definitely. 

In our n-dimensional space — w'hich is a fiction, of course — we 
suppose that we have a fixed Cartesian coordinate system, i.e., an 
orthogonal system of reference coordinates. The student is un¬ 
doubtedly familiar w’ith such reference systems in two- and three- 
dimensional cases. There w'e speak of them as the x and y axes, 
or the X, y, and z axes. Our fictitious space of n-dimensions 
simply carries this idea out for more than three dimensions. It 
can no longer be visualized in the same sense as the two- and three- 
dimensional cases, but it has nevertheless the same significance. 
The axes in this rt-dimensional Cartesian system are not denoted 
by letters such as x, y . . . etc., but by numbers; i.e., we have 
axis 1, axis 2, etc., down to axis n. They are all at right angles to 
each other by definition. 

Having thus defined our reference system, we specify the vectors 
as follows. Consider the first row of elements in (541), i.e.: 

Cu Ci2 Ci3. . . Ci„. (542) 

These are to be looked upon as the n components of a vector Ci 
such that Cu is the projection of Ci upon axis 1; Ci 2 is the projection 
of Cl upon axis 2; etc., down to Ci„ which is the projection of the 
vector Cl upon the axis n. In general the vector ci makes some 
odd angle with respect to the reference axes so that it has com¬ 
ponents or projections upon them aU. 

Similarly for the second row in (541) we define the vector Cg 
with the components: 

Csi Css Ci3. . . Cs„. (543) 

* For a thorough discussion see Riemann Weber’s Diffraentialglfflchungen 
da: Physik, Vol. I, pp. 39 e.8. (Pub. by F. View^ & Sohn, Braunschwdg, 1926.) 
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The same applies to each row in (541) down to the last, for which 
we define a vector with the components: 

Cffi Cb3 ... (544) 

Thus the determinant D{p) is completely specified by the n 
vectors: 

Cl C 2 cz . . . c„. (545) 

These vectors are said to form a group, so that the determinant 
(541) is specified by this vector group. By means of this process 
we have already accomplished something worth while, namely the 
modular determinant is now characterized by n things instead of 
things. The vector group which characterizes D(p) also com¬ 
pletely specifies the form of the transient solution. 

It should be recognized that the number of dimensions or compo¬ 
nents per vector also equals the number of vectors in the group. 
This number is always equal to the number of meshes in the 
network, or to the number of degrees of freedom of the system. 

3. Linear Dependence and Independence. Before proceeding 
with the appUcation of these new ideas, we must present some 
fundamental group principles which we wish to make use of. 
Let us consider a two-dimensional situation to start with so that 
the process of visualization becomes easier. In Fig. 79 we show 
a two-dimensional Cartesian system with axes 1 and 2, and three 
arbitrary vectors a, b, 
and c with components 
«!, (k; h, bz; and Ci, <k 
respectively. Suppose 
that any two of these 
vectors, say a and b, are 
given. Then it is pos¬ 
sible to express the third 
vector c in terms of 
these two in the follow¬ 
ing form: 

c = aa +0b (546) 

where a and j3 are constants properly chosen to make (546) correct. 
That is, the vector c can be expressed as the vector sum of a 
certain portion of a plus a certain portion of b. It is not hard to 


2 



Fig. 79 
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see this geometrically. The vector c is said to be a linear combi¬ 
nation of a and h, since the expression (546) is a linear one. In 
the same way it would be possible to express 6 linearly in terms of 
a and c, or a linearly in terms of b and c. This group of three 
vectors is, therefore, said to be linearly dependent. 

Suppose now that we add a third coordinate axis (axis number 3) 
to the Fig. 79, perpendicular to the plane of the paper. If we lift 
the tip of the vector c out of the paper, then c wiU take on a third 
component on this new axis. The vectors a and b are to remain 
in the 1-2 plane. Now it is evidently impossible to express the 
vector c in terms of a and b, because c is out of the plane in which 
a and b lie. Similarly it would now be impossible to express a in 
terms of b and c, or b in terms of a and c. The group of vectors 
a, b, and c is now said to be linearly independent. 

If we added a fourth arbitrary vector, say d, to this group, we 
would form a new group a, b, c, d. In this new group it would 
again be possible to express any one of the vectors linearly in 
terms of the other three. This group would, therefore, be linearly 
dependent again. There is an exception to this, namely if the 
vector d is so oriented as to lie in the plane specified by ab, ac, or 
be, then the vectors a,b,d; a, c, d; or b, c, d respectively become 
dependent, and the remaining vector c, b, or o, respectively, will 
still be independent. We shall not consider these special cases 
here, however. In general if the number of vectors in the group 
exceeds the number of dimensions or coordinate axes, then the 
group is linearly dependent, like the group o, 5, c in the plane of 
the Fig. 79. If in this figure we consider only the group formed 
by a and b, then this group is obviously independent because 
there is no way in which b can be linearly expressed in terms of a 
or vice versa. 

In our network case we always have as many vectors as dimen¬ 
sions or coordinates. Hence, it is possible for these vectors to be 
linearly independent. But note that they do not necessarily have 
to be independent. Consider the two vectors a and b in the two- 
dimensional space of Fig. 80. They obviously form a linearly 
dependent group. We might, for example, have a three-dimen¬ 
sional case with three vectors so oriented that they all lie in a 
plane — any plane. They will then form a linearly dependent 
group. They may even all three lie along the same straight line. 
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Then they certainly become linearly dependent. We will cor¬ 
relate these ideas in the following way. 

Take Fig. 80, for example. Here the number of available 
dimensions is two. The number of dimensions actually occupied 
or consumed by the vectors a 
and h, however, is only one. 

Hence, the vector group a, 6 oc¬ 
cupies one less than the available 
number of dimensions. This is 
what makes it a linearly de¬ 
pendent group. If it had occu¬ 
pied all of the available dimen¬ 
sions, i.e., if a and h of Fig. 80 
had not coincided, then their 
group would have been linearly Fiq. so 

independent. 

Similarly if, in the case of three available dimensions (three- 
mesh problem), the three vectors which specify the group lie in a 
plane, i.e., occupy only two out of the three available dimensions, 
then they will be linearly dependent. If they occupy all three 
dimensions, i.e., do not lie in a plane, then they become linearly 
independent. 

In general for an n-mesh or n-dhnensional case involving a group 
of n vectors, the latter will be linearly independent if they occupy 
all of the available dimensions. If they occupy only n — 1 or 
less dimensions, then they become linearly dependent. Thus, for 
a linearly dependent group, there will be one or more dimensions 
still available or unoccupied. 

Verbally, this situation is conveniently expressed by what is 
known as the r ank of a vector group. Briefly the rank of a vector 
group is equal to that number of dimensions which are actually 
occupied by the group. For example, if in an n-dimensional 
problem, n dimensions are occupied by the vector group, then the 
latter has the rank n; if the group occupies only n — 1 dimensions, 
then its rank is n — 1, etc. Thus a group of rank n is linearly 
independent, whereas one of rank n — 1 or less is linearly de¬ 
pendent. 

4. Rank of the Modular Determinant. The above ideas re¬ 
garding vector groups are applied directly to the modular deter- 
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minant (541). In particular the rank of the vector group is also 
the rank of the determinant which it represents. It remains for 
us to show what significance the rank of a determinant has. 
In order to do this we must make use of a weU-known theorem 
regarding determinants. 

Suppose we consider the determinant: 



Cii 

Ci2 

Cl3 

D = 

C21 

C22 

C23 


^^31 

CZ2 

C 33 


(547) 


If any row in this determinant is a linear combination of the other 
two, then the determinant vanishes. For example, if: 


Cu = acai + 

Cl2 = Q!C22 4“ |8C32 

Cl3 = aCzi + ^C33 . 


(547a) 


i.e., if the first row is a linear combination of the second and the 
third, then: 



aC2i 

aC22 

aC23 


jScsi 

dC 32 

pOsz 

D = 

C21 


C23 

+ 

C21 

<^22 

O2Z 


Csi 

<^32 

C33 


Csi 

C32 

Czz 



0 

0 

0 


0 

0 

0 


C21 

C22 

C23 

+ 

C21 

C22 

Co 3 


C31 

Cz2 

C33 


C31 

C32 

C33 


But if any row is such a linear combination of the others, then the 
corresponding vector group occupies at least one less than the 
available number of dimensions. Hence, the rank of the vector 
group and that of the determinant must be n — 1 or less. 

In general we can see from the above that if the rank of a de¬ 
terminant is n — 1 or less, then that determinant vanishes. Con¬ 
versely, if a determinant vanishes, its rank is n — 1 or less. It is 
also easy to see that if the determinant does not vanish, then the 
corresponding vector group must be linearly independent. Its 
rank or that of the determinant is then n. 

It can further be shown that if the determinant vanishes, but 
at least one of its first minors does not, then the rank is n — 1. 
If the determinant and all of its first minors vanish, but at least 
one of its second minors does not, then the rank is » — 2, etc. 
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The converse of each of these statements is also true. Thus, the 
ideas regarding linear dependence and independence in the vector 
group, and its rank are correlated with the vanishing of the corre¬ 
sponding determinant and its minors. 

5. Geometrical Significance of the Homogeneous Solution. 
Before we are able to take up the subject of this section, it will be 
necessary to briefly review the meaning of a scalar product of two 
vectors. Consider, for example, the vectors a and c in Fig. 79. 
Let us denote the angle that a makes with the horizontal by 
and that for c by Then we would have: 

fli = |a| cos 4> 

02 = |(i| sin 4> 

Cl = |c| cos ^ 

C 2 = jcj sin)/'. 

The scalar product between the vectors a and c is defined as: 

a ■ c = aiCi -f 0202 . (549) 

But by (548) this is: 

a • c = |a| |c| (cos ^ cos -h sin f sin (fi) 

— |a| [cj cos (ij/ — <j>). (549a) 

It is clear that (^ — <!>) is the angle between the vectors a and c. 
Hence, the scalar product is also expressible as the product of the 
magnitudes of the vectors times the cosine of the angle between 
them. The expression (549) for the scalar product is more gen¬ 
eral, however. The important point which (549a) illustrates is 
that the scalar product vanishes when the vectors are perpendicu¬ 
lar to each other. Conversely, if the scalar product between two 
vectors vanishes, then they are normal to each other, or orthogonal. 

This situation may easily be visualized in two- or three-dimen¬ 
sional space. When we speak of n dimensions, the visualization 
becomes more or less fictitious. Nevertheless the mathematical 
definition of a scalar product is stiU possible. Namely: 

a- c = aiCi + OzCs + OsCs -}-■•• + Oifin (550) 

is designated as the scalar product of the two w-dimensional vectors 
a and c. Furthermore if: 

(hCl OiCi + • • • + CtnCn = 0 


(548) 
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then the two vectors are said to be orthogonal, just as in the two- 
dimensional case above. 

Let us now consider the homogeneous system of equations (539). 
If we look upon the amplitudes: 

Ji, Jz, Jz, ‘ ‘ ' Jtt (551) 


as components of a vector J, then the first equation in the set is 
obviously the scalar product between the vector Ci of the group, and 
J. Similarly, the second equation (539) is the scalar product 
between the vector co of the group and J; and so forth down to the 
last equation which represents the scalar product between the 
vector c„ and J. The system of homogeneous equations (539) 
therefore represent the scalar products of the vector J with each 
vector in the group, thus: 


Cl- J = 0 

Cz- J = 0 


(562) 


c„- J = 0. 


This is a very much more compact way of writing the system of 
condition equations. It is not only compact, but is also more 
easily interpreted. The system (552) states in effect that the 
vector J, with components given by (551) must be so determined 
that its scalar product with each vector in the modular group 
shall vanish. But this means that J shall be simultaneomly 
orthogonal to the vectors in the modular group. Hence, it is clear 
from this geometrical interpretation that the homogeneous system 
of equations (539) merely determines the position or direction of 
the vector J. It does not specify its length. Since the direction of 
J is determined by the ratios of its components (551) to one an¬ 
other, it is clear that these alone can be determined by the condition 
equations (539). This result, therefore, gives a pictorial mean¬ 
ing to the solution of a homogeneous system of equations, which is 
more satisfying than the algebraic significance pointed out in the 
last chapter. 

Let us illustrate this with a simple example. Suppose we con¬ 
sider the two-dimensional numerical example: 


5 Ji i Jz = 0 1 
3 Ji -f 7 = 0. J 


(553) 
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Here we have: 


Cu — 5 Ci2 — 2 

C 21 — 3 C 22 ~ 7. 


(554) 


Fig. 81 illustrates the modular group of vectors Ci and Co. The 
number of available dimensions is two, and the number of occupied 
dimensions is two. Hence, the rank of the determinant: 



(555) 


is two. Consequently it should not vanish, which is correct since 
its value is: 

D = 5- 7- 3- 2 = 29. (556) 


The solution to the system (553) demands that a direction in the 
plane of the paper of Fig. 81 be found which will be normal to 
both the vectors Ci and C 2 . This is 
manifestly impossible. Note that 
we cannot use the dimension per¬ 
pendicular to the plane of the 
paper because this does not exist 
so far as the set (553) is con¬ 
cerned, because we are dealing with 
a two-dimensional problem. But 
this result checks with our alge¬ 
braic conditions in regard to the 
existence of solutions to homo¬ 
geneous systems. These, it wiU Pie. gi 

be recalled, state that a solution 

exists only when the determinant of the system vanishes. In 
terms of the vector group this means that solutions exist only 
when the rank of this group is n — 1 or less, i.e., when the vector 
group occupies at least one less than the available number of di¬ 
mensions. 

Let us modify the system (553) so that this will be the case. 
For example, suppose we have: 



5«7i-l- 2J2 = 01 

7/1 -1-2.8 J 2 = O.J 


(557) 


The vector group for this system is shown in Fig. 82. We see 
that the vectors ci and cj lie along the same line, and hence occupy 
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only one out of the available two dimensions. This leaves a 
normal direction to both vectors, which is the position to be occu¬ 
pied by J so that it will be the desired solution. Since the rank 
of the vector group is now one, the determinant of (557) should 
vanish. This it does, as may easily be seen. 

Suppose now we consider the system of three equations with 
three unknowns: 

CnJi + C12J2 + CizJ% = 0 ) 

CiiJ 1 d" C 22«/2 d" C 23 T 3 = 0 r (558) 

C31J 1 d" C32J 2 d" C33J 3 = 0. J 

The modular group now consists of three vectors. If they occupy 
all three of the available dimensions, then it will be impossible to 

find a direction for J such 
that it will be simultaneously 
orthogonal to all three vec¬ 
tors Cl, Ci, and C 3 . It is ob¬ 
vious that these three vec¬ 
tors must lie in a plane in 
order for a solution to be 
possible. Then the desired 
1 direction is found by erect¬ 
ing a perpendicular to this 
plane. But if the three vec¬ 
tors Ci, C 2 , and C 3 lie in a 
plane, then they occupy 
only two dimensions. The 
rank of the group is then n — 1 or 2 , and hence the determinant 
of the system of coefficients in (558) will vanish, so that the alge¬ 
braic considerations are again satisfied. 

Now suppose that the vectors in the group specified by (558) 
all lie along the same straight line. Then they will occupy only 
one dimension out of the available three. If this is so, then we can 
erect a plane perpendicular to this straight line, and having done 
so, any direction in this plane will be simultaneously orthogonal 
to the modular group. It seems as though we would then have 
an infinite number of solutions to our given system (558). This 
is true. But only two /-vectors in this plane will be linearly 
independent according to what was said in a previous paragraph. 


2 



Fig. 82 
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Hence we have in this case two linearly independent solutions. 
The rank of the modular group, or of the determinant, will now be 
am or n — 2. 

We can easily see how this reasoning will be continued for more 
than three available dimensions, although it can no longer be 
visualized as readily. If the available dimensions are n in number, 
and n — kof them are occupied by the modular group of n vectors 
Cl, Co, cs. . . c„, then the rank of the group isn — k, and there exist 
k linearly independent solutions. 

From what has been said regarding the rank of the modular 
determinant, it follows that the condition for the existence of one 
solution is that the determinant shall vanish, but at least one of 
its first minors shall not. The condition for the existence of two 
linearly independent solutions is that the determinant and all of 
its first minors shall vanish, but at least one of its second minors 
shall not. It is clear how the conditions are extended to admit the 
existence of more than two linearly independent solutions. 

In the case of electrical networks, more than one independent 
solution to the homogeneous system (539) would mean that the 
transient portion of the complete solution were not unique, i.e., 
that the natural behavior could assume two or more altogether 
different aspects. The condition for the existence of a unique 
transient behavior, therefore, is that at least one of the principal 
minors of the modular determinant shall not vanish. We do not 
have to worry about this point, however, in any practical case. 
Nature has seen to it that a network always behaves in the same 
way under identical conditions. In actual cases, therefore, it will 
never occur that all of the principal minors of a modular deter¬ 
minant for a passive network vanish. It is interesting to keep this 
condition for the existence of a unique solution in mind, however, 
in network analysis. It sometimes serves as a check on numerical 
work. 

6 . Physical Significance of the Homogeneous Solution. We 

have just seen that the solution to a given homogeneous system 
of equations specified by a modular group of vectors, defines a 
direction in the n-dimensional space in which this group is situated. 
This is, of course, speaking in terms of geometry. The question 
now arises: What can we gather from this so far as the physical 
network is concerned? In order to answer this, we must first 
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recall thaf the vector group designated by the coefficients dk is 
fixed only in terms of the modes of the system. That is, each 
mode determines a new vector group. We already pointed out 
in Chapter V that a system of homogeneous equations such as 
(539) is written for each mode, and that therefore each mode in¬ 
troduces a corresponding normal function term in the transient 
solution for each mesh. Now we see that each mode specifies 
a corresponding coordinate or direction in our fictitious n-dimen- 
sional space. This is done in the following manner. 

When we first arrive at the set of simultaneous equations (539), 
they have the significance of condition equations which must be 
satisfied in order that the assumed transient solutions may exist. 
The coefficients of this system, and hence the vector group thus 
specified, are functions of f. From the above, the vector group 
must be linearly dependent in order to allow the existence of a 
non-trivial solution. This requires the vanishing of the deter¬ 
minant. But the latter vanishes in general for 2n values of p, 
which are the modes. Hence for these values of p the vector 
group becomes linearly dependent. Each mode specifies a com¬ 
plete new vector group. When the modes come in pairs of con¬ 
jugates, the corresponding vector groups come in such pairs. 
Each pair defines one decrement, one frequency, and also one 
direction, in the n-dimensional space, which is simultaneously 
orthogonal to all the vectors in the group. For the single modes, 
which are mere decrements, each mode specifies a linearly de¬ 
pendent -Rector group, and hence a normal direction. These 
normal directions thus specified for each mode or pair of modes, 
are called the normal coordinates of the system for the corre¬ 
sponding modes. 

We spoke in an earlier chapter of these normal coordinates. 
We said there that to each normal coordinate there was assigned 
one mode or pair of modes depending upon whether the mode was 
a single one or in the form of a pair of conjugates. We also said 
that these normal coordinates were such directions in which the 
respective oscillations and rates of decay were isolated, i.e., singled 
out. Now we see that the homogeneous condition equations 
(539) actually determine these normal coordinates or directions. 

In simple mechanical systems, these normal coordinates actually 
exist. Consider the mechanical system illustrated by Fig. 83, for 



PHYSICAL SIGNIl^lCANCE 


261 


example. Here we have a ball resting upon a plane surface (plane 
of the paper), held by four springs. The problem is a two-dimen¬ 
sional one. Hence, we describe the position of the ball at any 
instant by the two coordinates Xi 
and Xo. If we pulled the ball out 
of its position of static equilibrium 
and let it go, it would oscillate, 
not back and forth in a straight 
line, but so as to describe some 
kind of peculiar motion on the 
1-2 plane. The projection of the 
balks motion upon the axis 1 is 
the force-free solution xi as a 
function of time. The projection upon the axis 2 is the force- 
free behavior in versus time. Both projections will in general 
be composed of two frequencies, with component amplitudes and 
phases, superposed. The same two frequencies and decrements, 
however, will appear in the motions upon the two axes. These 
frequencies and decrements are the modes of the system. Let us 
call them pi and p 2 - 

If now we were to project the motion of the ball upon a movable 
ruler, and oriented this ruler successively in all possible directions 
in the plane of motion, we would eventually find two separate 
directions or positions of the ruler such that in one of these the 
motion would consist only of the one frequency and decrement 
defined by pi, and in the other the motion would consist only of 
the one frequency and decrement defined by p^- These two di¬ 
rections or coordinates so found, would be the normal coordinates 
corresponding to the normal modes pi and p 2 respectively. Their 
directions in the 1-2 plane would in general be arbitrary and not 
normal to each other. Hence, they would both have projections 
upon both axes 1 and 2. This is why the projected motion of the 
ball upon these axes consists of a superposition of both normal 
modes of oscillation and decay. 

The analogous electrical network to the above mechanical 
system was discussed in Chapter I and is given in Fig. 3. It con¬ 
tains two meshes corresponding to the two axes in Fig. 83. For 
the network it is not possible to designate physical normal meshes 
corresponding to the normal coordinates in the mechanical system. 


^2 



Fig- 83 
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The analogy fails in this particular. Nevertheless we may speak 
of the normal coordinates or meshes in an electrical network as 
fictitious things. The analogy between the mechanical and 
electrical systems is complete regarding this matter from the 
mathematical standpoint, and it is, therefore, helpful to bring 
these fictitious things into the process of network analysis. 

The concept of normal coordinates certainly clarifies the sig¬ 
nificance of the homogeneous solution. The homogeneous system 
of equations merely locates the normal directions, but does not 
fix the amplitudes of the normal modes of oscillation and decay 
in these directions. These amplitudes are determined from the 
initial conditions, of which there are just a sufficient number, as 
has already been pointed out. 

As a matter of fact, the amplitudes of oscillation in the normal 
coordinates are proportional to the true integration constants 
which we have been denoting by The minors are in the 
same proportion to the cosines of the angles between the normal 
coordinates and the meshes k = 1, 2 ... n. That is why: 

= J-jW 


= J„M J 

are the component amplitudes (projections) in the various meshes 
corresponding to the mode p,. 

As an illustration, consider the two-mesh network of Fig. 74 
in Chapter VI. Here we had: 


and: 

Hence: 


and; 


Cn = .001 p -f- 5 ] 
Ci 2 = .001 p = C 21 f 

C23 = .002 p -|- 10 J 

Pi = -17070 1 
Ps = - 2930. J 


cu<« = -12.07] 
cij(i) = -17.07 [ 
= -24.14) 


cu(2) = 2.07 

CiP = -2.93 
C 22 ® = 4.14. 


(559) 

(560) 
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Consider the mode pi first. The components for the vector group 
corresponding to this mode are given by (559). This vector group 
is slrown in Fig. 84. Both \'ectors and are coincident as 
they should be. The direction of the normal coordinate is at 
right angles to this line as indicated in the figure. It makes an 
angle of 35.05° with the horizontal. Suppose we denote the am- 



Fig. 84 


plitude in this normal coordinate by Ni, as indicated in the figure. 
Then it must follow that: 

/i(i) = i\ricos35°] 

and: [ (561) 

= Ni sin 35° J 

because and are the projections of the normal amplitude 
upon the axes 1 and 2 respectively. But in the last chapter we 
found that: 

Jj(i) = 0.1 E. 

Hence it follows that: 

which is the amplitude of the mode pi in its normal coordinate. 
Its position is in the second quadrant. Its projection upon axis 
2 is: 

= 0.122 E sin 35° = 0.0707 E 
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which checks with what was found previously. From this it is 
clear that the amplitude corresponding to the normal mode pi 
in its own coordinate is iVi, and that the projections of this am¬ 
plitude upon the axes 1 and 2 give the transient mesh-current 
amplitudes in the meshes 1 and 2 respectively corresponding to 
this mode. 

Considering the mode pa for this problem, we have the vector 
group whose components are specified by (560). This group is 
composed of with components: 

cu® = 2.07 = -2.93 

and ^vith components: 

CiP = -2.93 = 4.14. 

The group is plotted in Fig. 85. The two vectors are again in line. 
The position of the normal coordinate is normal to this line as 


2 



Fig. 85 


shown. The projection of the amplitude N^, in this normal co¬ 
ordinate, upon axis 1 is according to the last chapter: 

Ji(2) = -0.1 E 

so that the position of must be in the third quadrant. The 
angle that N 2 makes with the horizontal is: 

tan-i|^ = tan-i .707 = 35°.05. 
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Hence: 

Ni = = 0.122 E. (563) 

cos 3o ^ ' 

Its projection upon axis 2 is therefore: 

J„(2) = -Ar2sin35° = -0.0707 E 


which checks the value previously found. 

These results are summarized in Fig. 86 in which both normal 
amplitudes Ni and are drawn in their proper positions. We 
see that in this particular case the normal amplitudes are equal 
in length and make equal angles with the horizontal. This is 
merely a consequence of 
the particular values cho¬ 
sen for the network induc¬ 
tances and resistances and 
has no deeper significance. 

We see, however, that this 
determination of the nor¬ 
mal coordinates and nor¬ 
mal amplitudes unifies the 
situation regarding the 
transient mesh-current 
amplitudes for the various 
modes. It helps to clarify 
the significance of the tran¬ 
sient solution. 

From this simple illustration we note that the integration con¬ 
stants which we denote by are not the normal amplitudes 
directly, but are proportional to them, as mentioned above. 
Also the minors are not the cosines of the angles between the 
directions of the normal amplitudes and the coordinate k directly, 
but are proportional to them. However, since the system of 
reference axes is orthogonal, we have: 

( 564 ) 

or: 

-t- = (Wi)l (564a) 

Hence: 

Nx = (?(« V{Cix<^)y- -h (CiPy. (565) 


2 
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Similarly: 

iVa = (566) 

In general the normal amplitude will be determined by: 

N, = (7'') \^(C;iW)= + + • • ■ + {CJ'’G-. (567) 


If we denote the angle between the direction of the normal ampli¬ 
tude Np and the axis h by ph, then it follows that: 


COS Pkv 


_ 

V(CiiW)- + + ■ ■ • + (C;„w> 


(568) 


From these considerations we then have: 

= Np cos ph,. (569) 


From these equations Np always has the same algebraic sign as 
(?W, and cos Pkp has the sign of If this is observed, then the 

algebraic signs of the J’s will come out correct. 

These formulae (567), (668), and (569) are given merely to 
round out the theory regarding normal coordinates and normal 
amplitudes. In the solution of a problem it is not necessary to 
determine either the normal amplitudes (567) or the direction 
cosines (568), except for the sake of interest. 

It might be well to emphasize again, that when a pair of con¬ 
jugate modes are considered, that pair together defines one normal 
coordinate. Since this pair of modes gives rise to a pair of con¬ 
jugate exponential terms, the actual amplitude of this normal 
oscillation will be 2 |iV^|, where v is the number of one of the modes. 
For such complex modes, iV, by (567) will be complex, and so will 
cos py by (568); i.e., both of these quantities will have a magnitude 
and an angle. The sum of these angles is the angle of the corre¬ 
sponding and determines the time phase of the component 
normal oscillation in mesh fk. This time phase is different in the 
different meshes as pointed out previously. If it were the same 
in all the meshes, then cos py would be real and not complex. 
A complex cosine is, of course, hard to visualize. It means that 
when the normal amplitude N, is projected upon various reference 
coordinates, not only the magnitude of the oscillation, but also 
its time phase is affected. 

7. Realization of Normal Meshes. From the above it appears 
as though these normal coordinates can only be realized physically 
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in mechanical systems. In an electrical network they are in 
general mere fictitious meshes which are introduced into the picture 
because of the mathematical analogy between the mechanical 
and the electrical systems. The situation need not always be 
entirely fictitious, however. It is possible to so construct a net¬ 
work as to make one or more of the actual meshes become normal 
coordinates or normal meshes. We then say that these meshes 
have been normalized. Since a normal coordinate isolates its 
own mode, it follows that these normalized meshes will do the same. 
We shall now discuss how this may be done. 

From the mechanical side, the possibility of coincidence be¬ 
tween a normal coordinate and a reference coordinate is readily 
appreciated. We said above, that these normal coordinates or 
directions actually exist in mechanical systems. Suppose we have 
located one of these. Then we can orient our Cartesian reference 
axes so that one of them, say axis 1, coincides with the normal 
direction. Since the reference axes are all normal to each other, it 
then follows that this particular normal coordinate will be at right 
angles to all the axes except axis 1 with which it coincides. Hence, 
this normal oscillation can have no projections upon the other 
reference coordinates, and is therefore completely confined to 
axis 1. 

If we should be able to make an actual mesh in an electrical 
network coincide with a normal mesh, then the corresponding 
normal mode of oscillation and decay would be confined to that 
normalized mesh. This may very easily be done. Consider the 
modular determinant (541), and suppose that we adjust the net¬ 
work parameters so that: 

Cl2 = V2Cu 1 


Ci3 = ‘>l30n 


(570) 


Cl»= VnCu 


where %, ijs,. . . Vn are proportionality constants, 
determinantal equation would become: 


D(j>) = cii 


1 Ci2 . . . Ci„ 
m Cn - • - Cu 


= 0 


Then the 


(571) 


•nn ■ -Cim 
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because cn couki Ije factored out of the first row or column. But 
this means that the determinantal equation is factorable, and is 
represented by the two equations: 


and: 


Cl = 0 (572) 


1 

^12 * 

• Ciji 



m 

C 22 • 


= 0. 

(573) 

rjn 

Cfi2 - - 





Equation (572) will in general be quadratic, and hence give rise 
to a pair of modes. (573) will determine the rest of the modes of 
the system. Suppose the pair of modes determined by (572) 
are conjugate complexes so that they define one frequency and 
one decrement. Let us denote this pair by The rest of the 
modes defined by (573) do not interest us at present. 

Now consider the modular group of vectors for the modes pi^. 
Since: 

Cn = 0 1 


Cl2 ~ C 21 — 0 


(574) 


Ci» = c„i = 0 


it follows that the vector c vanishes altogether, and the rest of 
the vectors have no components on the reference axis 1. Hence, 
this axis is wholly unoccupied. The rank of the group is n — 1. 
The solution to the homogeneous system (539) is now evident. 
The desired position for the vector J is coincident with axis 1, 
i.e., coincident with mesh #1. This direction is, however, that of 
the normal coordinate for the rate of oscillation and decay defined 
by the modes pi^. Hence, mesh #1 becomes this normal coordi¬ 
nate. 

The same idea may be carried out with respect to any other 
mesh in the network. We may make the Mh mesh a normal 
coordinate bv choosing the parameters such that: 

CkB = Wkk 


^kn Vn^kk* j 


(575) 
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In order to see what the conditions (570) or (575) really mean we 
note that: 


^ik ~ ^ikP "h Rik “h h 


Therefore (575) requires that: 

Lm — ViRkk 

LkZ — flzLkk 
Lkn = VnRkk 

plus the conditions: 

Rk2 “ VzRkk 

RkS = PzRkk 


Rkn VnRkk 

and: 

Sk2 = IliSkk 
Skz = VsSkk 


Skn = VnSkk- 


(676) 


(577) 


(578) 


In words, the ratios of the total inductance on the contour of 
mesh fk to that in any common branch between the fcth mesh 
and any other to which 
it is coupled, must equal 
the same ratios for re¬ 
sistance and elastance. 

This requires that all 
the common branches 
which form part of the 
contour of mesh con¬ 
tain the same kinds of 
elements as the ^:th 
mesh contour. As an illustration consider the network of Fig. 87. 
Here mesh fl contains resistance and inductance on its contour as 
well as in the common branch between 1 and 2. Hence mesh §1 
may be made a normal coordinate. Mesh #2 could not be made 
a normal coordinate no matter how the constants were adjusted, 
because it contains elastance on its contour but not in the conj- 
mon branch, 


jR, Lj Eg 
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In order to make mesh #1 a normal coordinate we must choose 
the constants Ri, R 2 , Li, and L 2 such that: 


Li Zii _-Bi “|- Bs 

Li 2 Ri 


(579) 


This condition is identical with those expressed by (576) and (577) 
if we note that here = 1 and only Lj^ and Rk 2 need be considered 
because the network has only two meshes. Also: 

Ln — Li Li 
Bii = Bi Ri 
Lii = —Li 

and Rii — Rt- 


Suppose we choose the following numerical values: 


Li = 0.0015 
Bi= 9 


Li = 0.0011 

Ri= 6. J 


The rest of the constants may be fixed arbitrarily, thus: 

Li = 0.0004 Bs = 6.4 = 10«. 

The network parameters become: 

Ln = 0.0025 Rn = 15 

Lii= 0.0014 Ri2= 12.4 

Lji = — 0.001 Rn — *“ 6.0 

Hence the elements of the modular determinant are: 


Sn = 0 

Sii = 10' 
S:i = 0. 


We see that: 


cu = 0.0025 p + 15 1 

C 22 = 0.0014 p + 12.4 + lOV' 

C12 = —0.001 p — 6 = Cil. I 

Cii = —0.4 Cii 


(580) 

(581) 

(582) 

(583) 

(584) 


which makes mesh #1 a normal coordinate. 

The complete solution proceeds as follows, 
obtain the steady-state solutions: 

(fi), = 0.066 BI 

(t2)s = 0. / 

For the transient solutions we note that mesh #1 has a weight of 
one, and mesh #2 has a weight of two. Hence, the system has three 


By inspection we 
(585) 
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modes, and the determinantal equation is of the third degree. 
In forming the latter, the modular determinant will have to be 
multipHed by p before setting it equal to zero. We have: 


m) = 


Cii Cn 
C21 C22 


= C11C22 “ C12C21 


or: 

Dip) = Cn(cj2 — 0.16 Cn). 


Hence, the determinantal equation becomes: 

CllP(C22 - 0.16 Cii) = 0 


or: 

and: 


Cii = 0 


P(c22 “ 0.16 Cn) = 0. 


(586) 

(586a) 

(5865) 


Equation (586a) determines the mode corresponding to the normal 
coordinate which coincides with mesh #1. Hence this is the iso¬ 
lated mode. Substituting from (583) into (586a), we have: 


which yields: 


0.0025 p -b 15 = 0 

Pi = —6000 


(587) 


for the isolated mode. 

Substituting from (583) into (5866), we get: 

0.001 p2 -f 10 p + 103 = 0 

which yields: 

P2 = (-5+y 1000)103 1 
and: pa = (-5 - i 1000)103. J 


(588) 


The complete solutions, therefore, become: 


+ (J'i(3)eJi'>‘< + jp')e-^i«‘t)e-^f + 0.066 J? 



or in terms of the true integration constants, we have: 
ii = 

+ (Cii®(?(2)ei''>'' + C'u(3)G?C3)e-vio*<)e-Moo<+ 0.066 B 
4 = Ci2(«G«he-6ooo< 

+ (C'i2(3)(?(2)eii»“ + Ci2<3>G(3)e^io*i)e-6ooo/. 
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In order to be able to substitute the initial charge condition for 
mesh jf 2 , we must determine the charge equation for this mesh by 
integrating the relation for fg in (590) with respect to time and 
adding the steady-state charge for this mesh. The latter is equal 
to the steady-state voltage on the contour of mesh §2 times the 
capacitance on that contour. This gives: 

"" (ifi -h R2)S ^ ^ ^ 


so that the charge equation for mesh becomes: 


ga = 




-GOOO 


+ 


( 


■5 -t-;1000 

10-3e-iio«r 


+ 


-5 1000 


-SOOOi 


+ 4.10-10^. (592) 


Let us now choose initial rest conditions, i.e.: 

? 2 o = 0 1 

fio ~ ® j 

220 = 0 . J 

Then we have by (590) and (592): 

= -0.0665 

<7i,(i)G!(i) + = 0 

CioO’tJG) • 10-* Ci2'®)(?(») • 10-* 

-6000 -5 +j 1000 - 5 - i 1000 ^ 


(593) 


(594) 


We must now determine the values of the above minors, 
have; 

CuW = C 22 « = 0.0014 p, + 12.4 -f 10«p,-M 
C 12 W = -C 21 W = 0.001 p, -h 6. J 

Hence: 


We 

(595) 


(7u'«== -1.66-105 C„(2) = 0.4+y400 (7u('> = 0.4-y4001 
C^(1) = 0 Cn® = l+yi000 C'i 2 f®) = l-;1000. J 


The equations (594) therefore become: 

- 1.66 • 10 «(?(») 

+ (0.4 + j 400)0® 4 . (0.4 _ j 4OO)0(») = -0.066 E 

0 4- (1 +y 1000)0®-!- (1 - j 1000)0(3) = 0 

0 -|-(10-3-i 6 • lO-«)0®-f-(lO-*-f y 6 • lO-«)0(3) = -4 • 10-1®5. 

(597) 
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The solutions are; 

GO) = 4 • 10-7 , 

GO) = -2(1 + j 10-’) 10-7 E I (598) 

GO) = -2(1 -il0-’)10-7£;.J 

Hence the solutions (590) become: 


ii = O.OmEil - + 1.6 • 10-^jE?e-’“'>*sinl0’« 

4 = 4- 10-^£'e-»'sin 10’ 



We see that the decrement pi = —6000 is absent in the second 
mesh. This is to be expected, since the modular vector group for 
this mode is given by the components: 


CiiO) = 0 CiaO) = 0 

f,^(i) = 0 c^O) = -1.66 • 10’ 


(600) 


as may be verified by substituting this mode into the relations 
(583). One of these vectors is zero altogether, and the other one 
lies along the axis 2. Hence, axis 1 becomes the normal coordi¬ 
nate for this mode. It is at right angles to axis 2, and hence has 
no projection upon it. This is why the mode pi is absent in mesh 
§2. Incidentally the direct method of evaluating the integration 
constants is in this case preferable as compared to the one by means 
of successive initial derivatives. 

8. Interpretation of Network Phenomena in Terms of the Ex¬ 
citation of Normal Coordinates. The preceding discussion of the 
geometrical significance of normal coordinates leads us to a new 
interpretation of the excitation phenomena in a network. We 
are already familiar with the fact that when a disturbance occurs 
in any mesh of a network, the entire network responds. If the 
network possesses m modes, then in general the response in every 
mesh will consist of a linear superposition of m normal fimctions 
with these modes as exponents. This may be given a geometric 
interpretation. 

Consider a two-mesh network with resistance, inductance, and 
elastance in each mesh as well as in the common branch. If the 
relative magnitudes of the parameters are such that the modes are 
complex, then these will come in two conjugate pairs, and will 
define two natural frequencies with corresponding decremaits, 
and hence two normal coordinates. This is represented geomet- 
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rically in Fig. 88, where Ni and iVs are the two normal coordinates, 
and the axes 1 and 2 represent the two physical meshes. 

Suppose now that a disturbance, such as the sudden insertion 
of a voltage, occurs in mesh §1, i.e., in axis 1. From the figure we 

see that this axis 
'' has projections upon 

both normal coordi- 
Nj nates; i.e., the motion 

of a point along axis 
1 would cause pro¬ 
jected motions upon 
1 both of the normal 
axes Ni and Ni. 
Hence, we see that 
Fio. 88 both pairs of conju¬ 

gate modes are ex¬ 
cited by the disturbance along axis 1. But since both normal 
coordinates also have projections upon axis 2, these same modes of 
oscillation and decay will also appear in axis 2, i.e., in mesh #2, 
with relative amplitudes governed by the direction cosines for the 
normal coordinates. Hence, we see that the excitation is trans¬ 
mitted from axis 1 to axis 2 via the normal coordinates, and that 
is why both normal modes in general appear in both meshes. For 
networks with more meshes and more normal coordinates, the same 
general argument holds. 

This interpretation of the transmission of excitation from one 
mesh to all the others is more fundamental than to say that it is 
transmitted by means of the mutual parameters. For example, 
in the above numerical illustration we saw that the disturbance 
in mesh #1 of the network of Fig. 87 excited both meshes, but 
only the pair of conjugate modes pi and pz appeared in mesh §2. 
This was due to the fact that the normal coordinate Ni in this 
case coincided with axis 1, so that — although it was excited by the 
disturbance in mesh #1 — it possessed no projection upon mesh 
#2, and hence could not transmit its mode to that mesh. 

This line of reasoning leads us to predict another peculiarity of 
the network of Fig. 87. Let us explain this on the basis of Fig. 89 
which illustrates the geometry of the situation. The absolute 
lengths of the normal coordinates are not drawn to scale. They 
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are merely shown in their relative angular positions. The normal 
coordinate Ni corresponds to the mode pi = —6000, while the 
coordinate JV 2 corresponds to the pair of conjugate modes = 
—SOOOztjlO® which give rise to the damped sinusoids in the 
solutions (599). The angular position of this latter coordinate 
is such that its projection upon axis 2 is 2.5 times that on axis 1, 
which makes the amplitude of the sine term in iz 2.5 times that in ii. 

Suppose we shifted the battery and switch of the network of 
Fig. 87 from mesh #1 to mesh #2. The excitation would then 
originate in mesh f2. From Fig. 89 
we see that a disturbance along axis 
2 possesses no projection upon Ni. 

Hence the corresponding mode pt 
cannot be excited. The oscillation 
and decay corresponding to Nz are 
excited and transmitted to axis 1 
via their normal coordinate. This 
is a very interesting result, namely 
that the mode pi does not come into 
action at all, not even in its own 
coordinate. Hence, we see that 
when a normal coordinate coincides 
with an actual mesh in a network, 
then it can be excited only by a disturbance in that mesh, and in 
that case its action is confined entirely to that mesh. 

We can show numerically that the above prediction is correct. 
When the battery is placed in mesh §2 of the network of Fig. 87, 
then the steady-state currents in both meshes become zero while 
the steady-state charge in mesh #2 becomes: 

10-9 E (601) 

instead of the value given by (591). Hence the equations (597) 
for the evaluation of the integration constants become: 

-1.66-109(?(« 

-h (0.4 -t-i400)(?<9)-|- (0.4 -y400)G(9) = 0 

0 -t- (1 + ;■ 1000)(?W + (1-j 1000)G'(9) = 0 
0 +{10r!‘-j 6 • 10-«)G*9)-f-(10-*-f y 6 • = 

( 602 ) 


2 



Fig. 89 
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The solutions are: 


= 0 ] 

GW = -5 (1+i 10-3) • 10-7 E (603) 

GO) = -5 (1 -ilO-3) • 10-7 ^.J 

Since GU) is zero, there will be no term with the mode pi in either 
mesh. For the other modes we have: 


JiW = CiiWGW = -2ilO-^F?l 
Jl(3) = Gu^3)G(3) = +2j 10-^ Ei 

and: 

j^&) = GioWGW = -SjlO-^E 1 
= Gi2(3)G{3) = +5 j 10-4 E. J 

The complete solutions are therefore: 

ii = i ■ 10-*Fle-3““7sin 10®t I 
= 10-3 Ee-^* sin 10® t. J 


(604) 

(605) 


(606) 


We see that h is 2.5 times ii as we had predicted, and that the 
exponential decay corresponding to pi is absent altogether. It is 
further interesting to note that h for this case is identical with fa 
of (599) for the impressed voltage in mesh #1. This is due to the 
reciprocal theorem. We mentioned this theorem in Chapter IV 
in connection with the steady-state performance of a network, 
and also demonstrated its correctness for the steady state by the 
determinant method. We have, however, not yet seen the recip¬ 
rocal theorem in connection with the transient behavior except in 
the present instance. It does hold for the transient solution pro¬ 
vided the network is initially at rest as was assumed in the above 
problem. Hence, it holds for the complete solution under this 
provision. Its proof would be rather cumbersome to carry out 
in terms of the preceding evaluation processes, and we, therefore, 
omit it here. It may be proven very elegantly in connection with 
Heaviside’s expansion formula for the evaluation of integration 
constants. We merely call attention to the reciprocal theorem 
here because it is so evident in the above example, and therefore 
naturally excites interest. 

The above example incidentally illustrates the geometrical sig¬ 
nificance of a normal coordinate for a pair of conjugate modes. 
A.t the close of section 5 of this chapter we pointed out that W, by 
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formula (567) and cos by (568) were complex when determined 
for a pair of complex modes. A complex length and a complex 
angle cannot, of course, be plotted as Ni is plotted for this case in 
Fig. 89. This figure, however, represents only the magnitude of 
cos py. In other words, when complex modes are considered and 
it is desired to represent the normal coordinates geometrically, 
only their magnitudes should be taken into account. If the mag¬ 
nitude of N, is plotted, then the amphtude of oscillation in any 
axis is twice its projection upon that axis. If 2 |A„1 is plotted, 
then the projections are the amplitudes of oscillation themselves. 
The factor of two comes in due to the fact that two conjugate 
complex terms make one oscillatory real term. The angles of the 
complex N„ and cos py are not angles in the Fig. 89, but are time- 
phase angles. 

For example, using (596) and (598) in the above case we have 
for N 2 : 

N 2 = (7® V(Cn^^))' + 

= -2 (1 -t- j 10-') • 10-^ E-(l+j 10') • 1.078 
--i 2.156 ■ 10-< (607) 

and for the cosine for mesh #1 and mode #2 we have; 

COS pi2 ~ 

V(Cu('’)' + (CiPy 
0 . 4 +i 400 
(1 -f j 1000) • 1.078 

= 0.372. (608) 

The cosine happens to come out real in this case. The corre¬ 
sponding angle that the normal coordinate N 2 makes with axis 
1 is: 

cos-' 0.372 = 68.2° (609) 

which is indicated in Fig. 89. If (608) had come out complex, 

only the magnitude would have been considered. The fact that 
it is real means that the time phase of the corresponding oscil¬ 
lation is the same in both meshes. This checks with the above 
results (599) and (606), which indicate a sine term with zero phase 
for both meshes. 

9. Resonance Phenomena in Terms of the Excitation of Normal 
Coordinates. In general we have seen that resonance phenomena 
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occur whenever an impressed frequency coincides with a natural 
frequency of the network, i.e., with the imaginary portion of a 
pair of conjugate complex modes. When the network has no 
normalized meshes, then all of the modes, and hence all of the 
natural frequencies, may appear in all of the meshes. When a 
steady-state frequency, equal to one of the natural frequencies, is 
impressed in any mesh of the network, it excites an exceptional 
amplitude in the corresponding fictitious normal mesh, and through 
it excites exceptional amplitudes in all of the actual meshes in the 
network. In this respect the excitation phenomena in the steady 
state act like those for the transient state. The concept of normal 
coordinates and their projections upon the actual physical co¬ 
ordinates of the system, is valuable in the interpretation of steady- 
state phenomena as weU as of the natural behavior. 

Eesonance phenomena can, of course, be justified mathematically 
on the basis of an investigation of the steady-state solution: 

h = (610) 

given by eq. (327) of Chapter IV. Here D is the network deter¬ 
minant and is a function of the impressed angular frequency «. 
It differs from the modular determinant D(p) in that p is replaced 
by ju. For this reason it is also frequently written D(j(a). Since 
the modes are determined from the relation: 

D(p) = 0 

it follows that whenever co equals the imaginary portion of a 
complex mode: 

= minimum. (611) 

It wUl not go to zero at this point because the impressed mode 
(jco) is not wholly equal to the natural mode in question, but only 
to its imaginary part. The minor in the numerator of the ex¬ 
pression (610) is, of course, also a function of «, but in general it 
will vary relatively slowly in the region where D(jea) becomes a 
minimum. Hence, the maxima of the function (610) occur prac¬ 
tically where the minima of Dijos) occur. The number of these 
minima axe obviously equal to the number of pairs of conjugate 
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modes. Thus, the steady-state resonance phenomena may be 
investigated from a study of the relation (611) together with (610). 

In general the picture becomes clearer, however, when analyzed 
on the basis of the normal coordinates. This is especially true when 
the network possesses normalized meshes. The above numerical 
example for the network of Fig. 87 cannot be used to illustrate 
this point because the mode belonging to the coincident normal 
coordinate Ni is not oscillatory, i.e., has no imaginary part. I«t us, 
therefore, consider the network of Fig. 90 which contains resistance, 
inductance, and elastance in both meshes as well as in the conunon 
branch. Ei is the root-mean-square amplitude of the impressed 



harmonic voltage having an angular frequency of u radians per 
second. The constants have the following values: 

Ri = 4 Rz = & Rs = 7.6 1 

Li = .0004 Li = .0006 is = .00176 I (612) 

Si = 0.4 • 10« Si = 0.6 • 109 Ss = 0.76 • lO*. J 

Thus the network parameters become: 


Z/ii “ .001 Rii — 10 

Z/12 = —.0006 Rii — 6 

La = .00236 Ra = 13.6 


Sn = 109 
Sii = - 0.6 • 109 
Sa = 1.36 ■ 109. 


(613) 


The elements of the modular determinant are: 
cn = .OOlp + 10 4- 10»p-i 

Ci2 = —0.6 Cii = C 21 

C 22 = .00236 p + 13.6 + 1.36 • 109 p-i. 
The modes are determined from: 

p^D{p) = 0 


or: 


p^Cnicn — 0.36 cii) = 0. 


(614) 


(615) 
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Mesh jfl is again a normal coordinate. The corresponding mode 
is determined from: 

pcii = .001 + 10 p + 109 = 0 (615o) 


which yields: 


Pi = -5000 + j 10® 1 
P 2 = -5000 - j 10 «. J 


(616) 


The other pair of modes is determined from: 

p(c 22 - 0.36 cii) = .002 p2 + 10 p + 109 = 0 ( 515 ^,) 

which yields: 


P 3 = -2500 +j 0.707 • 10* 1 
P 4 = -2500 - j 0.707 • 10 ®. J 

The components of the modular vector group for 


(617) 

Pi are given by: 


Cu = 0 C 12 — 0 I 

C 21 = 0 C 22 = —5 *j- j 1000. J 

The components of the modular vector group for 


(618) 

ps are given by: 


Ai = 5 — j 293 C 12 = —0.6 Cii 1 

C 21 = — 0.6cii C 22 = 0.36 Cii. J 


(619) 


These vector groups together with the corresponding normal 
coordinates are plotted in Fig. 91 (a) and (6) respectively. The 


2 2 



normal amplitudes are denoted by Ni ^2 and Nz.t for the pairs of 
modes pi, jh and ps, pi, respectively. They are not drawn to scale 
as to length because the latter is determined by the initial conditions 
about which we have as yet said nothing at all. We are at present 
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only interested in the angular positions of the normal coordinates 
with respect to the axes, i.e., the physical meshes in the network. 

Nifi coincides with axis 1 as it should. ^ 3^4 makes an angle of 
59° with the horizontal. Hence for a given amplitude it will have 
a larger projection upon axis 2 than upon axis 1 , this ratio being 
1.66. With this in mind we can predict the following, relative to 
the resonance phenomena. With the generator in mesh § 1 , 
resonance will occur for two frequencies, namely at co = 0.707'10® 
and again at co = 10 ®. The former belongs to ^ 3 , 4 , and hence will 
produce exceptional amplitudes in both meshes, the ratio of that 
in mesh #2 to that in mesh /I being 1.66. The second resonance 
at 10 ® will be confined to mesh #1 alone, i.e., mesh ^2 will not re¬ 
spond. With the generator in mesh # 2 , resonance wiU occur only 
at CO = 0.707 • 10®, because the normal coordinate iVi ,2 cannot be 
excited from axis 2 . The single resonance at 0.707 • 10® will have 
amplitudes in meshes 2 and 1 in the ratio of 1.66 to 1 respectively. 

We close this discussion with a numerical calculation of the 
above resonance phenomena to serve as a check on our prediction. 
For this purpose we must first determine the elements of the net¬ 
work determinant. These are: 


611 = .001 ico-t-10-1-^ 

bn — —O.Sbii = 621 

1 . 109 

622 = .00236 ;co + 13.6 + 


With the generator in mesh §l we have: 


But: 


Also: 

and: 


r 1 

D 

j. BnE 


D = 


bii 612 
&2I &22 


biiii22 — 0.36 fell). 


Bn = 622 

Bn = —621 “ 0.6 611 , 


(620) 


(621) 


(622) 
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Hence: 


which become: 


bszE 

bnQ>22 ~ 0.36 611 ) 
O.&E 

bn — 0.36 bn 



(623) 

(624) 

(625) 


The magnitudes of these are shown plotted against « in Fig. 92. 
We see that Ii has two maxima, one at w = 0.707 • 10 ® and one at 



Fig. 92 


w = 10 ®. h has only one maximum at co = 0.707 • 10 ® which is 
1.66 times the maximum of h at this point. These results sub¬ 
stantiate what was said above. 

Finally, with the generator in mesh §2 we have: 

j- _ BiiE 

D 

y BjqE 


(626) 
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But: 

and: 

Hence: 


Bii = —612 — 0.6 611 

B22 = bn. 

, _ 0.6 E 

' 622 -0.36 

7 ^ 

* 622 - 0.36 bn 


(627) 


(628) 


The magnitudes of these expressions are shown plotted against 
w in Fig. 93. The curve for 7i here corresponds to that for h 



in Fig. 92 as it should. Resonance in both meshes occurs only for 
CO = 0.707 • 10®, and the maximum for li is 1.66 times that for 
7i as predicted above. 

PROBLEMS TO CHAPTER VH 

7-1. Determine the geometric positions of the normal coordinates for the 
network of Prob. 6-7. 

7-2. On the basis of the results of Prob. 7-1, what can you predict in re¬ 
gard to the relative magnitudes of the resonance maxima in the various 
meshes? Check your predictions by calculation. 

7-3. On the basis of the results of Prob. 7-1, check the relative magnitudes 
of the transient terms in the Prob. 6-7. 

7-4. A three-mesh network consists of a chain of identical meshes coupled 
by the same value of purely mutual inductance- Each mesh contains only re- 
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sistance and inductance. Determine the geometric positions of the normal 
coordinates, and show that these form an orthogonal group. 

7-6. On the basis of the results of Prob. 7-4, predict the relative magni¬ 
tudes of the transient terms in the various meshes. 

7-6. Check the predictions of Prob. 7-6 for a constant force suddenly im¬ 
pressed in: (a) The first mesh; (h) the second mesh; (c) the third mesh. 

7-7. A two-mesh network is characterized by the following parameters: 

En ^ 20 Ri 2 = 10 R 22 = 12.5 

r _ 1 T - ^ r ~ ^ 

■Liii — ^ Ijvz — 2 ^ ■'■^22 —' 

2 • 106 .Shi = 106 ^6^22 = 2 • 106. 

Construct the network. Determine the geometrical positions of the normal 
coordinates, and predict the relative magnitudes of the normal functions in 
the two meshes, as well as of the steady-state amplitudes. 

7-8. Determine the steady-state amplitudes of the currents in the network 
of Prob. 7-7, and plot these as functions of frequency for the range: 

27r-5()0<«<27r - 1500, 

{a) For a generator impressed in mesh #1; 

(h) For a generator impressed in mesh #2. 

7-9. Determine the transient solution for the network of Prob. 7-7, and 
evaluate the integration constants by the direct method. 

7-10. Repeat Prob. 7-9 using the method of successive initial derivatives, 
and compare. 



CHAPTER VIII 


APPLICATIONS 

1 . The Steady-State Solution to the Transformer Problem. 

The transformer is probably the most common piece of apparatus 
used in connection with communication networks. We will dis¬ 
cuss here some of its outstanding characteristics. We shall not 
take up the non-linear effect produced by the introduction of an 
iron core, but will confine ourselves to the consideration of the 
air-core transformer only. The results so obtained also cover the 
general behavior of iron-core transformers. The latter have, of 
course, additional peculiarities which are much more complicated 

R2 



to investigate. We are at present not adequately prepared to 
take up these points. At all events, the characteristics of the air- 
core transformer should be thoroughly studied before the modi¬ 
fications due to the iron are considered. 

A transformer, together with its source of excitation and simple 
load, forms essentially a two-mesh network. We shall study the 
steady-state behavior of this network here. It is illustrated in 
Fig. 94. Ri and Li are the resistance and inductance respectively 
of the primary, while R 2 and L 2 are those constants for the second¬ 
ary. M is the mutual inductance between the coils, and Zi repre¬ 
sents a load impedance whose structure we leave unspecified for 
the present. E is the root-mean-square amplitude of the applied 
voltage and may be due to any kind of a source. It is assumed to 
be harmonic with an angular frequency of co radians per second. 
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The root-mean-square current amplitudes in the primary and 
secondary are denoted by /: and h respectively. 

If we let: 

&ii = -ffi + J-f'XW 1 

hn = = 621 } (629) 

622 Ri “h jLi<^ 4 ” •2'i J 


then the time-average equilibrium conditions become: 

bnh + biih = E ] 

bull “1“ b^z = 0. J 


(630) 


Their solution is given by: 

/i = 

and; 

h = 


bmE 


' U022 “ £>12 

~bnE 
bnbii — bi^ 


(631) 


Before proceeding with the discussion of these results, let us 
reflect for a moment as to what kind of an apparatus a transformer 
is supposed to be, i.e., what function we usually expect it to per¬ 
form. As its name implies it transforms something, usually the 
voltage and current as viewed either from the primary or secondary. 
We may also look upon it as a mechanism for transforming an 
impedance. This is a commonly accepted function of a trans¬ 
former in communication work. The desired transformation, i.e., 
the ideal transforming property, is one of simple multiplication or 
division. There may be special cases where other characteristics 

are desired, but the usual ob¬ 
ject of using a transformer is 
to make a given impedance 
look a? times larger or smaller, 
where 0? is a constant, but not 
necessarily a real number. In 
communication work we fur¬ 
ther require that the transfor¬ 
mer shall do this not only at 
one frequency, but at all frequencies within a continuous band, 
the limits of which are fixed by certain standards of intelligibility 
and quality. 

These are the ideal characteristics of a transformer. It is our 




SOLUTION TO THE TRANSFORMER PROBLEM 287 


problem to investigate the coupled circuit of Fig. 94, and see how 
closely the ideal characteristics may be approximated by properly 
adjusting the vital parameters. 

The ideal characteristics are made more evident by the Fig. 
95 which illustrates what is supposed to be an ideal transformer. 
The input voltage and current are denoted by Ei and 7i, while the 
output quantities are denoted by and h. The transformer is 
said to be ideal if: 

El = dEi ] 


and: 



(632) 


where a is called the ratio of transformation. Obviously, if E^ 
is considered as the voltage impressed upon a load impedance 


Zl, then: 


and: 



(633) 


where Zl is the load impedance as viewed from the primary. 
Now consider the solutions (631). From these we can form: 


h 

h 



(634) 


Substituting from (629) into the above, we have: 

h = -^2 ~b jLjca H~ Zl 

Iz jMu 


(635) 


If the circuit is to act like an ideal transformer, then this expres¬ 
sion must be a constant, i.e., independent of frequency. Ob¬ 
viously, it is not. However, if the term Lzfa were made very much 
larger than either Rz or Zl, i.e., if: 


Lzf>^ Rz I 

Lzu) ^ Zlj 


(636) 


at all the essential frequencies, then (635) would become, with 
sufficient accuracy: 


Ti 


h 


h 

M 


(637) 
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which is a constant as required. In order to interpret the sig¬ 
nificance of (637) we recall that: 

Z/22 = I’22n2^ ] 

and: [ (638) 

HI* “ kizTliTl^ i 


where 1*22 is substantially the permeance of the path which the 
flux must take in linking the secondary turns n 2 , and ^12 is substan¬ 
tially the permeance of the common flux path linking the primary 
turns Ui and the secondary turns n^, both expressed in practical 
units, of course. Then (637) becomes: 


^ _ ^22^2" ^ 
I 2 ki2nin2~ Til 


(639) 


which is the inverse ratio of turns. The minus sign has no sig¬ 
nificance since the algebraic sign of M will depend upon the relative 
winding senses of the primary and secondary, of which we have 
said nothing. We are not interested in this anyway. We merely 
wish to point out that the result (637), based upon the assumption 
(636), leads to what is substantially the inverse ratio of turns of 
the primary and secondary windings. 

Let us next see what condition yields the proper ratio of voltages 
demanded by (632). If we define E 2 as an impressed voltage at 
the load, then: 

E2= - hZi. (640) 


Our voltage E in the solutions (631) may be denoted by Ei to dis¬ 
tinguish it as a primary voltage. Then by the second equation 
(631) we have: 


El _ &11622 — hi2^ 

E 2 Zibi2 


(641) 


Substituting from (629) into the above, we obtain: 

El _ {M^—LiL2)u^-{-j{RiL2'{~R2Li)u>-\-jLici}Zi,-\-Ri(R2-^Zi) 

¥2 -• (642) 


The conditions under which this becomes substantially a constant 
are; 

Zl-Lio>^(M^~ LiL2)o^‘^ ] 

Zi, • Ljco {R1L2 “b i? 2 Li)co I 

Zl • Li(j) ^ Ri{R2 -f- Zi). J 


(643) 



SOLUTION TO THE TRANSFORMER PROBLEM 289 


Then (642) becomes very nearly: 


If we recall that: 

II 

(644) 

II 

1.5 

(645) 

then (644) may be VTitten 




_ kiiUi- ^ Til 

(646) 

E 2 



which is the desired ratio of primary to secondary turns. 

The significance of the first condition (643) is rather interesting. 
If we note equations (638) and (645), we see that: 

AP — LiLi = — kiikii). (647) 

This expression will vanish if: 

kn = = A'12. (648) 

This requires that the flux paths for the primary, the secondary, 
and the mutual turns be identical, which is the same as to say 
that there be no leakage flux. With an iron-core transformer this 
is more nearly the case than with an air-core transformer. In¬ 
cidentally, when the leakage is neghgible, then the approximate 
equalities in the expressions (639) and (646) become exact. 

We can summarize the requirements of an ideal transformer, 
according to the conditions (636) and (643), as follows. For the 
essential frequency range the transformer must be so designed that: 
Its primary and secondary resistances are neg¬ 
ligible compared to its inductive reactances; its 
magnetic leakage is negligible; and its inductive 
reactances are large compared to the impedance 
of the load. 

So long as these conditions are comphed with, the transformer will 
behave merely as a multiplying or dividing agent for the load 
impedance. It is not a simple matter to meet these requirements 
in practice. For audio frequencies the leakage is kept low by the 
use of iron and by proper physical design. The use of iron also 
helps the first and last requirements. The latter, of course, de¬ 
pends upon the nature of the load, so that this is a vital factor in 
determining the behavior of the transformer. 
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Note also that the conditions (636) for the current ratio and 
^643) for the voltage ratio contradict each other regarding the 
magnitude of the load impedance. If the latter is relatively small, 
then the current ratio v-’iU be more nearly ideal, but the voltage 
ratio will be farther from ideal, and vice versa. This is due to the 
fact that the current ratio will be nearly inversely as the turns 
when the load current is large compared to the exciting current 
in the transformer, while the voltage ratio will be nearly equal to 
the turns ratio at no load, i.e., with the secondary open. 

Hence, we see that an actual transformer may act approximately 
as an impedance multiplier over a limited range of frequencies 
provided it is properly designed for the specific load in question. 
The more common use for a transformer, however, is to transform 
the voltage impressed upon its terminals. It is used in this ca¬ 
pacity when placed between the output of one vacuum tube and 
the input of another. In such a case we are not interested in the 
current ratio at all, but only in the voltage ratio. Our object is to 
have the latter remain as constant as possible over the essential 
frequency range. Although the attainment of this end is quite 
difficult also, it is not as involved as the above problem. We shall 
consider this in detail now by carr 3 ang through the computations 
for several typical cases. 

Let us consider in each case the ratio of the load voltage to the 
primary voltage. For this purpose the expression (642) is more 
useful in the following form; 

El =___ jMaZi _ f649') 

A pure resistance load is the commonest. For this we put: 

Zl = R. (650) 

Then if we let: 

a = Ri{Ri -b R) ] 

b = LJji — I (651) 

d — R 1 L 2 -f“ R^Li -|- RIji 

we have 

El — jMRw 

El {a — bul) jda 


(652) 
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In order to facilitate the discussion of this result it is con¬ 
venient to introduce the notation: 


and: 



(653) 



(654) 


Since we are principally interested in the magnitude of the voltage 
ratio, we have: 


MR 

d 


COl' 


2 — ..,2 


(aW2 


or: 


Ez 

_MR _ 

1 

% 

d 

A +jB 


- +J 


(655) 

MR 

d 

• /(co). 

(656) 


The dependence upon the frequency is contained in the function 
/(«). The constant factor preceding it is in most cases very nearly 
equal to the ratio of transformation. This is due to the fact that 
the load resistance is usually large compared to either the primary 
or secondary transformer resistances, so that: 


This gives: 


d = RLi. 
MR _ % 

d Li 7i\ 


(657) 

(658) 


Before discussing /(w), let us consider the real and imaginary 
portions of the denominator, which we have denoted by A and B 
respectively. B is a constant and equal to unity. J. is a function 
of CO and of the frequencies coi and co 2 given by (653) and (654) 
respectively. These we shall call the essential frequencies, be¬ 
cause they are usually located so as to include the essential fre¬ 
quency band between them. 

In Fig. 96 we show plots of A, B, and /(co). The plot of A is 
rather interesting, and worth noting since it occurs again. It 
passes through zero at coi and rapidly approaches its asymptote 
which is a straight line through the origin and the point (—1, 
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Uj). 

0 ) 2 . 


The frequency at which = — 1 is therefore practically 
The frequency at which A = +1 is: 

(659) 


0>2 


At these two frequencies the value of /(«) is 0.707. For practical 
reasons it is essential to have the frequency (659) as low as possible, 




Fzg. 96 



and W 2 as high as possible. At the lower essential frequency 
0 ) 1 , f{o)) is unity. Above 0)2 it drops off very nearly hyperbolically. 
Whenever (657) is justified, then also: 

a ^ RiR. (660) 

Then by (653) we see that: 

For a given load resistance it is advantageous to have the primary 
resistance Ri as small as possible. 

The ratio of the essential frequencies is an index of the band 
width. This is: 

6J1 bo)! ct 

0)2 d do)i 

or by substituting the approximate values for a and d, we have: 

coi Ri 
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The primary resistance to inductance ratio is therefore an impor¬ 
tant factor in determining the band width. Incidentally, we note 
that: 


_ Ri 
C02 Lii 


(662a) 


which is the frequency at which A = -(-1 as given by (659). The 
upper essential frequency is approximately given by: 


RLi 

LiU - ■ 


(663) 


This will be higher for a large load resistance, large primary in¬ 
ductance, and low magnetic leakage. We will close the discussion 
of this case with a numerical example. 

The following data is taken from an iron-core audio transformer. 
We shall assume here that the saturation in the iron has no effect. 
We have: 


i2i = 1300 
Ri = 6400 
la = 140 
Li = 1400 
M = 414. 


(664) 


By (662) or (662a) we then have: 

W2 = 0.1077 wi2 (665) 

or: _ 

coi = V9.28 u>i. (665a) 


Since the two essential frequencies are thus definitely related by 
the primary transformer constants, the choice of a load resistance 
wiU, according to (661) or (663), fix the essential frequency band. 
We have: 

R = 91.1 W2 1 


or: 

so that: 


R = 9.81 


( 666 ) 


Ml = 1.01 

M2 “ 0.011 R 


- = 0.0109 VS. 

Ml 


and: 


(667) 
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For; 
we get: 


R = 10 ® 


wi = 1.01 • 10® 1 

coa = 1.1 • 10^ I 


corresponding to frequencies of: 


/i = 160.5 1 

Si = 1750. J 

(668a) 

On the other hand, for: 


ie = 0.5 • 10® 


we get: 


/i = 113.5 1 
/2 = 875. J 

(669) 

From these results it is quite apparent that this transformer was 
either designed to work into a very high resistance load, or into a 


load of an entirely different character. In order to plot the above 
results we must determine the factor: 

MR 

d 


in the expression (656). By (651) we have for the one meg-ohm 
load: 

d = 142.7 ■ 10® 


so that: 


MR 

d 


414 

142.7 


= 2.9. 


(670) 


For the one-half meg-ohm load: 


so that: 


d = 72.7 • 10® 


MR ^ 414 
d 145.4 


2.85. 


(671) 


Both plots have the characteristic shape of /(co) in Fig. 96 with 
proper allowance for the correct relative positions of «i and « 2 . 
Incidentally, the angular frequency « may be replaced by the actual 
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frequency / in this figure, since the expression for /(«) in (655) is 
dimensionless. The results for this numerical example are shown 
in Fig. 97. It is very easy to carry out these plots with the help 
of the characteristic plot of Fig. 96. In fact a rough sketch of 
them may be made as soon as the essential frequencies wi and £02 

together with the factor are known. 

We shall next consider a pure capacitive load. For this; 


Zl 


1 


(672) 



Substituting this into (649) and arranging terms, we have: 


JS2 _ jilfco 

K ~ [R,-C(Ril^+R2U)<^^]+MLi+CRtR2-C{LiL2-m<>^] ’ 





(673) 

If we let: 

a — Ri 

d == Li “f" CR 1 R 2 
e - C(LiL 2 - M^). ^ 


(674) 

Then (673) becomes: 







(675) 

K' 

(a — b(o^) 4- it>5(d — ew*) 


Comparing this form with (652) for the pure resistance load, we 
see that the ratio now will have two maxima instead of one. That 
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is, we expect that the voltage ratio will peak at the lower essential 
frequency: 





(676) 


as in the previous case, and again at the upper essential frequency 
which we now define as: 


U2 



(677) 


Thus we expect to get a better overall characteristic with a ca¬ 
pacitive load provided the various parameters can be properly 
adjusted. 

In order to obtain a flat characteristic between the two essential 
frequencies, the corresponding peaks at these frequencies should 
be equal in height, i.e.: 


Ei 


E2 

K 

U1 

'El 


(678) 


By (675) this becomes: 

M __ Mo32 

e(wi^ — <02*) 6(coi^ — 0)2®) 

or: 

eo)2 = b. (679) 


Under this condition (675) may be written in terms of the magni¬ 
tude only: 


or: 


El 


M 

d 


o)r 


2 _ 


0 ) 0)2 


+ j 


. 0 ) 2 - 




0)2 


(680) 


Ei _M 1 _M ^ 
El - d'\A +jB\ - d 


(680a) 


Note the similarity between this form and (655) for the previous 
case. The factor: 


M 

d 
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is very nearly equal to the transformer ratio because d is usually 
approximated very closely by: 

d ^ Li. (681) 

The factor A in the denominator of (680a) is the same as for the 
previous case. The factor B is the new feature about this case. 
In Fig. 98 we show plots of A, B, and/(co). From this we see that 
/(co) does not dip down between the frequencies wi and wj, but 



even rises somewhat above the value unity. Hence, we see that 
the characteristic is quite flat over the essential band. 

By (674), (676), and (677) we have for the limits of this band: 

+ M.) 

and: 

- - 

where the approximate value (681) was used for d. From the 
last equation we see that wj is that frequency at which resonance 
occurs between the leakage inductance of the transformer and the 
capacitance of the load. When the latter is fixed, it is obvious 
that £02 will drop with increasing leakage reactance. Since the 
leakage reactance is larger in transformers with a high ratio of 
turns, we see that increasing the latter will lower the upper essen¬ 
tial frequency for a fixed capacitive load. This is an important 
factor which limits the ratio of audio transformers to be used with 
vacuum tube loads. 
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Since (679) is equivalent to: 

(iui® = acoa 


we have by using the approximate form for d: 

wi_ Ri 

C 02 Li<>ii 


(679a) 

(684) 


which is the same as the relation (662) for a resistance load. 
Hence we see that the essential frequency range is again limited 
by the ratio of primary resistance to inductance. 

Due to the fact that the three relations (682), (683), and (684) 
must be simultaneously satisfied in order to give rise to the charac¬ 
teristic ratio shown in Fig. 98, we see that a given transformer must 
be loaded by a definite capacity in order to obtain a flat voltage 
curve over the essential frequency range. By combining the 
above three relations we find: 


C = 


LiiLiLi - M^) 


(RiLi -|- RiLiY 

This also fixes the essential frequencies, thus: 

_ . / Ri{R\L<i + RJL^ 

~ V Li(LiL2 - M2) 


and: 


COi 


0)2 


RiLi ■!“ RiLi 
' L 1 L 2 - M2 ' 


(685) 


( 686 ) 


(687) 


For the audio transformer specified by the data (664) we would 
have: 



C = 0.242 • 10“® farads. 

(688) 

Also: 

wi = 135.5 1 


and: 

C 02 = 213.0.1 

(689) 


From these results it is quite obvious that this particular trans¬ 
former was not designed to give a flat voltage characteristic when 
working into a pure capacitive load. The upper frequency 0 )$ 
is much too low. This is due to the fact that the load capacity 
is too high. If the latter were decreased, then 0)2 would increase 
as may be seen from (683). But the characteristic would no longer 
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be flat, i.e., it would become much higher at the point W 2 than at 
wi- This may be seen in the following way. 

The relation (678) expresses the condition that the character¬ 
istic be flat. If in general we were to write; 


E2 

= f 

E2 

% 

cot 

El 


then it would follow that; 

6(02 = rb 


(678a) 

(6796) 


instead of (679). 
for; 


The result (680a) would be unchanged except 



rC0C02 


(6806) 


The expressions (682) and (683) for the essential frequencies re¬ 
main unchanged. However, the relation (684) now becomes; 

^ _ rBi 
(02 ibiCOi 

or: 

r = -^2^* 

Iil (02 


(684a) 

(6846) 


Tor example, if we terminated the above audio transformer in 
say: 

C = 100 /i.fi.f. 


then by (682) and (683) we would have: 


and: 


«i = 2.19 • 10» 
6)2 = 1.05 • 10^ 


so that by (6846) we would get: 

r = 49. 


This means that the ratio of load voltage to primary voltage 
would be 49 times its normal value at the frequency 02 . Such a 
peak can not be tolerated as a general thing. When, however, 
only a narrow band of frequencies is to be covered, then this peak¬ 
ing property may be made use of in increasing the voltage ampli¬ 
fication. The professional vernacular calls this process; "Peak¬ 
ing” a transformer for such and such a frequency band. When a 
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wide band of frequencies is to be covered with uniform results, 
then the parameters should be so adjusted as to make the value of 
r as near unity as possible. 

Let us next consider a load made up of a resistance and a capaci¬ 
tance in parallel. For this we have: 


1 1 , 
or: 

T’ _ 

^ H-ji2Cco' 

Then the voltage ratio (649) becomes: 

^ _ 

El {a — h(^) + j<i}{d — euF) 

where we now have: 

a = Ri(Ri 4" R) 

b = RCiRiLi + RiLi) + LiU - 
d — RCR 1 R 2 4" R\Li "h RiLi -)- RLi 
e = RC(LiLi - M^). 

Again we define the essential frequencies: 


(690) 

(691) 


(692) 


and: 



(693) 

(694) 


If we require that the function have the same magnitude at wi and 
0 ) 2 , we have as before: 

eo)2 = 6 (695) 


or: 


du^ = < 10 ) 2 . 


(695a) 


Then the magnitude of (691) becomes: 


or; 


1^ 

Ex 


MR 

d 


1 


0)1^ — O)^ .0)2^ — 0)® 

- J --— 

CM2 0)2 


Et _ MR 1 _MR , 
Ei~ d ' 


(696) 

(696a) 



SOLUTION TO THE TRANSFORMER PROBLEM 301 


Here/(w) is identical with that for the pure capacitive load, and 
is, therefore, given by Fig. 98. The essential difference between 
that case and this lies in the values of the parameters (692). The 
first three of these may usually be approximated by: 

d = RiH I 

6 ^ L 1 L 2 - (692a) 

d^RLi. J 

In terms of these values we have: 

_ , r~Rji 

" V 

and: _ 

Li 

C(LiL2 - M^) 



(697) 

(698) 


We see that ^2 is again the frequency at which the leakage induc¬ 
tance resonates with the load capacitance. Consequently the 
transformer ratio is here also restricted by the upper essential 
frequency. 

The condition (695a) for a flat characteristic becomes: 


or: 


LlCOi^ 

ui _ Ri 
C02 TiWi 


(699) 


which is the same as (684) for the capacitive case. If we use (695) 
to express the condition for a flat characteristic, we have: 

RCcoi = 1. (700) 

In this form it hnks the load resistance and capacitance with the 
upper essential frequency. 

In this case the load parameters are not completely specified by 
the transformer constants as in the case of a pure capacitive load. 
This is due to the fact that we have the three equations (697), 
(698), and either (699) or (700) which interrelate the/our quantities: 

COi W 2 R 0, 


Hence, any one of these may be specified arbitrarily. In order to 
illustrate this, let us take the audio transformer constants (664) 
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again. We will arbitrarily specify that the lower essential fre¬ 
quency shall be determined by: 


o 

o 

1! 

3 

(701) 

Then we have from (699) that: 


ui = 27000. 

(702) 

Using these values in (697) and (698), we find that: 

R = 2.5 -106 1 
and: i 

C = 15 • lO-i^ J 

(703) 

The voltage ratio characteristic for this transformer with a load 
consisting of the above resistance and capacitance in parallel is 


is. 



given in Fig. 99. This figure is very easily drawn by modifying 
f(oi) in Fig. 98 to comply with the values for the essential frequen¬ 
cies given by (701) and (702), and multiplying the ordinates by the 
factor: 


MR _ 

d ~ Li 


(704) 


Instead of arbitrarily fixing wi we could have chosen a value for 
any of the other three quantities involved. From the results of 
this case it would seem advisable to arbitrarily put a resistance in 
parallel with a pure capacitive load in order to improve the 
voltage characteristic of the transformer. 

The characteristic may be made peaked in this case also. For 
the voltage ratio at coj to be r times what it is at wi we have the 
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same relations (697) and (698) as before, 
or (700) we find: 

but instead of (699) 

0)1 _ rRi 

0)2 Ll<Jil 

(699a) 

and: 


RCoii = T. 

(700a) 

In this case the factor A in (696a) becomes: 


ri = “ 0)2 

rO)Cx32 

(6966) 


just as in the previous capacitive ease. Now, out of the five 
quantities: 

<i3i R C r 


any two may be arbitrarily fixed. 

Finally, we shall treat one more type of load which is quite 
common, namely that of a resistance and capacitance in series. 
For this we have: 


^ 1 -{-jECa 

- 

jC03 


(705) 


Substitution into (649) gives: 

Ej _ -jMwQ. + jRC(^) 

El (a — bo3^) + j<>>{d — e«®) 

with: 

a = Ri 

b — C{RiLi “(■ RJhi -(- RLi) 
d — Li -j- CRi^Ri R) 
e = C{LiU - M^). 


(706) 


(707) 


The essential frequencies are again given by: 


Wl' 


» a 
2 = _ 


and: 






Then (706) may be written: 

E^ _ -jM _ 

El d b coi* 


1 + jRCu 


-hj- 


0)2“ 


(708) 

(709) 

(710) 
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The magnitude of the voltage ratio at the two essential frequencies, 
therefore, becomes: 


and: 



Ei _ M 1 “t" jRC(i>i 

El a, d (Cj? — _ d 

W2 d 


(711) 


(712) 


Now we write the condition that the ratio at coi should be r times 
what it is at wi, i.e.: 


E 2 

= 7* 

E% 

¥i 

tM 

Wi 


(713) 


This gives: 

|1 + jRCoiild = |1 +jRCuilrbui 
which is equivalent to: 


R2CW = - 



(713a) 


(714) 


This result is not particularly useful in the above form because 
b and d contain the quantities R and C. However, the relative 
magnitudes of these quantities and the transformer constants are 
usually such that the following approximations are permissible: 


b^RCLi 1 

f 


(715) 


Then (714) may be solved for the RC product explicitly in terms 
of coi, 0 ) 2 , and r. We get: 


R2C2 = -1)^ + 4 r^o)i== _ 

2 r^o)i*co2 


(716) 


We are particularly interested in the result for r = 1. This gives: 

RC = 1. (717) 

It is interesting to compare this with the result (700) which ex¬ 
presses the same condition for the case of a resistance and capaci- 
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tance in parallel. The general condition for a peaked character¬ 
istic at < 02 , given by (716), is now much more complicated than 
(700a), which expresses this same condition for the parallel load. 

With the approximations (715) we get for the essential fre¬ 
quencies (708) and (709): 

“> - \/S 

and: 

Note that W 2 is still the resonant frequency for the leakage induc¬ 
tance and the load capacitance. 

When a fiat characteristic is desired for this case, we consider 
the equations (717), (718), and (719). Out of the four quantities: 

(jOi 032 R C 


any one may be arbitrarily specified. This assumes, of course, that 
a transformer with definite constants is given. 

On the other hand, when a peaked characteristic is desired, we 
consider (716), (718), and (719), Then the five quantities: 

COi 002 R 0 T 


are involved, of which any two may be arbitrarily specified. 

Note, incidentally, that by combining (717) and (718) we get: 


C02 



(720) 


Comparing this with (699) for the parallel resistance and capaci¬ 
tance load, we see that the essential frequency band is now wider 
for the same ratio of primary resistance to inductance. 

We still have to put the expression (710) for the voltage ratio 
into its final form. If we define: 

VcijiC02 = C0f„ (721) 

as the geometric mean frequency, then we have for the magnitude 
of the voltage ratio: 
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M 

L, 



. w 

1 + — 

Wml 

0 ) 0 )^ 

0 )^ , .C02“ — 

—r J 

012“ 


or: 


Ez 

M 

P+jQ 

El 

Li ' 

A + jB 


-j; •/(»). 


(722) 


(722a) 


This is somewhat different than (696) for the parallel load. 
The factor B is the only one which is not changed. Fig. 100 illus- 



PlG. 100 


trates the quantities P, Q, A, B, and /(w). We see that the latter 
is quite flat and somewhat greater than unity over the frequency 
range between wi and coj. The values at wi and coj are equal, as 
they should be since the expression (722) was derived on this 
basis. 
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It is interesting to note in connection with this case that the 


relation (716) reduces to: 


72Cw2 = 1 

(723) 

for: 


1! 

(724) 


The condition (723) for the parallel resistance and capacitance 
load led to a flat characteristic. Here it leads to a characteristic 
which is 1.414 times as high at W 2 as it is at coi. 

We wiU close the discussion of this case with a numerical ex¬ 
ample, using the transformer data given by (664) again. Let us 
determine that load for which the voltage ratio characteristic will 
be flat. Since we may choose one of the quantities wi, co 2 , 72, C 
arbitrarily, we will fix wi at: 


From (720) ■we obtain: 

cui — 150. 

(725) 

0)2 = 1.16 • 10“^O)i® 

(726) 

so that we find: 

0)2 = 39100. 

(727) 

Thus by (718) and (719) we have: 



72 = 5.76 • 10^ 1 


and: 

C = 7.17 • 10-12. J 

(728) 


Fig. 101 shows a plot of the voltage characteristic with this load. 

We could continue to take up other types of loads and work out 
the conditions for a flat characteristic, but the above will suffice 
to give the reader an idea of the essential features of the problem. 

Whenever a capacitive load is involved, the upper essential 
frequency is limited by the leakage inductance of the transformer 
referred to the secondary side. This is: 

W\ 

h “ zsj 

The factor: 

is often called the leakage coefficient of the transformer. Its value 
is usually in the neighborhood of from five to seven per cent for 


(729) 

(730) 
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iron core audio transformers. In terms of this factor we hav^e, 
for example, by (719): 


crLi,u>i 

and by (718): 


(731) 

(732) 


Practically, we wish to have wa as high as possible. In order to 
keep C from getting too small and R from getting too large, the 



leakage coefficient must be small. It is usually not small enough. 
The other alternative would be to make La small, but with fixed 
Li this means a decreased ratio of transformation. Increasing the 
latter, increases La, so that the ratio is limited by wa also. De¬ 
creasing the inductances of the transformer tends to make the 
exciting current comparable to, or perhaps larger than the load 
current. This tends to make the current ratio appreciably differ¬ 
ent from the inverse ratio of turns, as pointed out earlier in con¬ 
nection with eq. (635), so that the impedance looking into the 
primary terminals is no longer the transformed load impedance, 
but substantially the impedance of the primary winding. This 
may be seen from the network of Fig. 94 as represented by the 
parameters (629). The input impedance at the primary terminals 
is given by: 


( 733 ) 
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where D is the network determinant, and Bn the minor of its first 
row and column. Thus: 


7 = d~ jLio) (j?2 + jLjUi + Zi) 4- _ 

i?2 + jL^ + Zl 


(733a) 


If the inductive reactances, as well as the resistances, are small 
compared to the load impedance Zi over the essential frequency- 
range, then we have approximately: 

^ jL,c (734) 


as stated above. On the other hand, when the inductive reactances 
predominate, we have: 


Zi, 


(il/^ — jLi<aZj[, 

'■ jLzu 


(735) 


and since the leakage is small: 

^.s|-Zxs(^)’-Zt. (785a) 


The condition which gives rise to (734) is usually undesirable 
because it leads to a very small input impedance which is substan¬ 
tially inductive. If it were not for this objection, then it would 
be advisable to keep the transformer inductances low, because a 
better voltage ratio characteristic results. 

In conclusion we wish to point out that the above analysis of the 
transformer network omits one factor which is of considerable 
importance practically, and that is the effect of distributed ca¬ 
pacity in the windings. We treated the network as a lumped- 
constant problem, which means that we took into account only 
those constants which are predominant at relatively low frequen¬ 
cies. At high frequencies, such as are encountered in the vicinity 
of the upper end of the audio band, the distributed capacity be¬ 
tween turns and layers of the -windings begins to become effective 
in influencing the behavior of the transformer. It is, however, 
very difficult to take this effect into account analytically. At¬ 
tempts have been made in this direction by replacing the distribu¬ 
ted capacity by a lumped capacity in parallel -with the transformer 
■winding. Such a procedure is usually inaccurate for two reasons: 
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First, no reliable data is available for the value of this equivalent 
lumped capacitance; and second, its use is justified only over a 
limited range of frequencies which is hard to specify. The best 
we can do, therefore, is to base our analysis upon the lumped- 
constant assumption, and then modify the results thus obtained 
by what we can gather from experimental familiarity with the 
problem. 

2. Transformer Equivalent Circuits. We wish now to take up a 
subject which sometimes aids in getting a clearer understanding 
of the properties of a transformer. This consists essentially of 
replacing the given network involving the transformer, by another 
network of new physical build but identical characteristics. In 
presenting this subject we are broaching a new branch of network 
theory altogether, namely that of equivalent networks. This 
subject is one of very great interest as well as of unlimited utility. 
It is, incidentally, a subject which has just recently been more 
fully understood. Briefly, it centers about the fact that, whereas 
a given network possesses a unique set of characteristics, the con¬ 
verse is not true. That is, when a suitable set of characteristics is 
specified, it is possible to find an infinite number of networks which 
will possess this set of characteristics. If this is so, then for any 
given network there exist an infinite set of other networks which 
will have the same characteristics. It may very well be that some 
of these equivalent networks are preferable for reasons of analysis 
or practice, and therefore methods for determining them are 
worth developing. 

In a later chapter we shall go into this interesting subject very 
thoroughly, because it has great possibifities in the field of design 
work. Here we shall restrict our discussion to a few simple cases 
which suflflce to represent the transformer with its associated load. 
Our starting point is the Fig. 95 which we have made use of earlier. 
With the same notation regarding the transformer constants, we 
now define: 

bii = Ri+ jLiw 1 

bn — Ri jLica I (736) 

bi 2 = jM(j) = 621. J 

The voltage Et is an impressed voltage for the load, and hence 
acts in the direction of the secondary current. It is given by 
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(640) in terms of the load current and impedance. We shall 
consider it in this sense here. If we arbitrarily define the mutual 
inductance as negative numerically, then we may wite for the 
equilibrium conditions: 


hull — hisl% — 1 

—hull + h^shi = Ei.) 


(737) 


The reason for thus defining M and placing minus signs before the 
6 j 2 terms is perfectly arbitrary, and is done for convenience only. 
This will be seen shortly. 

We wish to show that one type of network, which can be made 
equivalent to the transformer, is given by Fig. 102 . It consists 
essentially of the so-called T-network, characterized by the im- 


h 



Ideal Transformer 


Fig. 102 


pedance arms Za, Zb, and Zc- The ideal transformer is added to 
this structure for the sake of generality. This will be appreciated 
later. Namely, we shall see that various special forms result 
by giving the ratio a of the ideal transformer particular values. 

The principal feature of the equivalent network is that the T- 
structure contains no purely mutual inductances. It seems to be 
a failing of our minds to prefer networks without purely mutual 
inductances. At least for purposes of visualization, ■we seem to 
have trouble in seeing how any current gets from the primary of a 
transformer to the secondary "without any visible means of support. 
Mathematically, this trouble does not exist; and for anal 5 dic 
reasons we should hardly require a T-structure to replace the 
transformer of Fig. 95. It is helpful, however, in clarifying 
some of the physical concepts pointed out earlier in this chapter, 
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and sometimes allows the transformer to be actually replaced by 
another circuit when used in conjunction mth the proper load. 

For the T-structure alone we may write the equilibrium con¬ 
ditions: 

{Zj^ + Zc)h-^h = Er 

(X 

-Zch + = aEi 

a 

or: 

(Zj + Zc) 7 , 

7 7 4.7 

~~h + -^h-E,. 


If this network together with the ideal transformer is to be iden¬ 
tical in behavior to the transformer of Fig. 95, then the systems 
(737) and (738) must be identical. This obviously requires that: 


which gives: 


Zji Zc = hii 

Zb Zc _ 

—^-622 


Za ^ bii — <2612 
Zb = <2^622 — u6i2 
Zc = u 6 i 2 . 


(739) 


(740) 


By assigning any value we please to the ratio a, we immediately 
have the impedances in the T-structure to be used in conjunction 
with an ideal transformer having this ratio, in order to replace the 
given transformer. Thus, we see that an infinite number of equiva¬ 
lent circuits exist. We shall discuss several of the more common 
forms. 

Case 1. The simplest form results when we make a = 1, i.e., 
the ideal transformer vanishes- Then we have by (740) : 

Za = hii hi 
Zb = bn ^ bn 
Zc = bn 


(741) 
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and by (736) this is: 

= -ffi + — M) 

Zb = Ri -{- jw{L2 — M) 
Zc = 


(741a) 


Fig. 103 illustrates this result. The shunt branch of the T con¬ 
tains only the mutual inductance. The series branches consist 
of the resistances and the differences between the self- and mutual 
inductances. It should be noted that unless the ratio of the origi¬ 
nal transformer is unity, one of these differences will be negative. 
When: 


n2 > % ] 

then: I (742) 

Li > M > ii J 


unless the leakage flux is excessive. On the other hand, when: 


then: 


Wi > na 

Z/i > Af > Li. 


(743) 


The fact that one of the inductances in the equivalent T-network 
comes out negative makes it impossible to realize this circuit by 
means of ordinary physical 
elements. However, so long 
as the above representation 
is used merely for analytic 
work, this objection is not 
serious, since a negative in¬ 
ductance is readily created on 
paper by means of a minus 
sign. There are cases where 
this circuit may be used actually, as well as analytically. Suppose, 
for example, that Li — M came out negative, but that the trans¬ 
former was to work into a load having an inductance of Li 
henries. Then so long as: 

Ll^ M — Li ( 744 ) 

the negative inductance in the T-circuit can be combined with the 
positive inductance of the load to form a resulting inductance 
which is either zero or positive. Thus, by modifying the load, it 
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would be physically possible to replace the transformer by the 
above equivalent circuit. 

From this discussion it is apparent that this particular equiva¬ 
lent circuit is generally dissymmetrical, i.e., that in general: 


If we demand that the equivalent circuit be symmetrical, then we 
have: 

Case n, for which we put 


= ^B- 


By (740) we then have: 

y bi2 yR^+jLzee' 


(745) 

(746) 


If the resistances are small compared to the inductive reactances 
over the essential frequency band, then the ratio of the ideal trans¬ 
former becomes approximately: 

“=s/5=S' 


Substituting (746) back into (740), we get: 

2b = &u - 612 

2c=6.v/| 


or: 


= 2b = R, 




R 2 + 


(747) 


(747o) 


The original transformer with a load impedance equal to Zz is 
then replaced by the network of Fig. 104, where the parameters 
are given by (746) and (747a). This case is interesting ana¬ 
lytically, but not ph 3 ^cally realizable unless the approximation 
used in (746o) is allowable. Then (747a) becomes: 
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/ M \ 

M 

= jwi'l * ' 

z, z. 

Fig. 104 




But by (730) we see that: 


" 0 “is) ■ “ v^5)0 + 


SO that (748) becomes: 


Za Zb ^Ri jo}Li • 2 
ZcsjcoLi^l 


(730a) 


(748a) 


Hence, we see that the total series inductance in the T-circuit of 
Fig. 104 is substantially equal to the primary inductance times the 



Fig. 105 


leakage coeflEicient, i.e., the total leakage inductance referred to 
the primary side. The total series resistance is twice the primary 
resistance, i.e., the primary resistance plus the secondary resistance 
referred to the primary. The shunt impedance of the T-circuit 



316 


APPLICATIONS 


is practically equal to the primary inductive reactance, and the 
load impedance is also referred to the primary. Thus, it appears 
that this equivalent network refers everything to the primary side. 
The approximate circuit may be realized physically as illustrated in 
Fig. 105. For purposes of approximate analysis this equivalent cir¬ 
cuit may be very useful. It may also be useful for making actual tests 
in the laboratory provided the modified load can be constructed. 

Case in. We shall now consider the simplified equivalent cir¬ 
cuit that results when we demand that: 


= 0 . 

By the first equation (740) this gives: 

n-h 

d 7 

bi2 

from which we see that: 

and: 

— &n- 


) 


(749) 

(750) 

(751) 


2-b 



Fig. 106 


This equivalent circuit is shown in Fig. 106, where the constants 
are given by (750) and (751) above. This type of circuit is often 
called a half-section or an L-section. 

This circuit may also be realized physically when the resistances 
are negligible compared to the inductive reactances over the 
essential band. Then (750) becomes: 


o —— ——. 

~ M~ rii 

For the first equation (751) we find: 


(750a) 

(761o) 


Hence, the approximate equivalent circuit becomes that shown in 
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Fig. 107. The load is again referred to the primary side. The 
total series inductance is also substantially equal to the leakage 
inductance referred to the primary side, because: 

O' ^ 



Fig. 107 

Note, incidentally, that the impedance looking into the primary 
with the secondary open is: 

Ri + jLico 

in all the Figs. 103, 105, and 107 for the various cases treated so 
far. Since this must be so, it is clear that the shunt impedance 
in this last case must contain the resistance Ri. 





Fig. 108 


Case IV. Finally, we shall demand that; 

Zb = 0. (752) 

By the second equation (740) this gives: 

a = (753) 

022 

so that we have: 
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This equivalent circuit is illustrated in Fig. 108, where the pa¬ 
rameters are given by (753) and (754). 

Here again we may derive an appro.\imate equivalent circuit 
by neglecting the resistances in comparison with the inductive 
reactances over the essential band. We then have by (753): 


and by (754): 
and: 


~ Th, 

Za = {Ri + jLi(a)<r 

Zc = (Rx +jLxax) (1 - v). 


(753a) 

(754a) 


This situation is illustrated in Fig. 109. If the leakage were 
negligible, we would simply have the transformed-load impedance 




LjtT 





in parallel with the primary winding impedance. From this it 
is obvious that the impedance looking into the primary will be 
substantially equal to the transformed-load impedance only when 



Ideal Transformer 

Fig. 110 


the latter is small compared to the primary winding impedance, as 
pointed out earlier. 

Another type of equivalent circuit which is considered more or 
less fundamental, is the so-called H-network. This, together with 




TRANSFORMER EQUIVALENT CIRCUITS 


319 


its ideal transformer, is shown in Fig. 110. The H-circuit is in¬ 
herently more complicated than the T-circuit, because it consti¬ 
tutes essentially a three-mesh network when associated with its 
simple load. It is a little more involved anal 3 i;ically to treat this 
case because of the introduction of the current /«. However, this 
can easily be eliminated when we consider that the voltage around 
the central mesh must vanish, i.e., that: 

~ZiIi -f- (Zi Zi Zz)Im ~ Zi~ = 0. (755) 

Cl 


It is also easy to see that: 

(h - IJZ^ = 

= — aEi. 

From (755) and (756) we get: 

ZiiZi -f Z$) j ZiZz j _ IP 
■ ■‘1 ~ — "1 


(756) 


ZZ 

ZiZz 


aZZ 


where: 


aj:z 


j I Zz(Zi -f Zz) p, 


^Z = -j- 2^2 + Zz- 


(757) 


(758) 


The system (757) must be equivalent to (737). This requires 
that: 

ZxiZz -b Zz) 


j:z 

ZiZz 
aZZ 
Zz(Zi -j- Zz) 
a?J,Z 

which is equivalent to: 

Z\Zz 
'ZZ 
ZzZz 

Lz 

ZzZi 

EZ 


= 5n 
= 5 i2 
= 622 


= 611 — a 6 i 2 
— Qj^hzz dhiz 
= 0612 


(759) 


( 760 ) 



320 


APPLICATIONS 


or: 


= 


Za = 
Z3 = 


q (6 h 6 m — 612^) 
<1622 — ^*12 
aibnbut - ^> 12 ^) 

bi2 

aKhib^i - bn^) 
bn ~ o,bi2 


( 761 ) 


By giving a in (761) any value, we obtain the impedances to be 
used in the H-structure in Fig. 110 which, together with the ideal 
transformer of ratio a, will replace the original transformer of 
Fig. 95. 

It should be noted, incidentally, that by comparing (760) with 
(740) we see that: 


7 _ 

“ ZZ 

ZzZg 

Z^ 

Z'^X 

i:z 


Zb = 
Zc^ 


(762) 


which are the well-known relations between the T and n imped¬ 
ances for equivalent networks.^ 

We shall now discuss the results (761) for several special cases. 
First we have: 

Case I, for which we put: 

a = 1 . (763) 


The corresponding impedances are apparent from (761). The 
structure is not symmetrical because: 

Z\ 7 ^ Zg. 


We may construct an approximate equivalent for this case when, 
over the essential frequency range, it is permissible to put: 


1 


biib^i 


ML = 

LxLg 


<T. 


(764) 


1 Kennelly, A. E., “ The Equivalence of Triangles and Three-pointed Stars 
in Conducting Networks,” Eko. World and Eng., Vol. XXXIV, p. 413,1899. 
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Then we have by (761), (763), and (764): 

_1__1_ 1_ 

Zi biicr biiCT 

^2 hi20* 

J_^ 

Zs 622(7 6 i 2<7 


(765) 


where terms above the first power in o- have been dropped. 

Fig. Ill illustrates this result. The impedances Zi and Zs are 
parallel combinations as indicated by the first and third equations 


Me 



Pig. Ill 


(765). The network is not physically realizable by simple means 
on account of the negative inductance; 

-M(7. 


Case n. Here we demand that the structure be symmetrical. 


i.e., that: 

By (761) this gives: 


and also: 


Zi = Zs 


Zs 



(766) 

(767) 


(768) 


This form is merely of theoretical interest. However, when the 
approximation (764) is allowable, then we may also put: 


V Tjs ns 


(767a) 
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and (768) becomes; 

Zi = Zz = (Ri d-jLicij) (2 — O’) 

Zz = {Ri -^jLic})^. 


(768a) 


This result is illustrated in Fig. 112. 

The cases for Zz—^ao and Zi-^co are identical with Cases III 
and IV above, and will, therefore, not be worked out here. There 


Ri(T Li<X 


0- 

--VWVWQQQQv—J— 

-j 

1 




i 

< 

< 

< 

< 

< 

1 


i7^i(2-cr) 

iz-a)LM 

< 

< 

-0 _1 



Fig. 112 


are, of course, many other values which we might choose for a 
in order to obtain equivalent circuits which may be useful in special 
cases. We shall let the reader continue the above ideas as a source 
of practice problems. 

So far we have treated only the transformer with pure inductive 
coupling. The auto-transformer may be treated in exactly the 



Pig. 113 


same manner. With the notation indicated in Fig. 113 we have: 

ill = + 1^2 + Jw(Li -|- L 2 -f- 2 M) 1 

hs = Ri+jLzf» I (769) 

bn = Rz j<^iLz + M) = 621- J 

The above formulae for the ordinary transformer may be applied 
to the auto-transformer of Fig. 113 with the values (769) substi¬ 
tuted in place of those given by (736). There is not sufficient 
novelty about this process to warrant its introduction here. 
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3. The Steady-State Characteristics of Tuned-Coupled Cir¬ 
cuits. We come now to another problem of fundamental import- 
tance in communication work. This concerns itself with the 
behavior of a series of coupled oscillatory circuits which are in¬ 
dividually tuned to the same frequency. At the close of Chapter 
III we treated the resonance condition in a single R, L, C circuit. 
We saw there that this circuit exhibited selective properties with 
regard to the frequencies impressed upon it. We shall now treat 
the selective properties of several inductively coupled tuned 
circuits. This is essentially a steady-state investigation. Later 
we shall take up the natural behavior of tuned-coupled circuits. 

Let us consider first the case of two meshes inductively coupled, 
as illustrated by Fig. 114. Both meshes contain the same values 
of B, L, and C. The in¬ 
ductive coupling is indi¬ 
cated by ilf. We assume 
that the relative magni¬ 
tudes of the parameters 
are such that the network 
is fully oscillatory. Then 
it will possess two pairs 



of conjugate modes, each 

of which defines one natural frequency and one decrement. For the 
steady state we are not primarily interested in the latter. The nat¬ 
ural frequencies, however, are essential to our problem, because the 
selective properties which we are interested in, depend upon the 
resonance phenomena of the network. These in turn depend upon 
the natural frequencies. Whenever an impressed frequency coin¬ 
cides with one of the latter, the response of the network becomes ex¬ 
ceptional. In order to have the network be selective with respect 
to a desired frequency band, it is necessary to so select the parame¬ 
ters as to group the natural frequencies in the vicinity of this 
band. How this may be most effectively done wiU now be taken 


up. 

The mesh and mutual impedances of our two-mesh network 
become: 


hii = hs2 = 12 -b i^Lw — 
h]3 — bti = jMa 


( 770 ) 
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where « is the impressed angular frequency, 
equilibrium is expressed by; 

bull + bi 2 J 2 = E ] 

bull + b^It = 0. J 


The time-average 


(771) 


The current in mesh #2 is the one we are interested in because this 
will be the load current in any practical case. For this we have: 




E 12 E 


(772) 


where we see from the relations (770) above that: 

bn b]2 


D = 


U 2 I ^22 


= 611^ - bv . 


or: 

and: 


E — (611 -f- 612 ) (611 — 612 ) (773) 

Bi 2 = — 612 - (774) 

Substituting from (770) into (773), we get: 

D .{fl +,-[(Z, + M). - i]}{« + ;[(L - M). - ^]). (775) 


The first of these factors is resonant at: 

and the second at: 

032 

Since the product of these two resonant factors is the denominator 
of the expression (772), we see that we have to expect two resonance 
maxima for the current h at approximately the frequencies 
indicated by (776) and (777), respectively. The maxima will in 
general not lie exactly at those frequencies because the numerator 
of (772) is also a function of frequency, and hence will affect the 
resultant current somewhat. However, this latter effect is usually 
very slight and may be neglected in the following discussion. 

If we write for (775): 

E={R ^3X1) (R +jX2) 


VC(L + M) 

1 

VC(L - M)' 


(776) 

(777) 


(775a) 
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then the reactances Xi and ^"2 become the vital parameters. In 
Fig. 115 these are shown plotted against co. We see that Xi be¬ 
comes asymptotic to the straight line (L + M)o3, whereas X 2 
becomes asymptotic to (L — M)o3. The frequency indicated by 
too is that frequency for which the sum of the two curves becomes 
zero, i.e., for which: 

Xi -h X 2 = 0. (778) 

This gives: 


or: 



(779) 



which is the resonant frequency of a single B, L, C circuit. This 
frequency is very nearly the geometric mean between coi and £ 02 , 
which is: 


1 


(780) 


or if we expand this in a Taylor series, we have; 



Usually terms above the first power in: 

M 

L 


(780a) 
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may be neglected, so that: 


=: COq, 


(780h) 


The expression (772) for the current in the second mesh, there¬ 
fore becomes: 

—jMcoE 


{R +jXi) (R +jX,) 


(781) 


In order to plot the current against frequency, it is convenient to 
derive the expressions for the values at the frequencies ui, ws, and 


wo. We have by (775), (775a), (776), and (777): 


Xj(wO - o,Y) 

Wi 

(782) 

and: 


L -f- M 

Xi(w2) = - 0,1=). 

CO2 

(782a) 

Also: 


Xl{<i3i)) = —X2(wo) = il/wo. 

(783) 


If we care only for the magnitude of the current, then we have by 
(781), (782), and (783): 

E 


I/ 2 I.X = 

Similarly, we have: 


R Vrw + {L- MrW - 


17 1 ^ 

R R/^w^ d- {L -|- Af)^(c<)2" — 


Finally, at wo we get: 


ll2|ci)o 


ii? -1- 


(784) 

(785) 

(786) 


Usually (784) and (785) are maxima, i.e., the resonance maxima, 
and (786) is the intervening minimum. When the mutual in¬ 
ductance is not exceptionally small, the resistance term under the 
radical in the expressions (784) and (785) is negligible, so that: 


and: 


.j,^E M uY 

' l-M‘ wY 

\T I ^ _ 

L + M 


(784a) 

(785a) 
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Then also: 


|72U = 


E 


McOn 


(786a) 


In terms of these forms, a numerical case may be easily carried 
through. For example, suppose we have: 


Then: 


L = 10-3 
C = 10-9 
R = 5 
M = 10-^. 


(787) 


L- M = 0.9- 10-3 L + M = 1.1 • 10-3 
10 « 

= -4^ = 0.953 - 103 
Vli 

10 ® 

«2 = -7= = 1.053 • 10® 

VO.9 


£0i3 = 0.905 • 1013 


C023 = 1.11 . 1013 
W23 - C0i3 = 0.205 • 1013 


m = 10® Wo3 = 1013. 


Hence, by (784o), (785a), and (786a) we have: 


. , _E 10-^ 0.905 

5 ■ 0.9 -10-3 ■ 0.205 
. , _E 10-" 1.11 

5 ' 1.1 • 10-3 • 0.205 


0.0982 J? 
0.0983 E 


IZ 2 U = 0.01 E. 

The complete plot of IJ 2 I vs. « is given in Fig. 116. 

In general we can see from the above analysis that the two reso¬ 
nance frequencies coi and 6)2 will come closer together with decreas¬ 
ing mutual inductance. Also from the expression (786a) we see 
that the mini Tm i m between the resonance maxima will increase 
with decreasing M. However, so far as being able to visualize 
the complete behavior regarding relative magnitudes of the parame¬ 
ters is concerned, the above solution is not particularly satisfying. 
It seems to be fairly compact, and yet it is hard to see by means 
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of it how the various maxima and minima change with changing 
M and R, for example. The latter two are the vital parameters, 
by means of which the selectivity of the network is controlled. 
We must obviously put the solution to this case in a more compact 
and convenient form in order to facilitate a thorough investigation 
of these matters. This we can do by applying the following ap¬ 
proximate method. 

Let us return again to the expression (775) for the determinant 
of our system. Consider, for example, the factor: 

[(L + M)co-^]- (788) 

We are interested in how this factor changes with co only in the 
vicinity of the frequency coo. In tuned radio circuits, for example, 


l/al 



6Jo is very high, and the width of the band which we wish to select 
is very narrow compared to this frequency* Also, the mutual 
inductance is usually very small compared to the self-inductance. 
With this in mind we write: 

CO = ojo “b 5 (789) 

where 5 is a small increment in frequency which may be either 
positive or negative. Now we recognize that: 


1 _ l_ 

C(o)Q + d)~'Ccoo 




( 790 ) 
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where higher powers of 5 are neglected, and the relation: 

-K = LC 

COo“ 

is made use of. Then (788) becomes: 

Z/coo "1“ Mcoq -f~ L8 “f- Aid — -1- Ld. (791) 

GctJo 


Here the term M5 is a small quantity of the second order and hence 
negligible, so that we have: 


Zi = 2 E5 -h i¥coo. 

(792) 

Now we introduce the change of variable; 


0 = jy-ya: = ax 

Z Li 

(793) 

where we recognize a as the decrement of the simple E, L, C cir¬ 
cuit. Next we introduce the notation: 

11 

0 

(794) 

These things are done merely for convenience. 
(792) then reads: 

The expression 

Xx = R(x + y). 

(795) 

The meaning of x is clear from a comparison of (789) and (793). 
Thus, we see that a: = 0 is the frequency ojo. Increasing or de¬ 
creasing X in units, moves our point of interest up or down the 
frequency scale in units of a measured from wo as an origin. 

In exactly the same way we get; 

1 

11 

(796) 


because X 2 is exactly the same as Xi except for the negative mutual, 
which changes the sign of y. Hence, the determinant (775) 
becomes: 

D = EMU- + y)] [1 + j(x - y)]. (797) 

The magnitude of D becomes: 


\D\ = Vf! + (a: + y)^] {1 -h (a: - yY\. 


(797a) 
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So far as the minor Bn is concerned we have: 


|jBi2| — [6i2[ = Moi 


and in the vicinity of wo we neglect its dependence upon « alto¬ 
gether and get by (794): 

[iSul = ilfwo = Ry. (798) 


This is consistent with the above, because M5 is of the second 
order. Thus, the current according to (772) becomes: 




_ yjE _ 

R V{1 + (a: + yf} {1 + {x - yY} 


(799) 


This expression is very convenient. From it we may easily 
study the selectivity as a function of the damping and the mutual 
inductance. The units in which x varies the frequency about wo 
are equal to the decrement; and the parameter y is a direct meas¬ 
ure of the mutual inductance. It also has an interesting signifi¬ 
cance in terms of the resonant frequencies given by (776) and (777). 
If we expand the radicals in these expressions, we see that: 


and: 



(800) 


By (794) we then have: 


and: 


031 ^ ci)o ~ cty 


032 ^ 030 + «2/- 


(801) 


From this we see that the resonant frequencies 03i and 032 are ± y 
units removed from oso respectively. This means that: 

o3i corresponds to a: = —y 1 

032 corresponds to a: = -fj/. J ^ 

If in particular we made y = 1, then the resonant frequencies 
would be one unit each removed from the mean frequency osq. 
Thus, the band width may easily be studied. This state of affairs 
is illustrated by Fig. 116a, where the frequency band is laid out 
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symmetrically about wo in terms of x and y. The maxima at 
coi and 032 are here labelled I-y and ly, respectively, while the value 
at Wo is denoted by 7o. 

Since the denominator of the expression (799) is symmetrical 
with respect to x and y, the values ly and I-y are equal. These 



may easily be studied as a function of the mutual inductance by 
letting X = ±y in (799). We then have: 


I±y 


yE 

R Vl + 4: y^' 


(803) 


Similarly the value lo may be studied by putting a: = 0, thus: 

yE 


h = 


m + f) 


(804) 



If we plot these expressions against y, then we have a complete 
survey of how these important amplitudes vary with the coupling. 
This is shown in Fig. 117. Here we see that 7o rises rapidly with 
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y, reaches the value ^ at y = 1, and then drops to zero asymp¬ 
totically. J±y, on the other hand, starts out with the same slope 

E 

as 1 0 and rises to the value asymiptotically. From this plot 

we see a very interesting thing; namely, that for certain values of 
coupling Jo is greater than 7±y. For our numerical problem above 
this was certainly not the case, because M was too large for this 
condition. Another interesting point is brought out by the fact 
that the curves cross each other. At this point the amplitudes 
Jo and J±y are equal. This gives rise to an almost flat-topped 
characteristic which is very desirable for selective circuits designed 
for band tuning. The condition which gives rise to this situation 
is given by equating (803) and (804). From this we get: 

y = V2 (805) 

and by (794) this is: 

M = = R Vn^. (806) 

Wo 

The frequency increment between wi and wj for this condition is 
2 \/2 units or: 

w2-wi = v'2^- (807) 


For the numerical illustration above we have: 



A glance at Fig. 117 shows that this gives rise to J±y values almost 
equal to the asymptote, and an Jo nearly equal to zero, which 
checks with what we found previously. In Fig. 118 we have 
plotted three curves for the same numerical data except with: 


y = 1.414 M = 7.07 • lO"® 

2/ = 1.0 M = 5- 10-« 

y = 0.707 M = 3.54 • lO"® 


(808) 


respectively. These plots are very readily carried out by means 
of the forms (799), (803), and (804). 
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We see that the one for y = ^2 is not so flat as it might be. 
The amplitudes at a: = ± VS and a: = 0 are equal, but the humps 
at ±1 prevent the top from being flat. The curve for j/ = 1 
looks more favorable, and also has somewhat straighter sides. 
The curve for y ~ 0.707 is narrower, but the maximum is beginning 
to drop. As the mutual is decreased still more, the maximum 
drops rapidly as shown by Fig. 117. 

An interesting point in connection with the above is the fact 
that the maxima do not coincide with the points x = dc.y, i.e., 



they do not occur exactly at the frequencies for which the react¬ 
ances Xi and Xi vanish, as assumed in the derivation of the 
relations (776) and (777) for these frequencies. The curve for 
y = V2, for example, does not have maxima at a: = ± V2 but at 
X = dz 1 instead. We may clear up this point very nicely by asking 
ourselves: For what combinations of x and y do maxima occur? 
This question is answered either by differentiating the expression 
(799) with respect to x and equating to zero or by determining the 
relation between x and y for which; 
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\h\=~- (809) 

By substituting from (799) into the above we get: 

= x^+l (810) 

as the desired relation. This is a rectangular hyperbola with y = 
±x as asymptotes, and is illustrated in Fig. 119. For any value 
of y, we can pick off those two values of x for which the reso¬ 
nance curve becomes a maximum, i.e., touches the Kne: 

JL 

2R' 

We see that y = 1 gives x = 0; and y = 1.414 gives x = ±1, 
as borne out by the Fig. 118. Note that no solution exists for 
y < 1, which means that for a mutual inductance less than that 


y 



corresponding to y = 1, the curve does not rise to the maximum 
line at all. y = 1 is the smallest mutual for which the curve will 
reach the maximum value. It is also interesting to note that for 
larger values of y, the curve of Fig. 119 comes very close to its 
asymptote so that practically: 

y = X. 

This means that for larger values of mutual inductance, the 
maxima practically coincide with the points x = ±y as originally 
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assumed. The deviation from this becomes noticeable only for 
values of y in the neighborhood of unity. 

From the above analysis it should be a simple matter to deter¬ 
mine the optimum value of M for any given case. The same gen¬ 
eral idea may be carried out for more coupled meshes. It should 
be noted in comparing the above with the resonance conditions in 
a single mesh, as worked out in Chapter III, that the curves are 
sharper for two meshes than for one, i.e., they have straighter sides. 
This is due to the fact that the expression (799) drops off as: 

for large values of x, whereas the corresponding expression for a 
single mesh drops off only as: 

1 

X 

for large values of x. Hence, two meshes are more selective than 
one. Also the top may be made broader by properly adjusting 


R R R 



the value of M. Incidentally, the curves will drop off more 
sharply for small values of y than for larger values. Consequently, 
this should be kept in mind also in adjusting M. 

We continue with the case of three inductively coupled tuned 
circuits, as illustrated in Fig. 120. Here we have for the mesh and 
mutual impedances: 



The time-average equilibrium conditions are: 

hull -k J12J2 + 0 = 1 

&21I1 + + 6231^3 ~ ^ [ 

0 "k b32l2 "k ^33^3 — 0. ] 


( 812 ) 
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The current in mesh #3 becomes: 

( 813 ) 

with: 

ill ii2 0 

D = 621 ii 2 ^23 ~ biiibii^ — 2 5 i2 ^) (814) 

0 632 &33 

and: 

Bi3 = 612 ^. (815) 

The relation (814) may be further modified so that we have: 

D = 5ii(6ii + '\/2 612 ) (bn ~ "s/S 612 ). (814a) 

The three factors in this last expression are respectively: 



R+j\ 

1 

3 


R+j 

1 1 

+ 

1 

1_I 


R+j 

1 1 

1 

s 

e 

1 

1 - 1 

If we let: 


, R 



w = Wo 

and: 


\/2 Mwo 




with: 


1 





(816) 

(817) 

(818) 

(819) 


then, by means of an expansion process exactly like the one for 
the two-mesh case above, we find for these three factors: 

R(^+jx) ] 

R[l + iixy)] (816a) 

R[1 + jix - y)]. J 

The magnitude of the determinant is, therefore, given by: 

\D\ = R^ V(l + x^)[l + {x + yY] [1 + (x - yn (820) 
For the magnitude of Bu we have: 

|Bi3l = MW = ^ ■ 


(821) 
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Hence the magnitude of the current in mesh #3 becomes; 


\h 


_ y-E 

2RV{1+ x^)[1 -t- (x + yn [l + ix- yn 


■ (822) 


Here we expect three maxima because the network possesses 
three natural frequencies. By the form of (822), we expect these 
to lie approximately at the points: 



X = 0 1 

X == +y \ 
x= -y.j 

(823) 

For these we get: 

7 - 

2Ril + f) 

(824) 

and: 




_ y^E 

2i2V(l+/)(l-P4y^) 

(825) 


Plots of these are shown in Fig. 121, from which we see that the 
asymptote of 7o is twice that for J±y. This means that for in- 


I 



creasing y, the maximum for a: = 0 becomes twice as large as the 
maxima for x = ±?/. 

In order to obtain the relation between x and y for which maxima 
occur, we differentiate the expression (822) and equate to zero. 
Thus, we obtain the following: 
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3»8 


X = 0 _ 

, _2y^ -Z±yVf‘ - 12 
^ 3 

One maximum always occurs at x = 0 regardless of the coupling, 
and is given by (824). The others are located symmetrically 
about the point a: = 0, but do not occur at all unless: 

y^ > 12. (827) 


( 826 ) 


E 

2R 


■>* 


6 


Fig. 122 



For large values of y, the second relation (826) yields: 

x= ±y (828) 

and: 

* - ±i- (829) 

The first of these is due to the plus sign in (826), and corresponds 
to the maxima of the current. The second is due to the minus 
agn, and locates the minima between the central and the two out¬ 
side maxima. (828) agrees with the approximate relations (823). 
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For very loose coupling the latter become incorrect, and (826) 
must be used. 

In Fig. 122 are plotted four curves for this case with the numeri¬ 
cal data given by(787) but with: 


y = 1 

M = 3.54 • 10-8 

y = 2 

to 

i 

o 

o 

If 

CO 

11 

M = 10.61 • 10-8 

II 

M = 14.14 • 10-8 


respectively. Compared with the two-mesh case, these curves 
look rather peculiar. They do not indicate that the selective 
properties of a three-mesh chain are particularly good. They are 
too wide at the base and too pointed at the top for good band 
selection. Incidentally, the condition (827) for the existence of 
the outside maxima is well brought out. 

Chains of tuned circuits consisting of more than three meshes 
may be analyzed in a similar manner to the above. We shall not 
go into this any further, but will now discuss some of the transient 
properties of tuned-coupled circuits. For this purpose we must 
investigate the natural behavior of such networks in terms of their 
normal modes and normal coordinates. 

4. The Natural Behavior of Tuned-Coupled Circuits. In the 
following discussion of various cases, we shall consider the sudden 
application of a constant force to the chain of timed circuits in¬ 
stead of the application of a harmonic force. In the next chapter 
we shall show that the behavior of a network in consequence of the 
sudden application of a constant force, is characteristically in¬ 
dicative of the behavior under the application of a force of arbi¬ 
trary form. In fact it is more instructive to study the behavior 
of a network under the influence of a suddenly-applied constant 
force than it is to study its behavior when a force of special form 
is suddenly applied. Another reason for stud 3 ang the present 
problem with a constant force rather than a harmonic one is on 
account of the analytic simplification which results. So far as the 
normal modes and the relative amplitudes of their corresponding 
oscillations, as well as the normal coordinates and their geometric 
interpretation, are concerned, these are independent of the nature 
of the disturbing force anyvray. These points are of chief interest 
to us, and will now be studied in detail. 
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For the two-mesh network of Fig. 114 we have the system of 
condition equations: 


where: 


CiiJ 1 + CnJ 2 = 01 
CilJ 1 + CsiJ 2 = 0 J 


Cii — C22 = Lp R ^ 

Cl2 = C2I = Mp. 


(831) 

(832) 


The modular determinant is therefore: 

D{jp) = (cnC22 — C 12 C 21 ) = (cii + C 12 ) (ca ~ Cn). (833) 


The determinantal equation becomes: 

pHcii + C 12 ) (ca - C 12 ) = 0 


which is factorable into: 

p(cii + C12) = 0 


and: 


p(cu - C12) = 0 . 


(834) 

(834a) 

(8346) 


Each of these is a quadratic equation in p. For the fully oscil¬ 
latory case, which we shall treat, the modes will consist of two 
pairs of conjugates, each pair defining one decrement, one natural 
frequency, and one normal coordinate. Let us denote the pair of 
modes defined by (834a) by: 

P = J>i\ 

P = Pi) 

and those corresponding to (8346) by: 

p = Pz] 

P = Pi-1 


(835) 

(836) 


The pair (835) defines the normal coordinate Niy, and the pair 
(836) defines the normal coordinate Nz,i. In order to determine 
the geometric position of either one of these normal coordinates, 
we may make use of the modular vector group defined by either 
one of the pair of modes corresponding to that coordinate. That 
is, we may, for example, use either pi or pi to determine the posi¬ 
tion of iVi, 2 . Let us use pi for JV’ 1 . 2 , and pz for Nz, 4 . 

Since by (834a) for pi we have: 

Cii(l) = -Ci2(« 


(837) 
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the modular vector group for pi becomes: 

Ci^^' with components: — 012 ^^' "I 
C2^^> with components: Ci2(') — 012 ^^^ J 


(838) 


This pair of vectors is illustrated in Fig. 123. We see that they 
are equal and opposite, and in the 45° positions in the second and 



Fig. 123 


fourth quadrants. Hence, the normal coordinate Ni ^2 
in the 45° position in the first and third quadrants. 

For the mode pz we have by (8345): 

so that the corresponding vector group is given by: 

with components: I 

02 ^®^ with components: Cn'-^K J 

This group is illustrated in Fig. 124. Both vectors lie in the 45° 
position in the first quadrant. This puts the normal coordinate 
Nz,i in the 45° position in the second and fourth quadrants. 

Hence, we see that the two normal coordinates for this case are 
normal to each other. We pointed out in an earlier chapter that 
the normal coordinates of a network were in general 7iot normal to 
each other. Now we see that for two tuned-coupled circuits they 
are normal. In general it can be shown that for any number of 
meshes in a chain of tuned circuits, the normal coordinates form 
an orthogonal system. 


must be 

(839) 

(840) 
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For our two-mesh case we see that the transient current ampli¬ 
tudes for either mode will be the same in both meshes. We con¬ 
tinue now with the determination of the complete solution. By 
(832) the equations (834a) and (8346) become: 




R 


1 


L + ' {L + M)C 


= 0 


ind: 




(841) 


2 



Their solutions are given by: 


md: 

P3.4 = 

I 

tf we write: 


R 


R 




1 

R^ 

(L -b M)C 

4(1 + MY 

’ 1 

R^ 

(L - M) C 

1 


ind: 


Pl,2 = —Oti ± JWi 
pz,i = — aj ± 


,hen the complete solutions take the form: 

ii = -1- -b 

ind: 


(842) 

(843) 

(844) 

(845) 

(846) 
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where the steady-state terms are zero on account of the constant 
impressed force. We shall use the direct method for evaluating 
the integration constants. Also, we shall treat first the dissipation¬ 
less case, i.e., that for neglected resistance. Then the decrements 
ai and az in the above expressions become zero. 

We therefore write (845) and (846) in the form: 

4- -f -b 

(847) 


The corresponding charge equations are found by integrating the 
above and adding the steady-state charge to the expression for 
the charge in mesh #1. Thus: 


jcoi —jwi 


C„WGC4)e-jw ^ 

—iw 2 


—7«2 


(848) 


If we assume initial rest conditions, then we have for the deter¬ 
mination of . . . 0 ^^'>: 


CiitDG'cy + 4- 4- CiiW(?w = 0 

4- Ci2<')(?(^’ + -b Ci2('‘^(?W) = 0 

i«i —iwi jW 2 —yW 2 

Cl 2 («g(^ ^ ^ Cl 2 Wg(^) ^ Q 

jcoi —JO)! iaJ2 —jc<)2 


(849) 


Now for the modes pi ,2 we have: 

Cud) = 022^1) = Ciid) = -Ci2d) = -jAfwi Cu® = jitfcoil . 
C^(l) = -Ci2(« = = jAfcoi i 

and for the modes fz,i we get: 

= C22^^^ = Cud) = Ci2d) = jMcOi Cud) = —jMui] . . 

Cijd) = — cyd) = —jMui Cud) = jMui. i 
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The system (849), therefore, becomes after some cancelling: 


— wiGC) 0 

— coiGO) "f" UiG^^^ = 0 

M 

_ Q(l) _ (?C2) _ (?{3) _ (?(4) = 0. 


G-'O) 


G® + Gt3) + GW 


This system is easily solved. We get; 

GO) = GW = - 


.gc 

AM 


and; 


VP 

G(s) = GO) = 4- — ■ 


Hence the solutions (847) for the dissipationless case are: 

■ - EC, . , , . . 

'll —^ (ci)i sin oolt 0)2 sin 0)20) 


h 


EC 


(wi sin 03it — 0)2 sin oiit). 


(852) 


(853) 


(854) 


The amplitudes in both meshes are the same in magnitude, as 
predicted by the normal coordinate investigation above. Since: 


1 



VIX + M)C 
1 

“ V(L - M)C 

we see that: 

0)2 —^ 0)1 1 

as: 

M 0 . J 

Thus for zero mutual: 


ii = 0 

z’l = ECwi sin o)i< 


as it should. 

In general the mutual inductance wUl be small, i.e.: 


(855) 


(856) 

(857) 


-j- = 0.1 or less. 


(858) 
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We shall discuss the result (854) under this condition, 
have by (855): 


where: 


0)1 = C0o(l — §) I 
0)2 = COo(l + 5) J 


1 

Vic 



We then 
(859) 


(860) 


and higher powers of 6 are neglected in expanding the square root. 
By trigonometry we may then transform (854) into: 


ii = jBCwo(sin wof • cos Suol + 5 cos caot • sin 1 
ii = ICcoo(cos coot • sin Scoot + 5 sin coot ■ COS Scocfi J 

or approximately: 

ii = ECcoo sin wof • cos Scoot 1 
io. = ECcoo cos wof • sin Scoot. J 


(861) 

(862) 


These results are very interesting. We shall discuss them by 
means of the numerical data: 

L = 10-5 , 

C = 10-5 . 

If = 10-^ , 

which is the same as (787) except for 22 = 0. Then: 

wo = 10® 1 

S = 0.05 J 

so that: 

11 = E ■ 10-5 gjji XQ6 i cos 5 • 10^ t 1 

12 = E • 10-5 (jQg 106 i gin 5.10^ t. J 


(863) 

(864) 


This is illustrated in Fig. 125. We see that the low frequency 
oscillation acts as an envelope for the higher frequency. The 
important point is the 90° phase displacement between the en¬ 
velopes for the two currents. Thus, we see that the high-fre¬ 
quency oscillation has a large amplitude in mesh #1 when it is 
fimflli in mesh #2 and vice versa. This is due to the fact that the 
meshes alternately feed the energy of the sirstem back and forth. 
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First jfl has it; then it is all fed over into #2 at the first node of 
z'l or the first anti-node of 4, etc. As the mutual inductance 
decreases, the period of energy interplay, i.e., of the envelopes, 
becomes longer. Finally, for if = 0 this period becomes infinite, 
so that the energy never gets over into mesh #2. 

The solution of this network with resistance taken into account 
proceeds in exactly the same manner as above, except that the 
complex roots (842) and (843) are used instead of merely their 



imaginary parts. The result may also be put in an approximate 
form for the case of small mutual. There results: 

= e~”‘ECo3o sin uot ■ cos 5«oi 1 
= e~°°*EC(j3fi cos cooi • sin 5wo< j 

where: 

R 
2L 

the difference in the two decrements being too small to have any 
appreciable effect. 


(865) 

( 866 ) 
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When the transient behavior of this network is studied with a 
harmonic impressed force, the above interplay of energy, which is 
so characteristic of the natural behavior of this system, is sub¬ 
merged in a multitude of additional effects which depend upon the 
relative magnitudes of the impressed and natural frequencies, the 
phase of the voltage at the switching instant, etc. Many inter¬ 
esting points are involved in such a study, but we shall not take 
them up here. 

We rather prefer to continue with the consideration of three 
inductively coupled tuned circuits as illustrated in Fig. 120 . 
Again we shall treat the application of a constant force. Then 
we have the following conditions to satisfy: 

CnJi + C12/2 -f- 0 ~ ® ] 

CiiJ 1 + C 22/2 + C 23 J 3 = 0 i 

0 -t- C32/2 -t" C 33 < 7 3 = 0. j 

Here we have: 

Cn = C 22 = C 33 = Lp + 5 -f ^ 

C 12 = C 21 = C 23 = C 32 = Mp. 


(867) 

( 868 ) 


Therefore the modular determinant becomes: 


D(p) = 


Cii C 12 0 

C21 C22 C23 

0 C32 C 33 


= Cii(cii — ■\/2 C12) (cii -f- \/2 C12). (869) 


The determinantal equation is factorable. We have: 

pcn = 0 _ 
p(cii - v ' 2 ci 2 ) = 0 

p(cu + V 2 Cn) = 0 

or by (868): 

(L-V 2 M)C^^ 

^ L + V 2 M (L + V 2 M)C 
Let us denote the roots of these quadratics by: 


(870) 


(870a) 
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?>1.2 = “ 2X ^ 


'Vlc 


R .. / 1 

2{L-V2M) (L- V2 Af)a 4 (L- V2 Mf 

R .. / 1_ 

2 (L+V2 If) V (1,+V2 Af)(7 4 (1,+^2 My- 

(871) 

respectively. More briefly we will write: 

Pi,2 = —«! dzjoJi I 

P3,4 = ~a2±iw2 i (872) 

P5,6 = — 03 ±iw3. J 

Since the steadj^-state currents are zero, wc have for the complete 
current solutions: 

ii = i:Cii«(?We^^ 

X/sal 

22 = LCiatWeV (873) 

p=i 

;'=i 

For the mode pi we have the array of c,j’s: 

II 0 Ci 2 '« 0 i| 


from which; 


For the conjugate mode we get the conjugates of the above values. 
For the mode ps we have the array: 

II \/2ci2(^) 0 II 


Cl2(‘> 

0 Ci2(l) 

(874) 


Cl2(« 0 


C„0) = 

1 


CijO) = 

0 

(875) 

CijO) = 

[Cl2(«]^. J 



SO that: 


Cl2(^> 

V2 Ci2(') 012^®) 

(876) 

0 

C 12 '’) V2ca2''5 


= 

] 


Ci2(«) = 


(877) 

= 

[Cl2(«]l J 
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The conjugate values result for pi. Similarly, we have for pi. 


Hence: 


-V2Ci2'« 

C 12 '®’ 

0 

Cl2<^> 

-V2ci2(®) 

Cl2f« 

0 

Ci2(®) —n/2ci2®11 


= [Ci2(5)]2 1 

C 12 '® = V2[Ci2W]^ 

= [ 012 ^*)]^. J 


(878) 


(879) 


For pe the conjugate values are obtained. In order to evaluate 
the minors given by (875), (877), and (879) we have merely to 
calculate the value of: 

C 12 W = Mp, (880) 


which is a very simple matter. The reason for this simplicity is 
due to the uniformity of the network, i.e., the fact that all the 
meshes are alike, and all the coupling terms are alike. This makes 
it possible to express everything in terms of the coefficient cu. 

We shall continue with the evaluation of the integration con¬ 
stants for the dissipationless case, i.e., for neglected resistance. 
The procedure is the same whether resistance is considered or not, 
except that the analytic work becomes somewhat heavy when 
resistances are taken into account. We could, of course, resort 
to a numerical example. But we believe that an analytic solution 
is more instructive. In order to disemburden this presentation as 
much as possible, we, therefore, neglect the resistances at this 
point. Then we have: 


with: 


Pi,2 = ±i“i I 

P3,4 = !■ 

P5,6 = J 


Wl 


1 

VLC 


<02 = 


<03 = 


1 

V(L- V2iH)C 

1 

V(L +V2M)C’ 


(872a) 


(881) 
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Thus the minors (875), (877), and (879) become: 


and: 


CnO) = 1 

= 0 

Cijd) = -ilW J 

CnO) = 1 

= V 2 . 

Cu(« = 

CijW = -V2Mo,z^ 

Ci3® = -ilfcos"'. 


(875a) 

(877a) 


(879a) 


Note that these are all real quantities. Hence, their conjugates 
are the same values. 

Before we are able to evaluate the integration constants, we 
must determine the charge equations by integrating the set (873). 
We get: 


» CiiW(?W 

S P. 

^2 = 22 - 

Vy 

4. Ci3W(?w 

— 22 - 

*^-1 Vy 


+ EC 

e^if 

eV. 


(882) 


For initial rest conditions we, therefore, have the following system 
to solve, which we obtain after some cancellation: 


(oi*((?(‘)+(?®) - o )2*((?(®)+GW)) -aj3*((?(5'+(?(«)) =0 
0 +&>22(G«®)+(?(^0 -“3'“((?®+GW)=0 

toi*((7(i)+GW) +«22((?(3)+GW) +cj2(G(s)+G(«))= 0 

wi(G(«-GW)- „3(GW-GW)= 

0 + <^(G(^) -GM)) - 6,8(GW - GW) = 0 

6)1 (G(« - GW) + a)2(G(») - GW) + 6)3(GW - GW = 0. 


This system looks very formidable, but it is quite simple to 
solve. The first three equations are in terms of the sums of pairs 
of unknowns, while the second three are in terms of the corre¬ 
sponding differences. K we consider the sums as unknowns, then 
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the first three equations form a homogeneous group. The de¬ 
terminant of this group does not vanish, however, so that we have: 

GW + (?( 2 ) = 0 ] 

GW + GW = 0 f (884) 

GW -h GW = 0. J 


The second three equations form an inhomogeneous group whose 
solutions are found in the usual manner. They are: 


GW - GW 
GW - GW 
GW - GW 


_ -jEC 

2 Mwi 

_ jEC 
4 Mc02 
_ jEC 
4 


Hence: 


_ -J^c 

GW 

_ JEC 

4 Jkfwi 

4 Mwi 

_ JEC 

GW 

_ -JEC 

8 Afw2 

8 il4^C02 

_ JEC 

GW 

_ -JEC 

8 ikfcos 

8 Mct)3 


GW 
GW 
GW 

Finally, the current solutions become: 

ii = (coi sin coii -|- "2 sm wai -h -g sm wsU 

*2 = - ■p= {032 sm C02f — CSS SlU «3Sj 


2 V 2 
. -EC/ 


0 ) 2 - CO3 . \ 

coi sin o)it — sin Wit —^ sm 


(885) 


( 886 ) 


(887) 


Note that the frequency o?i does not appear in mesh #2. This 
is due to the fact that the corresponding normal coordinate lies 
in the 1-3 plane, i.e., it has no component in the axis 2, as may be 
seen from (875a). These minors, incidentally, may be looked 
upon as being components of a vector which coincides with the 
respective normal coordinate for which the minors are determined. 
If the normal coordinates are at right angles to each other, then 
the scalar products of these vectors must vanish. That is: 



352 


APPLICATIONS 


C„(«Cn® + Ci2<‘)Ci2W + = 0 1 

+ Ci2(«Ci2«) + Ci3(«Ci3W = 0 (888) 

+ Ci2<=')Ci2W + Ci3®Ci3'*) = 0. J 

By (875a), (877a), and (879a) we see that this is correct. Hence, 
the normal coordinates again form an orthogonal system. 

It is an interesting fact that modes may be suppressed in the 
fashion indicated by (887) for mesh #2. We pointed out earlier 
that certain modes may be suppressed by causing one or more of 
the actual meshes to become normal coordinates. Now we see 
that suppression of modes may occur without having any normal 
meshes in the network. In the case of a chain of identical coupled 
circuits such suppression occurs whenever the modular determi¬ 
nant contains the common factor Cn as shown by (869). It is 
rather peculiar that the frequency coi should be fed from mesh #1 
into mesh jfS without appearing in the intermediate mesh #2. 
This is just one of the many extraordinary tricks that networks 
may play. 

Note also that for meshes #1 and #3, the amplitude of the fre¬ 
quency wi is twice the amplitudes for W 2 and wz. In the steady- 
state treatment above, we also found this same relationship for 
the corresponding resonance maxima, at least as an asymptotic 
value. It is interesting to see that the same relationship of am¬ 
plitudes exists in the transient state. In general this may be ex¬ 
plained on the basis of the excitation of normal coordinates. The 
latter govern the behavior in the steady state as well as in the 
transient state. Much still remains to be done in the way of 
correlating steady state with transient behavior in electrical 
networks. The writer believes that real progress along these lines 
must proceed through a more thorough study of the excitation of 
normal modes and their respective normal coordinates. The 
concept of normal coordinates in electrical networks is the only 
means whereby we can arrive at a deeper understanding of the 
mechanism of network behavior. It is for this reason that the 
subject of normal coordinates has received so much attention 
throughout the above presentation. 

The result (887) may be discussed for the case of small values of 
mutual inductance, just as this was done for the two-mesh ex¬ 
ample above. Here we have: 
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with: 


(^2 = Wo(l + 
6)3 = Ct)o(l — 


. M 
V2L 


(889) 


(890) 



This result is illustrated in Fig. 126. Now the envelopes for the 
currents in the first and third meshes look different from those in 
the two-mesh case, but the current ii is substantially the same 
except for the fact that its amplitude is smaller. The general 
effect is an interplay of energy between the three meshes. As the 
mutual is decreased, the period of this interplay lengthens. Fi¬ 
nally, for zero mutual, the period becomes infinite, so that no 
energy interchange takes place. 

When the system is slightly damped, the general appearance of 
the behavior will be the same except for an exponential decay in 
all three meshes, so that the entire process comes to rest after a 
sufficient elapse of time. 

In the present example the direct method of evaluating the 
integration constants is much shorter than the method by means 
of successive initial derivatives. This is due to the simple relations 
which hold among the components of the modular vector groups. 

6. Uniform Structures. The above discussion of tuned-coupled 
circuits touches upon an extensive field of network theory which is 
of considerable importance in commurdcation work. Very much 
the same general ideas as brought out above, are found also when 
other types of coupling are employed between the meshes. Indeed, 
the meshes themselves need not be oscillatory in order to possess 
some of the above characteristics relative to normal modes and 



364 


APPLICATIONS 


normal coordinates. The chief characteristic of the above net¬ 
works is the uniformity of their structure, — the fact that each 
succeeding mesh is the same as the one preceding it, and that all 

i 



the common branches are identical. Fig. 127 illustrates the most 
general form for this type of network, for n meshes. We call such 
a network a xmiform recurrent structure of the ladder type. The 
component impedances zi and may have any structure at all, so 
long as they are the same in all the branches, as indicated. 
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Such uniform structures form the basis for the so-called artificial 
line theory, to which we shall come in the second volume of this 
presentation. They also form the basis for the theory of opera¬ 
tion and design of one type of electric wave filter. The latter is 
essentially a four-terminal network which possesses selective 
properties regarding frequency. The tuned circuits investigated 
above may be looked upon in a sense as being wave filters of 
this type. We shall have more to say on this point in another 
chapter which we shall devote exclusively to the subject of fre¬ 
quency selection. However, it is well for the student to recog¬ 
nize at this time that the basic principle underlying all selective 
networks is the simple resonance phenomenon. So-called pass- 
bands are nothing more than resonance regions for the network. 
This was clearly illustrated above in the case of tuned circuits. 

Z, Zj Zj 



The study of selective networks, therefore, becomes an investi¬ 
gation of the distribution of the normal modes of certain types of 
networks. 

In this connection the study of the geometric orientation of 
normal coordinates also promises to be a fruitful aid. We saw that 
certain orientations gave rise to the suppression of normal modes 
in certain meshes. Broadly interpreted, this is nothing more than 
frequency discrimination also. The fact that the normal coordi¬ 
nates for uniform recurrent structures form an orthogonal system, 
is a step in the direction of the promotion of this concept. How¬ 
ever, the bulk of such investigations still remains to be done, so 
that this field is a promising one for further research along the lines 
of selective networks. 

In concluding this chapter we feel that the number of problems 
that have been treated are few compared to the vast supply from 
which we could choose. However, our object here was merely 
to give the reader a more concrete idea of the utility of the fundar 
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mental methods of attack which were outlined in the preceding 
chapters. Now that he has seen how to apply the methods, he 
may continue on his own initiative. 

PROBLEMS TO CHAPTER VIII 

S-l. A transformer consists of four identical windings. Assuming that 
the mutual inductances are all equal, determine the steady-state short cir¬ 
cuit currents in three of the windings when a harmonic force is impressed in 
the fourth. 

8~2. Determine the transient currents in three short-circuited windings 
of the transformer of Prob. 8-1 when a constant force is suddenly impressed 
in the fourth. 

8-3. Repeat Prob. 8-2 for a harmonic impressed force: (a) for the case 
where the voltage is passing through zero and increasing positively at the 
switching instant, and (b) for the case where the voltage at that instant is 
passing through its positive maximum. 

8-4. Determine the steady-state selective properties of a chain of four 
tuned-coupled circuits for which the mutual inductance between the second 
and third is much smaller than that between the first and second, and the 
third and fourth. 

8-6. A network consists of four meshes. Mesh #1 consists of three identical 
coils in series, each having resistance and inductance. The other three 
meshes are identical and highly oscillatory, each containing the same amount 
of resistance, inductance, and capacitance. Mesh #1 is individually coupled 
to each of the other three by purely mutual inductance through the three coils 
respectively. The other meshes have no coupling relative to each other. A 
harmonic generator is impressed in mesh fi. Determine the steady-state 
resonance phenomena in this network. 

8-6. Determine the components of the modular vector group, and on the 
basis of these check the results of Prob. 8-6 regarding the relative magnitudes 
of the resonance maxima. 

8-7. An impedance consists of a coil and condenser in parallel. The coil 
has resistance and inductance. Plot the real and imaginary parts of this 
impedance, as well as its magnitude as functions of frequency. Use the nu¬ 
merical values: 

E = 2 A - 10-3 C = 10-«. 

Add a resistance of ICP ohms in parallel with this impedance and repeat the 
above plots for the resulting combination. 

8-8. Two tuned-coupled circuits are characterized by the parameters: 

i2 = 10 L = A C' = 10-'. 

With a harmonic generator of constant amplitude impressed in the first 
mesh, plot the steadynstate current in the second as a function of frequency 
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over a range which includes the resonance region, for the following values of 
mutual inductance: 




8~9. Repeat Prob. 8-8 for the parameters: 

ie = 5 L = 10-3 C = 


8-10. A network is characterized by the following parameters: 

All = A 22 = Sii = S 22 = 2*10® /S^i2 = 10®. 

Construct the network. For a suddenly impressed constant force in the 
first mesh, determine the complete current solution in both meshes by the 
classical method assuming initial rest conditions, and using the direct method 
for evaluating the constants of integration. 

8-11. Repeat Prob. 8-10 by Heaviside's formula and check. 

8-12. Determine the geometric positions of the normal coordinates for 
the network of Prob. 8-10, and check the relative magnitudes of the transient 
current amplitudes as determined previously in Probs. 8-10 and 8-11. Show 
that the normal coordinates form an orthogonal system. 

8-13. Repeat Prob. 8-10 with the additional data: 

Rii == JS 22 ~ 10. 


8-14. Repeat Prob. 8-11 with the additional data of Prob. 8-13. 

8-16. Determine the geometric positions of the normal coordinates for the 
network of Probs. 8-13 and 8-14, and check the relative magnitudes of the 
transient current amplitudes as given by the solutions to those problems. 
Also predict the relative magnitudes of the steady-state resonance phenomena 
for this network. 

8-16. Determine the steady-state solution to the network of Prob. 8-10 with 
the additional data of Prob. 8-13, and plot against frequency over a band 
which includes the resonance region, first with a harmonic generator of con¬ 
stant amplitude in mesh #1, and second, with this source in mesh #2. 

8-17. Repeat Prob. 8-10 for the three-mesh network characterized by: 

All “ A 22 = A 33 = 10”^ Sii ^ S22 == & = 2T0® S12 — S2Z = 10®. 

8-18. Repeat Prob. 8-11 using the data of Prob. 8-17. 

8-19. Repeat Prob. 8-12, using the data of Prob. 8-17. 

8-20. Repeat Prob. 8-17 with the additional data: 

Rll = i?22 — Rzz “ 10. 

8-21. Determine the geometric positions of the normal coordinates for 
the network of Prob. 8-17 with the additional data of Prob. 8-20, and predict 
the character of the resonance phenomena in the steady state. Check these 
by the usual method assuming a harmonic generator successively in the first; 
second, and third mesh. 
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SOME IMPORTANT NETWORK FORMULAE 

1. Heaviside^s Expansion Formula. In this discussion no proof 
will be given for Heaviside’s formula. Such proofs are numerous 
and may be found in a variety of forms. ^ They are interesting, 
and help materially in the understanding of the application of the 
formula to specific cases. A proof could not be given here because 
it presupposes too much in the way of mathematical equipment. 
The student may supply himself with this information at a later 
date, but he should be introduced to the subject at this time. 
That is, he should know of the existence of this formula, of its 
various forms, and of its utility. This is what we propose to take 
up here. 

Heaviside’s formula is not a short-cut method for obtaining the 
complete solution to an electrical network wdth specified excitation. 
The solution of a specific case by means of the formula involves 
practically the same amount of mechanical labor as the classical 
method outlined in the preceding chapters. It is not the object 
of the formula to afford a short-cut, although its compactness may 
easily lead one to believe that it accomphshes this end. Briefly, 
Heaviside’s formula is just one more method whereby the inte¬ 
gration constants in the complete solution may be evaluated. 
It is a very elegant method. It is an extremely compact method 
from the standpoint of analytic form. However, the process of 
obtaining a complete solution by means of it involves the de¬ 
termination of the steady-state solution in the usual fashion, the 
determination of the normal modes in the usual fashion, and the 
evaluation of the transient current amplitudes by means of the 
formula. 

Fix)m this it would seem as though the utility of Heaviside’s 
formula were not very great. From the practical standpoint this 

^ For an excellent review of this situation see V. Bush, Operational Circuit 
AncdysiSf John Wiley & Sons, 1929, pp. 86 e.s. 
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is so; and as a result it is not used very much in getting network 
solutions. However, analjdically the situation is quite otherwise. 
Heaviside’s formula is used quite frequently in the theoretical 
analysis of networks, i.e., in research work. There its usefulness 
is due almost entirely to the compactness of its form. We have 
been emphasizing at inten^als throughout the above that the chief 
difficulty in network investigations lies in the unwieldiness of the 
expressions involved. This unwieldiness often obscures the vision 
to such an extent as to make it impossible to forge ahead. The 
solution to such situations is always found by making use of certain 
mathematical forms which are able to compress the bulk into a 
smaller space. In such cases Heaviside’s formula is frequently 
very useful. Hence, a thorough understanding of it is worth 
acquiring. 

Heaviside’s formula masquerades in a greater variety of forms 
throughout the literature than almost any other of its kin. Per¬ 
haps the commonest form is the following: 


E ” Eef>f _ 

Zsk(0) klfy- Z^k'iVi) 


(892) 


Here E is the amplitude of a constant impressed force. Zsk is 
the steady-state network impedance to be used for determining 
the current in mesh fs with the impressed force in mesh #k or 
vice versa, as given by eq. (328) of Chapter IV. Furthermore: 


where Z^tip) is the function obtained by replacing jca in Z^k by p. 
Finally, p, is one of the m consecutively numbered modes. Note 
that m is not the number of meshes. The formula is to be used 
for finding the complete solution for the current in mesh §s with 
a constant voltage E suddenly impressed in mesh §k, or vice versa. 
We see that Z,k{Q)) is the steady-state network impedance for a 
zero frequency, i.e., a constant force. Hence the first term of 
(892) represents the steady-state solution. The second term is a 
sum of m terms, one for each mode. Altogether these m terms 
comprise the transient portion of the complete solution. In the 
preceding chapters we denoted the number of meshes by n, and 



3(50 


SOME IMPORTANT NETWORK FORMULAE 


thus, ill frencral, obtaineii 2n terms in the transient solution. 
This is the same number of terms as is contained in the sum given 
liy fS92j, for the general case where the number of modes equals 
twice the numlicr of meshes. 

The formula has one major restriction which should be clearly 
understood. It gives the solution on the basis of initial rest con¬ 
ditions. That is, it tacitly assumes that the initial mesh-currents 
and charges are zero. When the initial conditions are not rest 
conditions, the solution cannot be found by Heaviside’s formula 
directly. The formula will then give only a part of the complete 
solution. In order to obtain the latter, we must add to the result 
given by the formula, the solution for zero impressed forces with 
the specified initial conditions. This part of the work must be 
carried out in the usual fashion as outlined in the previous chapters. 
The correctness of this procedure is due to the linearity of the net¬ 
work. Namely, when arbitrary initial conditions obtain, then the 
complete solution may be gotten by superposing linearly the solu¬ 
tion for initial rest conditions with the specified impressed forces, 
and the solution for the specified initial conditions with zero-im¬ 
pressed forces under the same switching conditions. However, 
in a practical ease there would be no sense in doing all this, be¬ 
cause the total labor involved would be almost double the usual 
amount. Here again the utility of the formula is merely of an 
analjdic character. 

Perhaps it may be well, before proceeding with other for ms , to 
give an illustration of the use of the formula. Suppose we con¬ 
sider the simple R, L, C circuit with initial rest conditions. Here 
the network impedance is: 

Z = R + jQju — (894) 

The function Z(p) is; 

Z (p) = Lp -|- 12 yt ' (895) 


The determinantal equation is: 
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The modes are therefore: 

or: p^=.-a+jg 

Pi = -a - jg 

for the oscillatory case. For the steady-state term of (892) we 
see that: 

Z{Q) = 00 (898) 

so that the steady state is zero as it should be. For the evaluation 
of the sum we have to form the derivative of Z(p) with respect to p. 
Here we see that; 




LC 


R- 

4 : 1 ? 


(897) 


Z(p)-f(p' + fp+ro) 

= ^ (p - Pi) (p - Vi) 


(899) 


because pi and pi are the roots of the polynomial in the parenthesis. 
Hence; 

^[(P - Pi) + (P - P 2 )] -jiiv- Pi) (P - Pa). (900) 
From this it is easy to see that: 


and: 




(901) 

(902) 


Substitution into (892), therefore, gives: 


which evaluates to: 


^ L Lpi - P2 ' Pa 


1 

“ -pj 


E 


i = 7 —e~“‘sincfL 

Lg 


(903) 


This we recognize as the correct result. It will be observed that 
the amount of mechanical motion involved in this process is about 
the same as for the usual method. 

There are several other limitations to the formula besides the 
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one regarding initial conditions. The more important of these 
is that the determinantal equation should have no equal roots, 
i.e., there should be no coincident modes. We can see from the 
form of (892) that this limitation exists. It has been shown how 
the formula may be altered in order to make it hold for coincident 
roots also, but this subject is hardly important enough to warrant 
discussion here. The proof for this extension of the formula rests 
upon the theory of integration in the complex plane, and although 
very interesting, is rather meaningless without a knowledge of 
function theory. It may be found in the literature as well as in 
several advanced texts on this subject. Coincident roots occur 
only in special cases. Their discussion in this connection is hardly 
fundamental enough. 

Another limitation of Heaviside’s formula is that the function: 

pZ{p) 

shall not reduce to a constant. This is a rather trivial limitation 
from the practical standpoint, because it never occurs in physical 
networks. It would occur if we considered a condenser all by 
itself, thus: 

1 1 
^'Cp~ C' 


But this is obviously nonsense, because a condenser alone, without 
at least a resistance in series, is nothing physically realizable. Con¬ 
sequently, there is not much sense in worrying over this Limitation. 

The formula has also been extended to cover the case of a har¬ 
monic impressed force. In fact it can be extended to include any 
force function of the exponential form. These matters also belong 
in a more advanced treatment of network theory because they 
concern themselves with more specialized phases. We merely 
mention them here so that the student will know of their existence. 
He may be interested to follow them up at a later time. 

We shall now concern ourselves with several other for ms in 
which the formula may be written, so that the reader may more 
easily recognize these in case he is interested in reading some of 
the literature. In this connection we recognize that, since the 


network impedance is given by: 



(904) 
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where D is the steady-state network determinant and one of 
its principal minors, the function Z(p) must be: 


Zsk{v) 

(905) 

where D(p) is the modular determinant, and Csk is 
cipal minors. By (905) we see that: 

one of its prin- 

^ dD(p) r){^\ 

dZM dp 

(906) 

dp 

Now since any mode p, is that value of p for which: 


D(p) = 0 


we see that: 


rdZji(p)i _ri dD(p)-\ 

L dp \p=pp LCfi dp jp=pp 

(907) 

This is also written: 


Zsk'iPp) = ^- 

(907a) 

Thus the formula (892) becomes: 


z,m pA' 

(908) 

Another form is obtained if we introduce the 

new function: 

Z*{p) = pZip). 

(909) 

Then we see that: 


dZ* dZ 

-di-’‘df+^- 

(910) 

But by (905): 


Z{Pp) = Zy= 0 

(911) 

so that: 



(912) 


where primes are used to denote differentiation with respect to p. 
From (910) we also see that: 


(913) 
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The two relations (912) and (913) suggest that the formula (892) 
be written as: 

m ePJ 

i = (914) 

where the indices have been omitted to avoid confusion. In this 
new form the values p, are understood to be roots of the equation: 

Z*^pZ = 0. (915) 

They are the modes of the system, plus the root p = 0 which ac¬ 
counts for the steady-state term in (914). This zero root will be 
present only when a steady-state solution exists. The form (914) 
thus includes the steady-state term in the sum. It also simplifies 
the denominator of each term in the sum in that the factor p, does 
not appear explicitly. This form is interesting for the reason that 
the steady state is classed as part of the transient solution. It 
appears in the light of a transient term for which the mode is zero. 
This, of course, still assumes a constant impressed force, i.e., 
a direct-current steady state. 

In order to bring the form (914) in contact with the determinant 
form of solution, we note that: 

Z* = ^ (915a) 

where the indices are left off for convenience. This is the same 
as: 

(915fc) 

where n is the number of meshes or the number of rows or columns 
in the modular determinant. If we define; 

D* = p"D 

and: (916) 

C* = p»-iC 

we recognize that D* results from D by multiplying each element 
c« in Z> by p. C* is then any principal minor of D*. If we denote 
its elements by: 

Cik* = pcik 


we see that: 


Cik* = LikP^ -f- BikP + Sik 


(917) 

(918) 
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which is what we would get if we WTote the equilibrium conditions 
for our network in terms of mesh charges instead of mesh-currents. 
Hence D* is really the modular determinant of the system on the 
mesh charge basis. The impedance Z* (when written as a 
function of jw instead of p) is, therefore, the impedance which will 
give the steady-state mesh charge for a harmonic force function. 

We merely mention these latter things in order to give Z* a 
physical interpretation. They are not essential for a working 
knowledge of the form (914). Let us illustrate this form by means 
of the same example as above. Then we see that: 



Z* = Lp^ -^-Rp 

(919) 

By (896) and (897) this is: 



Z* = Lip - pi) ip - Pi). 

(919a) 

The equation: 

Z* = 0 


contains no zero 

root. Hence, no steady state exists, which is 

correct. Now: 

Z*' = L[ip - pi) + ip- Pi)] 

(920) 

so that: 

Zi*' = Lipi ~ Pi) 1 
^ 2 *' = Lipi -pO.i 

(921) 


Substituting this into (914), we get the same result as before. 

The reader will observe that this form is quite a bit more con¬ 
venient than the form (892), not only in appearance, but also in 
its application. The writer very much prefers the modified form 
(914). 

On the basis of this modified form we may proceed to derive 
still another form for Heaviside’s expansion formula which is a 
great deal more convenient to apply. This proceeds upon a 
suggestion which comes to us when we examine the expressions 
(919a), (920), and (921). These show that it is very convenient 
to express Z* in terms of its roots, both from the standpoint of 
the differentiation as well as for the substitution of the roots. 
In any case we can always write: 

Z* = F{p) ■ {p - pi) (p-pi). .. ip ~ Pm) (922) 


where: 


Pli P2} • * • PffJ 
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are the ni roots of 
The derivative of (922) is: 


Z* = 0. 


^ dF 

+ (P - pi) (P - P2) • • • (P - P»») ■ 


(923) 


When we substitute any root of Z* into this last expression, it is 
obvious that the second term will always vanish because it con¬ 
tains as factors the differences between p and any root. Hence 
only the first term need be considered. But this also becomes 
quite simple because: 


Up • • • (P “ ~ - ^ 2 ) . • . 

{p„ - py-i) (p„ - p,+i) . . . ip, - Pm)- (924) 

All the rest of the terms vanish for the same reason as above. 
Hence: 

Zf* ~p>’(p» Pi) ■ ■ • ip, P>^i) iVr P»+i) • • • iPf Pm) ‘^ip,)- 

(925) 


This result together with (914) results in: 

. _ ^ Ee^<f 

,h)P,ip,-Pi) ■ ■ . (p,-p,_i) (P,-Ph-i) • • ■ ip,- Pm) -F,kip,) 

im) 

which is another form in which Heaviside’s formula is found. 
Note that the function F is the one which bears the indices relating 
to the location of the force and the mesh in which the current is 
calculated. 

The formula (926) may be altered still more by introducing the 
determinantal notation. In fact there are an endless number 
of additional modifications. The form (926) is, however, about 
as convenient a one as may be obtained. It no longer contains 
any derivatives, but expresses the solution directly in terms of 
the modes and the function F. 

As an illustration of the form (926), let us consider the pair of 
tuned coupled circuits of Fig. 114, but for zero resistance, and 
calculate the current in the second mesh. Then we have: 
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Z* = 


p(CllC22 — C12C21) 

— C 12 

p(Cll + C12) (Cu - C12) 
— Cl2 


- rfe [» + «)!>+ 5 ] [(i-J^)p+^] 

(*’’ C(L + M)) C{i - M)) 


Mf 

U - M} 


Mp^ 

Here it is obvious that: 


(P +i«i) (P - J^i) (P + i«2) (p - joii). (927) 


F(p) = - 


D - 

Mp^ 


(928) 


In substituting into (926) we note that the terms come in conjugate 
pairs. Hence, we shall consider only: 


and: 


P =J0}1 
P — JW2 


and then take twice the real portion of the result. We have: 


„ r — -Eei‘^-Moi2^ "I 

^ 12 icoi(coi2-co22) 

EM f ■ , • 

• sin W 16 —C 02 sin co^Cy 


— - 2 ” (^1 — ^2 sin 032t') 


(929) 


which checks with the result (854). With the work thus highly 
organized, the formula does seem to be shorter than the ordinary 
method. However, with the same degree of organization, the 
usual method for obtaining the solution is just as brief. There 
may be some difference of opinion on this point, and the reader 
may, therefore, draw his own conclusions after he has become 
sufficiently familiar with the various methods. 

The form (926), incidentally, makes it evident that the formula 
cannot be applied when coincident roots appear, because this 
would cause two or more factors in the denominator to be alike. 
Hence, the denominator would vanish for one of these roots, so 
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that the entire expression would become infinite. Note also that 
a zero root of: 

Z{v) = 0 

leads to an infinite result because this means two zero roots for: 

Z*(p) = 0. 

Thus, whenever the determinantal equation for the network con¬ 
tains a zero root, the formula does not apply. This would occur 
if we considered an inductance alone. Then: 

Z(p) = Lp 
Z*{p) = 

so that: 

Z*(p) = Lp2 = 0 

contains two coincident roots at p = 0. However, practically, we 
never have inductance without also having some resistance, so 
that this exception is not serious. 

To summarize the limitations of Heaviside’s formula, we may 
state that it is not applicable for the cases where the initial con¬ 
ditions are arbitrary, or where Z* is a constant, or where Z* = 0 
has coincident roots. Otherwise it may be applied in any of the 
forms given above. Of these (914) is the briefest analytically, and 
(926) is the most convenient for numerical application. 

2. The Superposition Formula.^ This formula is based upon 
the linearity of the network. It proceeds from the fact that the 
net behavior of the system at any instant is due to the linear 
superposition of all responses which have occurred up to that time, 
counting from some arbitrary starting point. Thus, if we should 
subject a network to an initial shock at f = 0, and then follow by 
subsequent applications of forces at specified times, the net be¬ 
havior at any time would be a sum of the various results which 
have occurred up to that time, with due allowance for the time 
at which each individual response started. This idea is used 
in order to determine the behavior of a network when a force 
function of arbitrary form is impressed. So far we have con¬ 
sidered only constant and harmonic forces. The object of the 
superposition formula is to give us a means for handling any kind 
of an impressed force. 

1 For a thorough discussion see V. Bush, l.c., pp. 56 e.s. 
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Before giving the derivation of the formula proper, we must 
introduce a new kind of function which forms the starting 
point for this work. In the preceding paragraphs we have 
shown how the response of a network may be determined when a 
constant force is suddenly applied at some point. Suppose we 
consider the magnitude of this force to be unity, that it is applied 
in mesh /s, and that the response is desired in mesh #k. The 
function of time which represents this response, is denoted by: 

Ask(t) (930) 

and is called by Carson^ the indicial admittance of mesh jfs with 
respect to mesh fk. If the network is initially at rest, i.e., if the 
currents and charges are initially zero, then, due to the reciprocity 
theorem, the meshes s and k may be interchanged. The indicial 

At) 



admittance is thus seen to be the response of the network resulting 
from the sudden application of a unit force. It is the response per 
unit of applied force, with proper regard to the points of applica¬ 
tion and observation, as indicated by the indices. When this 
function is known, the response for any form of the applied force 
may be determined as follows. 

Suppose we consider an applied force of the form illustrated in 
Fig. 128. Here i = 0 is the switching instant. At this instant the 
force has the value/(O), i.e., it jumps from zero to/(0) instantly. 

I A.I.E.E. Trans. Vol. 38, p. 345, 1919. 
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After this initial jump, it follows the continuous curve as indicated. 
It is a common concept in calculus that this continuous variation 
may be considered as made up of a succession of differential in¬ 
crements. In exaggerated form, this gives rise to the step-func¬ 
tion illustrated in Fig. 128a. This function, made up of differ¬ 
ential steps df, at differential time intervals dt, exactly replaces 
the original function in Fig. 128. 

m 



Now consider, for example, the differential force increment which 
takes place at a time t = X, and is denoted by: 

(rf/)«=x. (931) 

When this is suddenly impressed upon the network, the corre¬ 
sponding response is given by: 

A(t - \) • (d/),.x. (932) 

The indices on A are left off for convenience. The reason that the 
argument of A is < — X and not just t is because this response does 
not come into existence until the time < = X. That is, the ex¬ 
pression (932) is valid only for t ^ X, and must reduce to A{0) for 
i = X. Since X is an arbitrary point on the time scale, anywhere 
between zero and some specified time t, the expression (932) 
represents a typical differential response which may be initiated 
at any time between zero and t by the continuously varying force 
/(<). Therefore, if we wish to know what the net response at the 
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time t is, then we have merely to add up all the differential re¬ 
sponses from zero to t, and add to this the initial response at the 
instant t = 0. This latter response is obviously given by: 

Sid)-Ait). (933) 

The sum of all the differential responses from zero to t becomes an 
integral of the expression (932) with respect to the variable X, which 
is the time at which each differential response is initiated. In order 
to form this integral, we note that: 

= fW-d\ I 

where the prime indicates the differentiation with respect to time. 
Thus, we have: 

iskit) = /(O) • A,k(t) + J‘Ask{t - X)/'(X)dX. (935) 

Note that the integration is with respect to the variable time X 
at which each differential response starts. The result is a function 
of t, as it should be. This is the superposition formula. It ex¬ 
presses the response for any form of the applied force /(<). It 
is not an explicit solution until the integral is evaluated. When 
the force function/(f) is given in analytic form, the integral may be 
evaluated provided it is not too comphcated. Otherwise the 
integration must either be performed graphically, i.e., in steps, or 
by means of a suitable form of integrating machine. When f(t) 
is not given analytically, then the graphical or machine integra¬ 
tion process is the only one possible. The real importance of the 
result (935) is that it expresses the response for any arbitrary ap¬ 
plied force in terms of the response per unit of a constant applied 
force. Hence, the solution for any type of voltage is expressible 
in terms of the d.c. solution. This fact is very useful in network 
analysis. 

The superposition formula (935), like Heaviside’s formula, may 
be transformed into a number of equivalent forms, which may 
be better adapted to meet the requirements of particular prob¬ 
lems. We shall now give the derivation of the more important 
of these. Suppose we introduce in the integral of (935) the change 
of variable indicated by: 
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t-\ = d. 


Then: 


d\ = —dd 


(936) 

(937) 


where t is treated as a constant, which it is so far as the integration 
in (935) is concerned. The function under the integral sign then 
becomes: 


- 5)dS 


(938) 


so that: 


JU(t - \)f'i\)d\ = - J^'’4(5)f(« - S)d5 
= £Ai8)f(t - d)d5 


and if we now wTite X for S again, we have instead of (935): 

isk = fmsk(t) + fra - \)As,(\)dx ( 939 ) 


which is one of the alternative forms. 

Two additional forms are obtained from (935) and (939) re¬ 
spectively by carrying out an integration by parts. The well- 
known formula for this is: 



For (935), for example, we let: 

u = A{t — X) 1 
dv = f'(\)d'K. I 


(940) 


(941) 


Then since the differentiation and integration is with respect to X 
we have: 

du — —A'{t — X)dX 
V = /(X). 

Hence, the integral in (935) becomes: 

- dx = [A(t - X)/(X)]'+ Jj(\)A'(t-\)d\ 

= ^(0)/(0 - A{t)m + Jji\)A'it-\)d\. 

(943) 
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Substituting this into (936), we have: 

isk = AdO)m+ Jj{\)Ask'(t-X)d\ (944) 

which is the desired alternative. 

In exactly the same manner we obtain from (939): 

ik = A^mm +( 945 ) 

Still other forms are obtained when we make use of the mathe¬ 
matical theory regarding the differentiation of functions under 
an integral sign. Briefly, the situation regarding this process is 
as follows. Suppose we consider the following function defined 
by an integral: 

m = X) d\ (946) 

J h 

where / is a function of the two variables t and X, and the limits of 
integration are functions of t It will be seen that any one of the 
integrals involved in the above formulae have this general form. 
For this situation it is shown that: 

This result is very plausible because the differentiation with re¬ 
spect to t must affect the values at the limits, since these are 
functions of time. That is, 4> must be looked upon as being a 
function of the variables t, hi, and hi, thus: 

<p = i/(t, hi, hi) 

whence: 

d<j> _ dip dt , dip dhi . dip dh^ 
dt dt dt dhi dt dhi dt 

The form (947) is thus obtained. 

With this in mind, consider: 

^£A{t-mX)d\ = £A'(t-\)fWd\+A(0)m. (948) 
Here we put: 

= 0 1 
hi = t. I 
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Similarly, we have: 

4 rfit-\)A{X) d\ = d\ +/(0)A(i). (949) 

at J 0 Jo 

Comparing (948) and (949) with. (944) and (939) respectively, 
we see that: 

%k = ^ - X)/(X) d\ (950) 

and: 

U = I f/(t - \)AskWd\ (951) 

which are two new forms for the superposition formula. The 
chief difference between the last two and the preceding forms is 
the fact that the functions under the integral sign are not differ¬ 
entiated, the differentiation being done after the integration has 
been carried out. This may be advantageous since in some cases 
the process of differentiating makes a function more complicated, 
so that the subsequent integration becomes more difficult. It 
may, of course, be that the differentiation simplifies the function, 
in which case one of the other four forms would be preferable. 

In general no statement can be made as to the preference of any 
one of the above forms over any other. This must be decided for 
each specific case. Such decisions require experience and fa¬ 
miliarity with the various forms. Sometimes the best form is 
found only after a number of trials. We shall now consider 
several examples in order to illustrate some of the features dis¬ 
cussed above. 

It is interesting to show how, by means of the superposition 
formula, the solution for a harmonic force may be obtained when 
that for a constant force is given. Take, for example, a simple 
R, L circuit. For this we know that: 

.g\ 

A(\) = ~ . (952) 

TTie force function is given by: 

M = (SU[Ee^. (953) 

Here we note that differentiating A(X) will actually simplify the 
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resulting function under the integral. Hence, we shall use the 
form (945). We have: 

A(0) = 0 

RK 

A'(X) dx = ^ dx 


so that: 


Kk. 



(954) 


which we recognize as the correct result. 

There is, of course, no advantage to be gained in arriving at 
the solution to this case by means of the superposition formula. 


fit) 



The real utUity of the latter is found in treating cases that are 
otherwise difficult to solve. However, we are giving these ex¬ 
amples here merely for the purpose of illustrating the method. 
In this respect, consider the force function given by: 

/(O = £^(1 - e-<»). (955) 

This is illustrated in Fig. 129. It is an exponentially increasing 
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function which reaches the constant value E asymptotically. 
Suppose we consider this impressed upon an R, L, C circuit. We 
shall use the form (935) for this case. We have: 



m = 0 1 

f(K)d\Epe~e>^d\. j 

(956) 

We also know that: 

rA'^<x+jg)tn 

(957) 

where: 



11 



/I R^ 

^ \ LC 4 L2 



for the oscillatory ease. Hence we get: 


t •— (Rc 


J 0 jLg 


E0e-^d\ 


jy 


d\. 


This integral is easily evaluated. We get after taking the real 
portion: 

* ° i - jcg + w ["'* ~ ‘"'(°°°^ ™ 

Usually: 


a — 


so that: 


^ = 1 - iJCjS + LC^ 

This result is particularly interesting when the decrement of the 
circuit equals the decrement of the force function, i.e., when: 

a = ^. (960) 

Then (959a) becomes: 

2ERC ,, 

cosgf). 


(961) 
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Fig. 130 illustrates this case. The current oscillates and decays, 
hut always remains positive. If a < /3, then the oscillation will 
go below the axis for a short time during each period. 


j 



Another interesting type of force function is that illustrated in 
Fig. 131. It is given anal 3 d;ically by the expression: 

fit) = Ete-^K (962) 

fit) 



We shall use the form (935) again. Here we have: 

m = 0 1 

/'(X) d\ = Ee-^ (1 - pX) dX. I 


(963) 


Consider this force impressed upon the E, L, C circuit for which 
the indicia! admittance is given by (957). Then we get: 
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J = (JU 


= (R« 


jLg 

pt 
JLg 


Ee-^il - |(3X) d\ 

d\. 


After evaluating the integral, we have: 

■E {(a—jg) +(—a+jg)e^-‘>‘+}W 


(R 


ji^g 


(a - ^ - jgY 


(964) 


(965) 


If we neglect the decrements as compared to the angular velocity, 
this becomes: 


i ^ [(1 ~ — e~^ cos g{\. 


In particular for a = /8 we get: 

Ee~' 


i ^ — at — cos gt]. 


(965a) 

(9655) 


This last result is illustrated in Fig. 132. 

All of these cases could have been treated by the classical method 
outlined in the preceding chapters, as well as by the superposition 



formula because the force functions were given analytically in the 
exponential form. However, when the analytic form of f{t) is not 
an exponential, then the superposition method is better to use 
than an ordinary integration process. Of course, it may be quite 
dfficult to carry out the int^ration in the superposition formula 
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for certain force functions, but the procedure is at least definitely 
outlined. 

In conclusion we wish to mention the fact that the superposi¬ 
tion formula is applicable to any linear system, not necessarily a 
lumped-constant network. It may, and often is, applied to dis¬ 
tributed constant problems such as the uniform transmission line 
or cable. We shall, however, take up these points in more detail 
in a later chapter. 

PROBLEMS TO CHAPTER IX 

9-1. A two-mesh network is characterized by the following parameters: 

Rn = 200 R 22 = 5 

Lii = 0.1 L 22 — 10”“^ 

Li2 = 10~^ S 22 ~ 10®. 

A constant force is suddenly applied in the first mesh. Assuming initial 

rest conditions, determine the currents in both meshes by means of Heavi¬ 
side’s formula and plot. 

9-2. Assuming that the reaction of the second mesh in Prob. 9-1 upon the 
first is negligible, use the superposition formula for the determination of the 
current in the second mesh. Plot and compare with the solution of Prob. 9-1. 

9-3. Solve Prob. 9-1 omitting the resistance in the second mesh. 

9-4. Solve Prob. 9-2 with the data of Prob. 9-3. 

9-5. Solve Prob. 9-1 omitting the inductance in the second mesh. 

9-6. Solve Prob. 9-2 with the data of Prob. 9-6. 

9-7. Solve Prob. 9-1 omitting the capacitance in the second mesh. 

9-8. Solve Prob. 9-2 with the data of Prob. 9-7. 

9-9. A two-mesh network is characterized by the following parameters: 

Rn = 500 R 22 ~ 5 

Sn = 108 = 10-3 

S12 = 108 S22 = 10 ®. 

A constant force is suddenly applied in mesh #1. Assuming initial rest 
conditions, determine the currents in both meshes by Heaviside’s formula 
and plot the result. 

9-10. Assuming that the reaction of the second mesh in Prob. 9-9 upon the 
first is negligible, determine the current in the second mesh by the superpo¬ 
sition formula and compare the result with that of Prob. 9-9. 

9-11. A two-mesh network is characterized by the following parameters: 
Rn “ 200 R 22 ~ 4 1/22 ~ 10 ” 8 . 

Ln =0.1 1/22 = 10-3 

Sn = 10 ^ S 22 = 10 ® 

Assuming that the reaction of the second mesh upon the first is negligible, 
determine the current in the second mesh by the superposition formula and 
plot the result. 

9-12. Check Prob. 9-11 by the classical method. 



CHAPTER X 


THE TREATMENT OF PERIODIC FORCE FUNCTIONS 

1 . The Complex Fourier Series. In this chapter we wish to 
discuss the method of attack which is used on network problems 
w^hen periodic, but not harmonic, forces are involved. The basis 
of the method is due to the Fourier representation of a periodic 
function. The reader is expected to be somewhat familiar with 
this general subject, so that detailed proofs and discussions may 
be omitted. We shall, in the following, place the emphasis upon 
the me of Fourier series rather than upon their mathematical 
justification. 

From the standpoint of utility, the Fourier series in the form of 
sines and cosines is extremely cumbersome. It is for this reason, 
more than any other, that many problems either remain unsolved 
or are referred to the laboratory for solution when an analytic 
method would yield a great deal more. This diflficulty is very 
elegantly overcome by the complex form of series. The latter is 
extensively used by physicists, but quite generally unknown to 
engineers. Our first object, therefore, is to introduce the reader 
to this complex form. 

We shall begin with the usual form of the Fourier series in terms 
of sines and cosines. This is: 

f(t) = 0:0 + £ cxy cos voot + 2 ) sin vo)t ( 966 ) 

ys=l 

W’^here the coefficients are given by: 

Li 

Ll 

CJ ^ 

aj, = - I f(t) cos po)t dt 

^ J 0 
2 w 

f f(t) sin vcat dt. 

'^J 0 


(967) 
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Here w is the fundamental angular velocity and v is the index 
which specifies the order of the harmonic components. Time is 
the independent variable. This form is very inconvenient for 
network analysis. We saw in an early chapter how cumbersome 
the sine or cosine functions were when involved in the solution of 
differential equations. The Fourier series (966) involves an in¬ 
finite sum of sines plus an infinite sum of cosines. If we attempted 
to use it as a force function in the solution of a network problem, 
the unwieldiness of the work would be altogether prohibitive. 
This is not the only objection to the above form. By (967) we 
see that three separate formulae are necessary for the determina¬ 
tion of the coefficients. This also is a nuisance. The coefficient 
ao, incidentally, is the constant component of the function/(<)• 

It is possible to put (966) into the form of a cosine series or a sine 
series alone. Then each component has an individual phase angle 
in addition to a magnitude. 

This may easily be done as 
follows. If we use the rota¬ 
ting vector to represent a 
harmonic function, then the 
sine and cosine terms in (966) 
may be illustrated as in Fig. 

133. The horizontal axis is 
chosen as the projection axis. 

The vector then represents Fig. 133 

the amplitude of a cosine 

term, because this starts with its positive maximum value at f = 0, 
which is the time for which the diagram is drawn. Similarly jS, rep¬ 
resents a sine term of rth order. These may be combined vectorially 
into at an angle <j>^ as indicated. These vectors are to be thought 
of as about to rotate in the counterclockwise direction with an 
angular velocity of voi radians per second, as indicated. 

From the figure it is clear that: 

y, = V a/ -h 

—( 1)1 ” 

or inversely: 

Oiy = Jv cos (j>y 

= 7 ^ sin <f)y. 
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Thus, we could write instead of (966): 

f(t) = ao + 2 'V'l' COS (vcot — <t>v) (966a) 

or: 

f{t) = ao + £ y, sin + g ~ (9666) 

Although these forms require less space, they are in every respect 
as cumbersome to handle as (966). They require the formulae 
(967) plus (968) for the determination of the amplitudes and phases. 

There is only one way out of this dilemma, and that is through 
the use of the exponential function. We know, for example, that: 


0—jput 

sin V(j)t = -jr-:- 

2; 

(970) 

^jput Q—jP(j}t 

COS VU)t = - ^ - 

h 

(970a) 


If we substitute these expressions into (966) and arrange terms, 
we have: 

m = + if . (971) 

Now we note by (967) that: 

2_t 

( 972 ) 

and: 

^ /o 

where we made use of the relation: 

cos vat ± j sin vat = 


It is important to note that (972) and (972a) are conjugates, and 
that the only difference between the two integrals is the difference 
in the algebraic sign of the index v. This suggests that we intro¬ 
duce the new notation: 


CCy 


2 

+ j^p 
2 


(973) 
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Then obviously: 

Hz 

a, ^ f (974) 

Note that the single formula (974) now replaces the two formulae 
(972) and (972a), since the latter is obtained from (974) by merely 
changing the sign of v. Also, note that for v = 0, (974) becomes: 


2ir 



which is identical with the first formula (967). Hence, (974) 
also gives the constant component of the series, i.e.: 

flo = «o- (975) 

In terms of these results we may now write the expression (971): 

fit) = ^ (976) 

y=—oo 

in which the two terms in the sum of (971), as well as the constant 
term ao, are included by virtue of the fact that the index v now takes 
on all negative integer values, as well as aU positive integer values, 
inclusive of the value zero. Thus, the result (976) identically 
replaces (966), when the coefiicients are determined by (974). 
This is called the complex Fourier series. Note how compact 
it is as compared to the clumsy form (966). Note also that only 
the one formula (974) is necessary for the determination of the 
coefficients as compared to the three formulae (967). 

The complex form has so many advantages over the sine and 
cosine form that it is hard to appreciate them all at once. Processes 
of differentiation and integration with the form (976) are as simple 
as they are for a single exponential function. Another important 
point from the standpoint of network theory is the fact that no 
harmonic phase angles appear exphcitly in the complex form; 
yet they are contained in it, namely in the complex character of 
the coefficients. Due to the fact that they are thus hidden from 
view, they cannot bother us when they are not wanted, as, for 
instance, during an integration process. After the integration is 
complete, the phases of the various harmonic components are 



384 THE TREATMENT OF PERIODIC FORCE FUNCTIONS 


immediately apparent by inspection of the resulting coefficients. 
This mil be appreciated more fully later on. 

Kote also that although the separate terms in (976) are complex, 
the sum is not complex, but a real function. This is due to the 
fact that the terms come in conjugate pairs, each pair being given 
by the positive and negative values of the index v for a certain 
integer. Such a pair of conjugate terms together represent one 
harmonic component. Thus, consider, for example, the pair of 
conjugate terms: 

(977) 

Each term is a vector which rotates with an angular velocity equal 
to w times the order of the harmonic. This pair of rotating vectors 

is illustrated in Fig. 134. Due 
to the fact that they are conju¬ 
gates, their vector sum is real. 
This real value is the same as 
the projection of the vector y, 
upon the real axis in Fig. 133. 
The magnitude of the vectors 
in Fig. 134 is half of the mag¬ 
nitude of The angle which 
the pair of vectors make with 
the horizontal is and is the 
same in magnitude as in the 
Fig. 133 or as given by (968). Thus, we can see by inspection of 
these two figures that the equations (973) are correct. 

The essence of the complex form (976) is, that each harmonic 
component is represented by a pair of oppositely rotating vectors. 
This is an old method for representing a harmonic function. The 
same device is made use of in the theory of the single phase induc¬ 
tion motor where the harmonically pulsating field is replaced by 
two oppositely rotating fields. The phase angle of a harmonic 
component is given by the angle of the corresponding complex 
coefficient as illustrated in Fig. 134. In particular when the phase 
angle of a, is minus ninety degrees, then the conjugate pair of 
vectors represents a sine function. When the angle of a, is zero, 
then the pair defines a cosine function. The actual amplitude of 
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any harmonic component is alwaj’s twice the magnitude of the 
corresponding a„. 

These matters will become clearer by means of some illustrative 
examples. Consider the square function given in Fig. 135. It is 
assumed to continue in the same fashion in both directions. The 
origin for the time is arbitrarilj'' chosen as indicated. The positive 


/d) 



and negative amplitudes are equal and denoted by E. 
we then have: 

0) 

which is equivalent to; 

tty = ^{1 ~ e~}") f dt. 

Ztc Jo 


By (974) 
(978) 


(978a) 


Integrating and substituting limits, we have: 

a, = ^(1 - eww)2. (979) 

2 TQV 

The factor (1 — e^")® is rather interesting. For v equal to 
zero or any even integer, the factor vanishes, which indicates that 
the function of Fig. 135 contains no constant component and no 
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even harmonics. For any odd integer value of v, the factor is 
always equal to four. Hence, for the odd harmonic components 
we get: 

9 W 

a, = ^- (979a) 

Jirv 

The complete Fourier series is, therefore: 

oo Q JP 

/(O = L 7^^^- (980) 

y=-OcJVTr 

Since the angle of o„ as given by (979a) is minus ninety degrees, the 
series (980) must be a sine series. If we group positive and nega¬ 
tive terms in (980), we find: 

f(t) = —sin mt (980a) 

,=1 TV 

which we recognize as the Fourier series of the square wave with 
the time origin as indicated in Fig. 135. However, for purposes 
of analytic manipulation the complex form (980) is much to be 
preferred, even over the simple sine series. 

If we had taken the time-origin at the center of the positive half¬ 
cycle instead of at the beginning of it, then the result would have 
been a costae instead of a sine series. If the time origin is taken 
at some intermediate point, then the series is equivalent to a sine 
plus a cosine series, or either a sine or cosine series with phase angles. 
Suppose, for example, that the time origin in Fig. 135 is shifted 

to a point i Then the result is immediately obtained from 

(980) by the change of variable: 

i = r (981) 

0 } 

where t' is the time measured from the new origin. Substituting 

(981) into (980), we have: 

00 OTP 

Sit') = i; (982) 

^ Va 

The harmonic coefficients are obviously: 
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with the same restriction as to odd integer values of v as before. 
Thus, the time origin is easily shifted to any point, as may be 
required by special switching conditions. 

As another example consider the triangular function shown in 
Fig. 136. This, it will be noted, is the integral of the periodic 
function given in Fig. 135 vith due regard to its periodicity. B 3 ’- 
the last remark we mean that the square wave of Fig. 135 must be 

fit) 



so integrated as to yield a function which contains no constant 
component. Here the function is defined as follows: 




2o}t^ 


n TV . , .2 TV 

for: - <t < - 

Ct) CO 


(984) 


By (974) we, therefore, have: 

- 1 [/."(' - ““ -//(" - ■"]•» 


After carrying out the integration we have: 

a, = ^(l-e-^-). (986) 


On account of the factor (1 — e~^), this expression vanishes for 
even values of v and also for v equal to zero. For odd integer 


values of v we have: 


a. 


2E _ 

TTJ^CO 


(987) 
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Hence, the Fourier series for the function given by Fig. 136 be¬ 
comes: 

Note that this is exactly what we get by integrating the series 
(980) term by term, which agrees with the fact that the function 
of Fig. 136 is the integral of the function of Fig. 135. 

f(D 



Let us continue in this same way. The integral of the periodic 
function of Fig. 136 is given in Fig. 137. It consists of a succes¬ 
sion of parabolae whose axes coincide with: 

t = — 

2oo 


etc. 


The height of the apex of each parabolic section is equal to the 
area under the triangle of Fig. 136 for any quarter of a period. 
This may easily be verified by integrating the curve of Fig. 136. 
The function of Fig. 137 is thus found to be defined as follows: 


m = 
m = 


for: 0 < t < ■ 


(i-AfJ;-,) for: 

\co / \ w / CO CO 


B 

2 


( 989 ) 
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Hence by (974) we have: 


(i ■ ‘)^+X * (»■ ‘)(^ “ X’"' *} 


Caxrying out the integration we find: 

a, = (1 - 

TTV^U^ 


(990) 

(991) 


Here again the coefficients vanish for even integer values of v 
and also for p = 0. For odd integer values we have: 


Cj, 


2jE 

TV^C^ 


(992) 


so that the Fourier series for the function of Fig. 137 becomes: 

/W (993) 

J>S=—00 W 

This we see is exactly the term by term integral of (988), which 
is the series for the triangular wave of Fig. 136. 

2. Some Remarks About Convergence. Our object in working 
out these three cases, which are successive integrals of each other, 
has not been merely to illustrate the application of the formula 
(974) for the determination of the coefficients of the complex 
series. We wish to call attention to a very interesting point in 
connection with these functions and their respective Fourier series. 
Consider in order, the square wave of Fig. 135, the triangular 
wave of Fig. 136, and the parabolic wave of Fig. 137. The first 
of these is quite unlike a sine wave; the second is somewhat nearer 
to it in shape; while the third is already so much like a sine wave 
in shape that it is hard to tell from the figure that it is not. 

With this in mind consider the corresponding Fourier series for 
these cases as given by (980), (988), and (993) respectively. In 
(980) we see that the magnitudes of the harmonic components 
are inversely proportional to the index v. That is, the third har¬ 
monic is one-third as large as the fundamental; the fifth is one- 
fifth of the fundamental; etc. We say that this series converges 
as one over v. This convergence for the square wave is not very 
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rapid, i.e., the harmonics are relatively quite large. For the tri¬ 
angular wave whose series is given by (988), however, the ampli¬ 
tudes of the harmonic components are inversely proportional to 
v". Here the third harmonic is one-ninth as large as the funda¬ 
mental; the fifth is one-twenty-fifth as large as the fundamental; 
etc. This series converges as one over v-. Finally, for the series 
(993), which represents the parabolic wave, we see that the third 
harmonic is only one-twenty-seventh of the fundamental; the 
fifth is one-one-hundred-and-twenty-fifth; etc. The series con¬ 
verges as one over v^. 

We may correlate these results in the following way, in terms of 
the discontinuities of the function and its derivatives. Note, for 
example, that the function representing the square wave has dis¬ 
continuities at the points: t = 0, - , —, . . .etc. Whenever 

CO O) 

the function has discontinuities, then the resulting series will 
converge no better than one over v. 'WTien the function itself is 
continuous, but its first derivative has discontinuities, then the 
resulting series will converge no better than one over v^. This is 
the case with the triangular wave. Its first derivative has dis- 

-T ^ TT 

continuities at the points: t = 0, -, —,. . . etc. When the 

0 ) 00 

function and its first derivative are continuous, but its second 
derivative has discontinuities, then the resulting series will con¬ 
verge no better than one over v^. The parabolic wave has dis¬ 
continuities in its second derivative at the points: t = 0, - , — > 

CO CO 

. . . etc., i.e., at the points where the parabolic sections are pieced 
together. 

It may be demonstrated that when the periodic function itself 
is continuous, but the nth derivative has discontinuities, then the 
resulting series will converge no better than one over This 
is a very useful theorem to remember when expanding a function 
in a Fourier series. By means of it we often know beforehand how 
well or how poorly the series will converge. It also serves as a 
partial check on the numerical work in some problems. 

Note that when a function and its derivatives are continuous 
only up to the nth, then higher derivatives do not exist, i.e., they 
cease to have any meaning. For example, it is meaningless to 
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speak of the derivative of the square wave, or the second derivative 
of the triangular wave, etc. This fact is reflected in the form of 
the corresponding Fourier series. If we differentiate the series 
(980) for the square wave, we get: 


2 Eo) 




Here the coeflflcients do not contain v at all. Hence, this series no 
longer converges. The series (988) for the triangular wave may 
be differentiated once. It will then 3 deld the square wave. It 
may not be differentiated again for the same reason that the square 
wave could not be differentiated. The series (993) for the para¬ 
bolic wave may be differentiated term by term twice. Differen¬ 
tiating makes the convergence poorer just as integrating makes 
it better. When the series has been differentiated until it con¬ 
verges as one over v, then it can be differentiated no more. 

These facts are quite useful in connection with network prob¬ 
lems. For example, in an inductive circuit the current cannot be 
discontinuous, but its first derivative will have discontinuities 
when the force function has such discontinuities. Hence, in such 
a case the Fourier series for current can converge no better than 
one over When the circuit is assumed to contain only re¬ 
sistance and capacitance, then the current series can converge no 
better than one over v when the force function contains discon¬ 
tinuities. The series for charge will always converge as one over 
V better than the corresponding current series. These and related 
facts aid in checking results in connection with network problems 
involving Fourier series. 

3. Effective Values and Power Products. The determination of 
root-mean-square or effective values of periodic functions is a 
common problem. We shall show how this may be done with the 
complex series. Suppose we have a current given by: 

i = '^ (994) 

—00 

and we wish to find its effective value. We know that: 


27r 



( 995 ) 
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In order to substitute into this formula we must square the series 
(994). This is merely the series multiplied by itself, thus; 

j,=s_0O fj,= -^CO 

= f: (996) 

j/ = — OD 
fX = — OO 

where two different letters are used as indices to avoid confusion. 
Substituting (996) into (995), we have: 


feff^ = f Z dt. (997) 

" (t/ 0 p=—CO 
CO 

This integration may be carried out term by term, so that we have: 

2 T 

feff- = Z f dt. (998) 

Z TT PS- — 00 0 

;is= —00 

Now we know that: 


•3 oJttUiit 

gjma - 

jmu 


^jm2ir __ 
jmcx} 


= 0 


(999) 


where m is any integer. Hence, all the integrals in (998) vanish 
except those for which: 


Thus, we have: 


11= -V. 

2 

/ ■> “ c 

teff“ Z ayCL-y I 

" X ,.s_oo J 0 


( 1000 ) 


dt 


( 1001 ) 


which is the desired result. We may put this in another form if 
we recognize that the quantity under the summation sign in (1001) 
is the square of the magnitude of a,. Also, the summation over 
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negative integers is the same as that over positive integers, so 
that we have; 

iefi' = 2 I: |a,p. (1001a) 

Since the magnitude of a„ is half the amplitude 7 , of the corre¬ 
sponding harmonic, we may also write: 

4fr = 11 : 7F (10016) 

»=i 

which is the commoner form for this result. 

Note how simple it is to square the complex series and to 
integrate the result. The reader should carry through the same 
problem with the sine and cosine form (966) to appreciate the 
convenience of the complex form. 

Another typical problem is that of finding the power absorbed 
by some device when the impressed voltage and the current are 
both given by Fourier series. Suppose we have: 

e = £ (1002) 

—00 

and: 

i = ^ (1003) 

The power is then given by: 

2 X 

P^^f'eidL (1004) 

TCj 0 

Substituting and interchanging the order of summation and in¬ 
tegration, we get: 

2 X 

T = ^ t, adt. (1005) 

W TT p=:—C0 0 

— 00 

This is exactly the same integral that we had to evaluate before. 
Hence, the result is: 

P = £ a^_,. (1006) 

j»=—OD 

This may be converted into a sum over positive integers only if 
we note that: 


ajb-r + a-yb, = 2 (5U[ay6-J. 


(1007) 
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Then: 


P = 2 (Re £ 

»=i 


(1006a) 


Note that the relative phase positions between the voltage and 
current harmonics are taken care of by the complex character of 
the coefficients. No phase angles appear explicitly, and conse¬ 
quently they cannot cause bother and confusion while carrying 
out the integration. This result is interesting in that it shows that 
the net power is due only to the power products of the correspond¬ 
ing harmonics. That is, no power is contributed by the funda¬ 
mental of the voltage with the third harmonic of the current, or 
any other such cross-combination. If a harmonic voltage were 
impressed upon a circuit, and the resulting current contained 
harmonics, (due, for e.xample, to a non-linear circuit element such 
as an iron core inductance) then the power absorbed by that 
circuit would be simply the power product of the voltage and the 
fundamental current component. The current harmonics could 
contribute nothing to the net power. 

4. Problems Involving Periodic Force Functions. When the 
force function in a network problem is given in the form of a 
complex Fourier series, then the solution is practically as simple 
to obtain as it is for a harmonic function. We shall discuss here 
only the steady-state solution. The transient solution has the 
same form no matter what the driving force is. Suppose we con¬ 
sider an R, L, C circuit with a non-harmonic impressed force given 
by: 

e = I; (1008) 


Then the equilibrium condition becomes; 

L^+ Ri fidt= 23 (1009) 

Qiv ysa —00 

The heuristic method now suggests that the steady-state current 
be given by a Fourier series also, i.e., that we should assume: 

i = I) (1010) 

00 

In order to substitute this assumption into (1009), we must form 
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the derivative and the integral of this series. This may be car¬ 
ried out term by term, thus: 

no oo 

= L T, ( 1011 ) 

OZ ps=—00 

and: 

h fidt=^, t ( 1012 ) 

tj („ — „JV0} 

Notice that the exponential series is as simple to manipulate as a 
single harmonic function in complex form. The substitution of 
(1010) into (1009), therefore, becomes: 

£ ji2 + (1013) 


where the terms on the left-hand side have been placed under a 
single summation sign and grouped in a convenient manner. 
This equation is to be regarded as a condition which must be 
satisfied for all values of time in order to make the assumption 
(1010) valid. It is not hard to satisfy this condition. In 
fact it is quite obvious that it will be satisfied if we make the 
coefficients of the exponential fimctions in the two sums equal to 
each other. That is, if: 

{iE -f i(Lvi^ - = a, (1014) 

then (1013) becomes an identity. By (1014) we have; 



which expresses the Fourier coefficients for the current in terms of 
those for the voltage. The forms (1010) and (1015), therefore, 
constitute the steady-state solution to this problem. 

In order to condense the notation somewhat, we may define: 


X. = Lvw - 


(1016) 


atS the reactance for the vth harmonic. Then: 

Z, = R -bjX, 


(1017) 
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is the impedance to the I'th harmonic. The expression (1015) 
then reads: 


6 , = -5^ (1018) 

which states that any current coefficient is equal to the correspond¬ 
ing voltage coefficient divided by the complex impedance for that 
harmonic as indicated by the index v. Thus, the result merely 
substantiates again the superposition principle in linear networks; 
namely that when several voltages are simultaneously impressed, 
the resulting current is a linear sum of the current responses for 
the individual voltages. Here the latter are in the form of Fourier 
components; but the superposition principle which holds generally, 
is again evident. 

Note that the reactance (1016) has the usual form for an R, L, 
C circuit except that here m appears where simply « appears in 
the solution for a harmonic force function. Thus, the inductive 
reactance increases with the order of the harmonic, whereas the 
capacitive reactance decreases. This means that for a certain 
region of harmonics, the reactance will be relatively small as com¬ 
pared to harmonics which are some distance away from this region. 
The response is, therefore, selective as to harmonics just as it is 
selective as to frequency for this circuit. The analysis on the basis 
of harmonics is the same as it is for frequency except that r is a 
discontinuous variable whereas w is continuous. 

In order to illustrate this let us consider the following numerical 
example with: 

L = 4 • 10-2 I 
C = io-« 

R = 50 J 

We will suppose that the force function is the square wave given 
by (980), i.e., that: 

oo 2 E 

e-= £ ( 1019 ) 


IT 


with: 
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We find by (1016) and (1017): 


Xi = -960 

IXI 

= 962 

Xz = —213 

1-^3 1 

= 219 

Xs =0 

1^1 

= SO 

Xt = 137 

N 

= 146 

Xs = 249 


= 254 

Xu = 349 

1-^111 

= 353 

CO 

II 

CO 

\Ziz\ 

= 446 

Xi 6 = 533 

1 - 2^161 

= 535. 


We have determined only the magnitudes of the impedances since 
we are primarily interested in the magnitudes of the harmonics. 
According to (1018), these are given by: 



I&4 

1000 

( 1020 ) 

\h\ 

= 1.04 

I 63 I = 1.52 ' 



= 4.00 

I 67 I =0.98 

( 1021 ) 

l&el 

= 0.437 

\bn\ = 0.258 

\hs\ 

= 0.172 

\hz\ = 0.125. 



The actual magnitudes of the harmonics are double these values. 
However, we are more interested in the relative magnitudes. In 


jJl 



Fig. 138 is plotted the distribution of harmonics given by (1021). 
The relative magnitudes are indicated by vertical fines. The 
fundamental corresponds to an angular frequency of 1000 radians 
per second. 

We see that the fifth harmonic predominates considerably over 
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the others. The circuit parameters were chosen so that resonance 
would occur at this frequency. This principle of harmonic se¬ 
lection is a very common method used for frequency multiplica¬ 
tion. The method of frequency multiplication by means of the 
ordinary arc is based upon this principle. Here an almost square 
wave of voltage is produced at the terminals of the arc by an 
appropriate primary circuit. The arc voltage is impressed upon 
a secondary circuit w'hich is tuned to select a higher frequency as 
in the above example. After this frequency has been selected 
it may be “refined” by means of a further selective system based 
upon the principles outlined at the close of Chapter VIII. The 
multiplication may be done in several successive stages instead of 
one. VTien higher multiples arc desired, it is necessary from the 
standpoint of efficiency and quality to use more than one stage, 
with some form of refining circuit interposed. Vacuum tubes are 
also used in conjunction with this same idea. Basically, however, 
the same principle of harmonic selection, as that illustrated in the 
above example, is used in all these schemes. When the Fourier 
analysis of the force function is known, the solution to such prob¬ 
lems is very simple. 

It is interesting to put the solution for the R, L, C circuit with a 
square voltage wave impressed into its analytic form. By (979a) 
the coefficients (1015) for the current become: 




2E 

jvv{R -f jXp) 


( 1022 ) 


where the abbreviation (1016) for the reactance is used. This 
expression together with (1010) give the desired current solution. 

In many cases it may be necessary to derive the expression for 
the power absorbed by the circuit under these conditions. This 
is easily done by determining the squared effective current and 
multiplying this by the resistance. By (1001) we have in the 
above case: 

W = £ (1023) 

trss—fSa 


Since only odd harmonics are present in our present problem, we 
have by extending the summation over positive integers only: 

feft* = 2 £ b^_„. (1023a) 

>■= 1 , 3 , 5 . . . 
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By (1022) we have: 






so that the absorbed power becomes: 


p= z 




(1024) 

(1025) 


Note how simple the complex forms make these manipulations. 
This result for the absorbed power is not yet in the most conven¬ 
ient form for purposes of calculation because of the summation. 
Ordinarily the sum will converge quite rapidly, but it is still better 
to have the result in a closed form. This may be done by carr}dng 
out the above summation. We shall show how this may be done 
in a later section of this chapter. 

We wish to take up now the same R, L, C circuit, but with an¬ 
other type of periodic force function. This is illustrated in Fig. 
139. It consists essentially of a series of positive and negative 

2 TT 

voltage pulses which have a fundamental period of ~ seconds. 
The time origin is so chosen as to make each pulse come in the 


e(t) 



center of a half-period. This makes the expansion in a Fourier 
series simpler. The duration of a pulse is denoted by r. This 
sort of a force function is very common in communication work. 
In many types of problems we find that an oscillatory circuit is 
energized by means of a succession of pulses such as the above. 
In representing the individual pulses by rectangles we are, of 



400 THE TREATMENT OF PERIODIC FORCE FUNCTIONS 


course, idealizing the problem to some extent. Actually, the 
comers of these rectangular pulses will be considerably rounded 
off. But in idealizing the problem in this way, we nevertheless 
retain its essential characteristics, and at the same time make the 
solution very much simpler. Idealization is a common device 
which is used in the attack upon otherwise complicated problems. 
It is one of the objects of this presentation to introduce the reader 
to such methods. They may be frequently applied in a variety of 
forms. 

We proceed with the expansion of the force function illustrated 
in the Fig. 139. By (974) we have; 


3 Tf ,T 


cojEJr 2 , /^ 2 o )‘2 -1 

= (1026) 


2u 2 


Here the second integral is identical with the first except for the 
limits of integration, which are advanced by-. Hence, we may 

CO 

combine the above into a single integral, thus: 


r . T 
'*2w'^2 


a)E P2u‘2 

a, = ^ (1 - e-v") / dt. 

J jr _r 

2o> 2 

Evaluation gives: 

oiEQ. — 


Qj, — 


2 TTjVcO 


(e 


. cor 

e '"2), 


(1027) 

(1028) 


The factor (1 — e*^") makes the zero component and the even 
harmonics vanish. For odd integers of v it is equal to 2. For 
these we also have: 

= ;(-!) ~- (1029) 

This is a factor which controls the algebraic sign of the harmonics. 
If we also introduce the notation: 


then (1028) becomes: 


£ 


0)T 

T 


y-1 

«,= (-1)2 • 


2£^sia 

jVT 


(1030) 


(10311 
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The new parameter e is evidently the ratio of the duration of the 
pulse T to the fundamental half-period. This is a very convenient 
parameter to use. It is a real number between zero and unity, 
depending upon the relative width of the pulse as compared to the 
fundamental half-period. 6 = 1 thus makes this function go over 
into the square wave treated before. Hence, the latter is a special 
case in the present problem. This is also evident from (1031). 
For € = 1: 

1 

sin veg = sin = (—1) ^ (1032) 

so that we get: 

2E 

CLp . 

JVTT 

which checks with the result (979a) for the square wave. 

The process of solution for the R, L, C circuit with this force 
function impressed is exactly the same as for the square wave, i.e., 
the expression (1015) correctly gives the current coefficients where 
the voltage coefficients are now given by (1031). With the abbre¬ 
viation (1016) we, therefore, have for the current in this case: 


2 E sin y-i 

^ t ■" /pr4T (-i)~ 

y=!~00 JVTT {R “b 


(1033) 


where the summation is to extend over odd integer values only. 
Here the factor: 


is very interesting. For: 

Vi = odd integer values (1034) 

it has a magnitude of unity. For: 

vt = even integer values (1035) 


it is zero. This means that those harmonics for which (1034) is 
satisfied, or nearly satisfied, will be favored as compared to the 
harmonics for which (1035) holds. Thus, we see that the duration 
of the pulse is a very important parameter in determining the 
harmonic selection process. In the case of the square wave, e 
is unity, so that the relation (1034) is satisfied for all the harmonics 
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because the even ones do not exist. Hence, in that case the selec¬ 
tive properties of the system depended only upon the denominator 
of the expression (1033), i.e., principally upon the variation of X^. 
Now the selective properties arc more critical. Hence, the pulse 
system of energizing an oscillatory circuit for the selection of 
harmonics, i.e., for frequency multiplication, leads to a purer 
resulting wave. 

This is easily demonstrated. Consider the same numerical 
case as already treated and illustrated in Fig. 138, but with the 
pulse-wave of Fig. 139 as an exciting source, where we shall let: 

e = 1 

because we wish to particularly favor the fifth harmonic. Then 
the relative amplitudes will be those given by (1021), multiplied 
by the factors: 

sini ^ = 0.31 sin| ^ = 0.81 

5 2 5 2 

sin|H=l-00 sin^^=0.81 

o o 2 

• 9 TT rt o 1 * 11 rt o 1 

sm-r n = 0.31 sin-r- = 0.31 

5 2 0 2 

. 13 TT Cl 1 * 15 TT , r\c\ 

sm-^ p: = 0-81 sin-^ pr = 1.00 

O 0 ^ 

respectively. This result is illustrated in Fig. 140. Comparing 
this figure with the Fig. 138, we see that the neighboring harmonics 
are somewhat suppressed, and those farther removed are very 
much suppressed. Hence, the impulsive excitation gives rise to 
a purer selected wave. 

In this case it may also be interesting to determine the power 
absorbed by the load. For this purpose the effective value of the 
expression (1033) must be found. This is easily accompHshed by 
means of the relation (1001) or (1001a). If we use the latter and 
remember that the summation extends only over the odd integer 
values, then we have for this case: 



t 

v=l,3,S. 


4 jF^sin^ V6^ 


(1037) 


This summation may also be carried out, as will be shown later. 
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These examples should illustrate the superiority of the complex 
form over the usual sine and cosine form, by means of which these 
problems would have been very difficult to attack. In general, 
the solution to any network problem with a periodic force function 
is no harder to set up analytically than for a harmonic function. 
When the force function is impressed in mesh #s and the response 
is observed in mesh fk, then the latter will be in the form of a 
complex series whose coefficients are given by: 


Zsisivu) 


(1038) 


where a„ are the coefficients in the series representing the force 
function. Here the network impedance is the same as for any 


\b\ 



steady-state problem with a harmonic force, except that it is a 
function of vui instead of just co. The amount of labor involved in 
carrying out the solution numerically is considerably more than 
for the simple harmonic case. In fact the determination of each 
harmonic amplitude requires the same mechanical motions as are 
needed for the determination of one steady-state solution. 

5. Other uses for Periodic Functions. Fourier series are very 
often used in communication problems in other ways than those 
that have been taken up so far. The force function may be con¬ 
stant, and yet give rise to a non-harmonic current, when one or 
more of the circuit parameters vary with time. The commonest 
of these cases is the carbon microphone problem. The situation 
for the latter is illustrated in Fig. 141. It consists essentially of a 
constant source in series with the microphone and a constant 
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resistance i?* across which the output voltage appears. The micro¬ 
phone represents a resistance which varies with time due to the 
impinging sound waves. This variation in the resistance of the 

circuit causes a varying current, 
and hence a varying voltage at 
the ternainals of iJ*. The object 
is to have this voltage variation 
be as nearly proportional to the 
resistance variation of the micro¬ 
phone as possible. 

This problem is usually ana¬ 
lyzed by assuming that a har¬ 
monic sound produces a harmonic variation in the microphone 
resistance. It is then necessary to determine the current in the 
circuit. We shall attack this problem by letting the total resist¬ 
ance in the circuit be given by the Fourier series; 

n{t) = + i?* = f: Rke^^K (1039) 

kss — OO 

The constant term Ro will then take the place of the output re¬ 
sistance Rx plus the constant portion of the microphone resistance. 
The heuristic method suggests that the steady-state current is also 
a Fourier series with the same fundamental period, i.e., that: 

i = t, (1040) 

00 

The equilibrium of forces then gives: 

iR{t} = E 
or: 

I; = E. (1041) 

^K—OO 

The solution is thus obtained by equating coefficients of the same 
harmonic frequency on both sides of this condition equation. 
On the right-hand side only the zero frequency term exists; the 
others are zero. If we, therefore, equate the coefficients of, say 
the rth harmonic on both sides, this becomes; 

^ R^r-i^ — Edf 

<fes=--0Q 



(1042) 
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where: 


4=1 for r = 0 1 
4 = 0 for r 0. J 


(1043) 


The definition of the factor 4 is merely a convenient device which 
aids in the analytic work. The left-hand side of (1042) is an in¬ 
finite sum. This is as it should be because the sum in (1041) 
is a double one. Hence, an infinite number of terms in this double 
sum contribute to the coefficient of the rth harmonic, namely all 
those products of Rk and 4 for which: 


For these: 


k s = r. 
s = r — k 


(1044) 

(1045) 


which accounts for the subscript of b in (1042). 

Equation (1042) is the solution to our problem. It is in an 
extremely inconvenient form, because it represents an infinite 
system of simultaneous algebraic equations, each of which contains 
all the current harmonics as unknowns. The situation becomes 
somewhat relieved when the resistance variation is harmonic. 
This may be assumed without much loss in the utility of the solu¬ 
tion, because a knowledge of the result for a harmonic variation of 
Rm of any frequency, is a considerable step in the right direction. 
This assumption limits the sum in (1042) to three terms, namely 
those for: 

^=-11 
k = 0 
A = +1. . 

For these we get: 

f2_i4+i ~l~ RJ>r “h Rikr—i — ESf. (1046) 


Since it makes no difference what the phase of the harmonic varia¬ 
tion in Rm is, we may assume that: 


Then: 


R{t) = Ro + 2 R cos at. 

i?_i = Ri — R 


(1047) 

( 1048 ) 


because for this condition: 

R-ie~^“‘ + Rie3^ = 2 E cos at. 
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With (1048j the eq. (1046) becomes: 

hr-i+^br + br+i=Y^5r. (1049) 


If we let r take on any integer value from minus infinity to plus 
infinity, then (1049) gives an infinite set of equations with an 
infinite set of unknowns again. The reader should write this out 
to appreciate how the system is formed. He will see that each 
equation contains only three unknowns. This simplifies the situ¬ 
ation considerably. Such a system may be solved in several ways. 
One method expresses the solution in the form of a repeating frac¬ 
tion. But such complicated methods are not necessary at all. 
Usually the series of current coefficients converges very rapidly, 
so that an approximate method is easily applied. This proceeds 
as follows. 

In (1049) let r = 0. Then we have: 

+|-“ 6 o + 6 i =|- (1050) 


Here the coefficient bo is usually by far the largest, so that we can 
write with sufficient accuracy: 


from which 


i? 0&0 ~ ^ 



(1051) 


i.e., the constant current term is approximately equal to the voltage 
divided by the constant part of the resistance. Now put r = 1 
in (1049). This gives: 

fco + + 2*2 = 0. (1052) 


Here 62 is negligible compared to bo and 61 . Hence: 



In the same way we get: 



(1053) 

(1054) 


and so forth. 



OTHER USES FOR PERIODIC FUNCTIONS 


407 


After an approximate set of coefficients have thus been deter¬ 
mined, the relation (1049) may be applied over again to obtain 
a more accurate set of values. This process usually converges 
very rapidly. We shall illustrate \vith a numerical example. 
Suppose we have: 


Then: 
Also let: 


R(t) — 100 “b 20 cos ut. 
R = 10 Ro= 100. 
E = 100. 


(1055) 

(1056) 

(1057) 


We have approximately: 


Now since: 


we have by (1050): 


fco = 1 

6i = -0.1 

h = 0.01 

bi = - 0.001 
bi = 0.0001 
etc. 

b-i = bi I 
5-2 = 62 i 
etc. I 


bo = 1 + 0.2 = 1.2 


(1058) 


(1059) 


as the second approximation to the constant component. For 
r 0 we get from (1049): 

h, = — — (bf-i -j- bf+i). (1060) 


Applying this to the set (1058) and the corrected value (1059), 
we get: 


bi = -0.1 (1.2 -b .01) = -0.121 
= -0.1 (-0.121 - .001) = 0.0122 
bs = -0.1 (.0122 + .0001) = -0.00123 


(1061) 


etc. 


By (1050) we then have: 

bo = 1 + 0.242 = 1.242. 


(1059a) 
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With this value and the set (1001), another corrected set is de¬ 
termined. 

The method converges more rapidly the smaller R is compared 
to i?o- When R is equal to or greater than 22o, the method di¬ 
verges and cannot be used. However, this is practically never the 
case. Ro is usually very large compared to R. It must be in 
order to suppress the undesirable harmonics. When Ro is one- 
hundred times as large as R or larger, then the solution is near 
enough to the correct value after the first set of approximations 
are calculated. That is, we may apply (1051) for the constant 
component of current, and calculate the harmonics by: 

hr=-§-br-i. (1062) 

110 


In particular the fundamental, w^hich is the desired component, 
becomes: 


h - R 
' Ro'Ro' 


(1063) 


The second harmonic will be one per cent or less of the fundamental; 


the third harmonic will be one 





Fig. 142 


one-hundredth of one per cent or 
less of the fundamental, etc. The 
magnitude of the output voltage 
then is very nearly: 

2\h\Ro=^2E~- (1064) 

JtlO 

From this we see that it is nec¬ 
essary, from the standpoint of 
suppressing undesirable harmo¬ 
nics, to keep the output resistance 


high as compared to the variable 
microphone resistance. According to (1064), however, this re¬ 
duces the output voltage of the device. Hence, it is not possible 
with this arrangement to combine a large output with good wave 
form. 


The problem just treated involves the simplest possible micro¬ 
phone circuit. Very frequently the latter also contains inductance, 
at the terminals of which the output voltage appears. We repre¬ 
sent this condition in Fig. 142. The treatment of this case is the 
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same as for the previous one. We let tlm total resistance be given 
by the series (1039), and the current by (10-10). Then we know 
that the equilibrium of forces is gi\'en by: 

di, 

Lj^ + R{t)-i = E. (1065) 

Substitution gives: 

22 -(- 22 = E. (1065a) 

5=—00 ^=— CO 

A = — OO 

Equating coefficients of like powers of the exponential, i.e., for 
the rth harmonic, we have: 

jrc^Lbr + ^ Rkbf-k = Rbf (1066) 

k~ — c>0 

where bf has the significance given by (1043). In particular we 
have for a harmonically varying microphone resistance: 

Ribr—i + (Rq + jLro))bf + = Ebr. (1067) 


This result is very similar to (1049) for the case without inductance. 
It again represents an infinite system of simultaneous equations. 
We may also look upon this result and the previous one given by 
(1049) as a recursion formula expressing any harmonic component 
in terms of the two preceding. That is, when two successive 
coefficients are known, any number of additional ones may be 
found by recursion. However, the accuracy of this method of de¬ 
termining successive coefficients rapidly diminishes. We, there¬ 
fore, prefer to calculate them by the method of successive 
approximations given above. 

Here we again assume (1047) for the resistance variation, and 
therefore have by (1067) : 

bf-i + afbr + bf+i ~ (1068) 

where: 


ar = 


Ro -j- jLroo 
R 


(1069) 


The results for this case are somewhat different. We will 
discuss the approximate solution only. For the constant com¬ 
ponent we neglect the harmonics, and obtain from (1068) for r = 0: 
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aobo^^ 

or: 

60 S A (1070) 

ito 

as in the previous ease. For the fundamental and higher harmonics 
we then have; 

6 ,= -^- (1071) 


In many cases Eo will be small compared to Lru. Then; 

^jLru 


and (1071) becomes; 


br = 


R 

Rbf-i 

jLru 


(1072) 

(1073) 


From this we see that the series of harmonic coefficients con 
verge as the ratio; 


A 

Lrco 


(1074) 


which is smaller for the higner frequencies than it is for the low. 
Hence, the latter will be distorted more than the former. The 
convergence is in general better than for the previous case, how¬ 
ever, on account of the index r in the denominator of (1073), 
and also because Leo is usually very large. 

There is another very marked advantage that this circuit has 
as compared to the other. Here the output voltage can be taken 
as the drop across the inductance. Then it is given by; 

2 bijLo> = 2 /fto = ^ ■ (1075) 

iio 

Although this is the same result as (1064) for the circuit without 
inductance, the ratio of to flo need not be made small in order to 
have the higher harmonics suppressed. These are suppressed by 
making the ratio (1074) small over the essential frequency range. 

In the numerical example of the previous case we saw that the 
second harmonic was ten per cent of the fundamental. This is 
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too high for good results. We will now calculate a numerical 
example for thi.s case and compare it with the preceding. Suppose 
we have: 

R = 10 Rq = 100 L = 10 E == 100. (1076) 


Here Eo is chiefly the resistance of the inductance. The above 
relation (1075) is still approximately correct because the inductive 
reactance will be so much larger than the resistance. 

By (1070) the approximate constant component of current is 
the same as for the resistance case, namely: 

&o=^^=l. (1077) 


For the fundamental frequency we will take the so-called average 
voice frequency, for which: 

o) = 5000. (1078) 


Then we have by (1073) for r = 1: 

h - - 7 ■ 

^ 5000 5000 


(1079) 


Hence by (1075) the magnitude of the fundamental output voltage 


2i5i|Lw = 20volts (1080) 


which is the same as the approximate value for the preceding ease, 
according to (1058) and (1064). However, by putting r = 2 
in (1073), the second harmonic current is now: 


10000 • 5000 


(1081) 


so that the magnitude of the second harmonic output voltage 

TropAmfiC! * 

2 | 62 |L 2 a) = 4-10-^volts (1082) 

which is 0.02 of one per cent of the fundamental output voltage 
(1080). In the resistance case the second harmonic output voltage 
was approximately ten per cent of the fundamental. 

This comparison of the two cases may be summarized as fol¬ 
lows, on the basis of the approximate solutions. For the case 
with resistance alone we have by (1062): 
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, _ II j _It\ 

7?o“ 

and: 

h, - 


The corresponding output voltages may be denoted by; 

^f+i — 2 l?o[hf+i| 

e, = 2 iJolhfl 

so that: 

fif+i _ 


(1083) 


For the inductance case we have b}' (1073): 



~ jL{r + \)o> TVr(r-M) 

and: 

!! 

1 

Now: 

e,+i = 2 L(r + l)w|5r+i| 
c, = 2 Lro}\h,\ 

so that: 


II 

II 


Lr<j} 


(1084) 


The magnitude of the fundamental output voltage, according to 
(1064) and (1075), is given for both cases by; 


fii 


2 RE 


(1085) 


The superiority of the inductive case is due to the fact that the 
convergence may be controlled separately from the magnitude of 
the fundamental output. All this is true, of course, only in so far 
as the above approximations are justified, which in turn depends 
upon the relative magnitudes of the parameters involved. 

It is interesting to compare these results for the carbon micro¬ 
phone with those for the condenser transmitter, which may be 
determined in a very similar manner. The usual circuit for the 
condenser transmitter is given in Fig. 143. The variable elastance 
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of the condenser transmitter is denoted by S{t). The output 
voltage is taken from the terminals of the resistance R. 

This circuit is more readily analyzed in terms of the mesh charge, 
which we will assume to be given by the series: 

g = E bsejx^. (1086) 

5=— CO 

The variable elastance may be represented by: 

S(t) = Z Skei^K (1087) 

k = — CO 

The equilibrium of forces demands that: 

R^+S(t)-q^E. (1088) 

This equation has the same form as (1065), which is the corre¬ 

sponding one for the microphone circuit with inductance. The 



charge replaces the current; the resistance replaces the inductance; 
and the variable elastance replaces the variable resistance. With 
the same relative magnitudes of the parameters, the results for 
the condenser transmitter must, therefore, be identical with those 
for the microphone, neglecting other factors not explicitly involved 
in this analysis, of course. 

Substitution of (1086) and (1087) into (1088), gives: 

R E + E = E. (1089) 

S = — <X> k—— 00 

^ = — 00 

Equating coefficients of like harmonics, we have; 

jruRbf + E Sibr-k = Edr 

ksz—CO 


(1090) 
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where o, has the significance expressed by (1043) again, 
a harmonic variation in iS'(t), i.e.: 

Assuming 

S(t) = (So + 2 (S' cos (at 

(1091) 

we have by (1090): 


E 

bf^i + arbf + br+i = 

(1092) 

with: 


So + jRro) 

= (3- 

(1093) 

w'here: 


.s: = (?i = ,9_.. 

(1094) 


The harmonic variation in the elastance of the condenser trans¬ 
mitter indicated l)y (1091) assumes that a harmonic sound, moves 
the condenser plates with harmonic motion. Whether this is 
true or not will not be discussed here. The chief difference be¬ 
tween this case and the microphone circuit with inductance is that, 
practically it is quite eas}^ in the latter to make Leo large compared 
to i?o over the essential frequency range, whereas it is not so simple 
to make Ro) large compared to Sq in the condenser transmitter 
circuit. This means that the low frequencies may be somewhat 
suppressed as compared to the high frequencies. The reason for 
this will become clear in the following. 

Approximately, we have from (1092) for r = 0: 

oiobo = ^ 
or: 

E 

^>0 = • (1095) 


For the fundamental and higher harmonics we may neglect the 
term for (r + 1) in (1092) and get: 

• (1096) 


The magnitude of the output voltage is given by: 


or: 


er = 2|6,|i2m 


e, = 2 Rru) 


br~l 

«r 


(1097) 



OTHER USES FOR PERIODIC FUNCTIONS 


415 


The convergence of harmonics is given by: 

(?, _ 1 r 
0 _i \ar\ r — 1 


(1098) 


which is found from (1097). The fundamental, or useful output is: 

_ 2 SRuE 

Q IQ J AT? 1 * (1099) 

ooloo + jKu)\ 

Consider the following numerical data: 

;So = 3 • 108 1 
S = 3 • 10« 

= 10^ J 

which is fairly representative. Then: 

2 CO • 10-^ • E 


ei = 


|300 +ico| 


( 1100 ) 


( 1101 ) 


This result is plotted in Fig. 144. It shows that the output drops 
off at low frequencies. This is also the case for the microphone 



circuit with inductance; but there the curve does not drop until 
very low frequencies are reached because Leo is usually larger 
compared to Eo than J?co is compared to jSo- The condenser 
transmitter circuit requires very high values of R to bring out the 
low frequencies properly, because So is so large on account of the 
inherently small capacity of the transmitter. However, when it 
comes to suppressing undesirable harmonics, the condenser trans¬ 
mitter circuit is much better than the microphone circuit. In the 
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last numerical example for the latter we found by (1082) that the 
second harmonic voltage was 0.02 of one per cent of the fundamental. 
For the condenser transmitter we have by (1098) and (1078): 


ei 


6 • 10 ® 

13- 10"+i 10“ I 


SG- 10-^% 


( 1102 ) 


which is practically nothing at all. 

There are many other problems that can be treated in a similar 
manner to the above. The general method of attack is always the 
same. A complex series is assumed for the current and whatever 
else varies periodically with time, and the equilibrium of forces is 
then expressed in terms of these series. By equating coefficients 
of like harmonics we then obtain some relation between the un¬ 
known current coefficients, the forces, and the known parameters. 
This relation will usually be in the form of an infinite system of 
simultaneous equations as in the above examples. As pointed out 
above, this infinite system may also be looked upon as a recursion 
formula. The solution in any case is usually best found by a 
judicious approximation method. 

6. The Development of Summation Formulae. In applying 
Fourier series to network problems, we very frequently arrive at 


Ax) 



solutions in the form of infinite series such as are given by the 
formulae (1025) and (1037), for example. In such cases it would 
be more convenient for purposes of calculation to have the solu¬ 
tion in a closed form. This may be arrived at by carrying out the 
indicated summation. For this purpose we must develop suitable 
formulae. The latter may be obtained by an ingeneous use of 
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Fourier series which is not generally known. The writer was 
first introduced to this subject some years ago through the kind¬ 
ness of Professor A. Sommerfeld, to whom he also owes much in 
connection with the use of complex series in general. A brief 
outline of the outstanding features of this method will now be 
given. 

In order to develop a suitable summation formula for our pur¬ 
pose, we consider the function illustrated in Fig. 145. This 
function is defined by: 


fix) = sinm^l - 
f(x) = -sin TO0 - 

etc. 


0 < X < 


T <X <2' 


(1103) 


The factor m is here taken to be a real number less than unity. 
This is merely done to be able to plot the function, and thus give 
the reader a better idea of what we are doing. Later we shall not 
restrict m in any way. 

The Fourier expansion of this function is determined in the usual 
fashion and found to be the following cosine series: 


fix) = Z 


4 m cos m 2 


cos vx. 


- rn?) 

For values of x between zero and -r we, therefore, have: 

<f-) 


(1104) 


cos vx 


X sin ml 


*1,3.5 . . . 


w/ 


4 m cos nil 


(1105) 


This is the first form of summation formula that we arrive at in 
tiiis fashion. It is valid for any value of x (inclusive of the bound¬ 
aries) within the above specified region. The value of m may be 
real or complex. In particular for rc = 0, we get: 


y«l,3,5. .. 




xsinm- 


4 m COS m 2 


X , X 

—tan 
4 m 2 


(1106) 
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It is interesting in passing to note that this gives; 


^ TT 1 ^ 4 rtZ 

tan tn k = - 2^ — -r, 


(1107) 


which is the partial fraction expansion of the tangent function.' 

The further development of summation formulae now pro¬ 
ceeds by various manipulations of the forms (1105) and (1106). 
For example, since by trigonometry: 

1 — cos r.c = 2 sin- (1108) 


W'e get by subtracting (llOoj from (1100): 


r - 

»=i,3..5... r- 


o • •• 

2 sm- V 


f • 

■ J Gir 


TT jsin m 2 — sm w 


ii-) 


m- 


(1109) 


4 m cos m ^ 


This begins to look something like the form required for the 
summation of (1037). We need to perform one more transforma¬ 
tion of (1109), how'cver, before w'e arrive at the proper form. For 
the sake of abbreviation let: 


SUn) 


TTSSin m 


IT . (tT \ 

2 - sm ml 2 ~ Xj 


4 m cos m 


Now consider the difference: 
/(m) — /(m) = 2 (m- — W) 


T 


sm- V ; 


;-=I.3.5 . . 


. (r^ — w?) {v^ — w?) 


( 1110 ) 


( 1111 ) 


which is obtained from (1109) by considering the two values m 
and m, where the latter may be any other value. Finally, we 
introduce the change of variable: 


a: = Tre (1112) 

and have: 

. , X 

sim v€-= ... ,,—, 

f _ 2 /(m) - /(m) . 

.=1,3^... (r^ - (v2 - m-i) 2 (m^ - W)' ^ ^ 

1 For an interesting application of this form see A. Sommerfeld, “Zur 
Theorie der Lichtbogenschwingungen bei Wechselstrombetrieb,” Sitzungs- 
berichte d. K. B. Akad. d. Wiss., Math. Phys. Klasse, 1914. 
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This formula is capable of handling the form (1037), as we shall 
now show. Incidentally, we note by (1112) that (1113) will be 
valid for the interval: 

0 5 ^ 1 (1114) 

which just fits our case. 

Getting back to the expression (1037) for the effective current 
in an R, L, C circuit with impulsive excitation, we see by (1016) 
that: 

R+jX. = R+ jLyco +j^ ■ (1115) 

By means of the decrement and natural angular velocity of this 
circuit: 

R 1 

“ 2L 

g = (1116) 

1 


we note that (1115) may be factored, just like the determinantal 
equation for this circuit could be factored. We get: 


where: 


R + jX = j— (v - m) {v - m) 


a +i« 


— a ~ 

m = -—— 


(1117) 


(1118) 


Note that m and m are conjugates. 

From this it is easy to see that: 

{R + iZ,) {R - jXy) = R^ + XJ^ 

= ^ - m2) - W). 

By means of this result, the expression (1037) becomes: 

4 sin2 v€ J 

A iS 

^.=1,3?.. - w') (1-2 - nP) 


(1119) 


(1120) 


which exactly fits the summation formula (1113). 
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By (1118j we that; 


nr — m- = 


2H<j 

Lu~ 


so that (1120J becomes: 

E- . 


*e£r 


irliLg' 


* ^ ^ i O \ 

Sin m X — sm w ?r (1 — 2 «) 


T 

/« COS m ^ 


( 1121 ) 


( 1122 ) 


This is the desired closed form for the effective current in an 
R, L, C circuit with the impulsive excitation illustrated in Fig. 139. 
The width of each impulse is controlled by the parameter e, 
as pointed out before. 

The result for the square wave of Fig. 135 is obtained by put¬ 
ting e = 1 in (1122). Hence, the e.xpression (1025) for the power 
absorbed in this case becomes: 


P = 



tan Ml 


7n 


(1128) 


which is quite simple. 

The same principle may be applied to develop summation formu¬ 
lae of a variety of forms. The difference-factors in the denomi¬ 
nators of these formulae make them admirably suited for network 
analysis, because impedance functions can usually be factored so 
as to assume this form. We shall show how the general idea may 
be extended to obtain new forms. 


For example, if we let w = 0 in (1105), we have: 


i-=1.3.5 . . . 


COS VX 



(1124) 


which is a new' form of summation formula. Putting x 
above, we have: 

i-=l,3,5 . . . »^ 8 


0 in the 
(1125) 


This is also a well-known formula. From (1111) we can get 
another form by letting one of the m’s go to zero, thus; 


-rrP) 


4/(m) — TTX 
8 


(1126) 
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Other forms may be obtained by differentiation. If we differen¬ 
tiate (1126) with respect to for example, we get: 


sin vx 


TT cos ml 


(I-) 


TT 

T COS m ^ 


u=l,3,5 . . . - m2) 


(1127) 


4 m2 COS m~ 


In differentiating these forms in this way we must observe that 
this may be done only so long as the resulting series still converges 
as one over If the latter is differentiated once more, then it 
will converge only as one over which means that the function it 
represents has discontinuities at the boundaries: 


and: 


X = 0 
X = T, 


On account of the Gibbs phenomenon, the series will then no 
longer be valid at these boundaries. For example, if we differ¬ 
entiate (1124) with respect to x, we have: 


*'=^ 1 , 3,5 ... 4 

which is obviously incorrect at the boundaries. 

Otherwise we may perform additions and subtractions, carry 
out various limits, and differentiate and integrate the forms in 
order to obtain almost any kind of summation formula which falls 
into this class. 


PROBLEMS TO CHAPTER X 


10~1. An inductance has impressed upon it a square wave of voltage. De¬ 
termine and plot the shape of the resulting steady-state current. 

10-2. A condenser has impressed upon it a triangular voltage wave. De¬ 
termine and plot the shape of the resulting steady-state current. What will 
the steady-state charge look like? 

10-3. The diagram of connections for a double-button carbon microphone 
transmitter is essentially a push-pull circuit. Show that this arrangement 
may be used to eliminate the even harmonics in the output. 

10-4. Solve the condenser transmitter circuit of Fig. 143 with the resistance 
replaced by an inductance. From the form of this solution state why this 
circuit cannot be used for transmitting intelligence. 


10-6. Consider a square voltage wave with a fundamental period of • 10"*^ 

seconds impressed in mesh #1 of the network defined by Prob. 8-10 with the 
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iuiditional parameters of Prob. 8~13, Determine the resulting selective 
properties in mesli *2 of this network, and plot the relative magnitudes of the 
various harmonics in the manner illustrated by Fig. 13S. 

10-6. Repeat Prob. 10-5 using the impulsive form of excitation illustrated 
by Fig. 139, uith the same fundamental period and e = 0.2. 

10-7. Repeat Prob. 10-5 for a fundamental period of: 

■2^ • 10“^ seconds. 

V6 

10-8. Repeat Prob. 10-6 with the fundamental period given by Prob. 10-7. 

10-9. For the network of Fig. 114 consider the generator to have a square 
wave form with a fundamental period equal to tt • lO'^ seconds. The network 
parameters are given by: 

i? = 10 L = 10-2 (7 =. 10-8 M = 2'10-A 

Determine the magnitudes of the current harmonics in the second mesh, 
and plot in the manner illustrated in Fig. 13S. 

10-10. Repeat Prob. 10-9 with the impulsive form of excitation illustrated 
in Fig. 139, with the same fundamental period and € = 0.2. Compare with 
the results of Prob. 10-9. 
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